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Abstract

Hahn introduced the difference operator D, , f (t) = (f (gt + @) — f (1)) / (t(q—1) + @) in 1949, where 0< (<1 and
@ >0 are fixed real numbers. This operator extends the classical difference operator A f (t) = (f (t+w)— f (1))@

as well as Jackson ( — difference operator Dq f(t)= (f (qt) — f(©)/(t(q —1)) . In this paper, our objective is to
establish characterizations of many types of stability, like (uniform, uniform exponential, ¥/ -) stability of linear Hahn

difference equations of the form Dq’wX(t) = p(t)x(t) + f (t). At the end, we give two illustrative examples.

Keywo rds: Hahn difference operator; Jackson (] — difference operator.
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Introduction and Preliminaries

Hahn introduced his difference operator which is defined by

o f=t@rA=1Q
e t(q-D+e ’

where 0< (<1 and @ >0 arefixed real numbers, & = a)’(l— q) [9, 10]. This operator unifies and generalizes two
well-known difference operators. The first is Jackson (] — difference operator defined by
f(qt)— f(t
D, f(ty="W=TW g
t(q-1)
where (| is fixed. Here f is supposed to be defined on a (— geometric set ACR for which t € A whenever
te A, see[l, 2,4,7,8,13, 15, 16]. The second operator is the forward difference operator

f(t+o) - f(1)
. ,

A, f(t)=

where @ > 0 is fixed, see [5, 6, 14, 17]. Fine mathematicians applied Hahn’s operator to construct families of orthogonal
polynomials and to investigate some approximation problems, see [18, 19, 20]. Recently, Annaby et al. established a

calculus based on this operator, see [3]. An essential function h(t) = (gt + @, which is normally taken to be defined on an
interval | which containing the number @, plays an important role in this calculus. One can see that the K — th order
iteration of N(t) is given by

h*(t) = qkt+a)[k]q,t el.
Here [k]q is defined by
1-q"
—q

[kl, =

The sequence hk(t) is uniformly convergentto @ on | . They defined the g, @ —integral of a function f from | to

a Banach space X on an interval [a,b] cl by

[ f@d,t=[ fOdyt-[ f 1,1,

where
10,1t = (A=) - @)Y (0" (), xel,

provided that the series convergesat X =a and X =Db. Asindicated in [3], if f: 1 — X iscontinuousat @, then the
following statements are true.

() {f(hk(S))}keN converges uniformly to f(@) on |.

(i) Zfzoqk‘f(hk(s))‘ is uniformly convergenton | and consequently f is (], @-integrable over | .
(iii) The function F defined by

X
F(x)= L f(t)d, b, xel.
is continuous at @ . Furthermore, D, ,F(X) exists forevery X €| and

D,.,F(X) = f(x).
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Conversely,
J‘:Dq'wf(t)dq,wt: f(b)—f(a) forall abel.

Throughout this paper | is any interval of R containing & and X is a Banach space. The following theorem gives us
the required conditions to insure the existence of solutions of linear Hahn difference equations, see [11].

Theorem 1.1. Assume the functions @;(t): 1 = C,1< j<n, and b(t): 1 — X satisfy the following conditions:

(i) aj(t), j=1,..,n, and b(t) are continuousat & with a,(t)=0 Vtel.
(ii) a;(t)/a,(t) is boundedon I, je{l,..,n}.

Then, for any elements Yy, € X , the equation

a, () Dy, X(t) +a, (t) Dy o X(t) +... + &, (t)x(t) = b(t),

q,0

1 _ .
Dy.X(@) =y, i=1..n (1.1)
has a unique solution on a subinterval J < | containing 6 .

Definition 1.2 [4] The exponential functions € (t) and Ep(t) are defined by

il
e, () == (1.2)

H(l— p(h" (0)q" (t(1~q) - »))

and
E. ()= ﬁ(1+ p(h*()a“ (t(1-a) - o)), (1.3)

whenever the first product is convergent to a nonzero number for every t € | . It is worth noting that the two products are
convergent since Z;O:o | p(h“(t)) | 9 (t(1— ) — ) is convergent.

Now, we state various stability types that will be examined in Section 2. These concepts involve the boundedness of
solutions of Hahn difference equation

D, X(t) = F(t,x), x(r) =x, e X, t,r e (1.4)
where F is assumed to satisfy all conditions such that (4) has a unique solution.

Definition 1.3. Equation (1.4) is called stable if forevery 7 € | andevery & >0, there exists 0 = d(&,7) >0 such
that for any two solutions  X(t) = X(t,z,X,) and X(t) = X(t,7,X_) of Equation (1.4),we have for all

X, — X,

T

<5:>||X(t)—)?(t)||<g foral t>z,t,zel.

Definition 1.4. Equation (1.4) is called uniformly stable if for every & > 0, there exists & = (&) >0 such that for any
two solutions  X(t) = X(t,7,X) and X(t) = X(t,7,X ) of Equation (1.4),we have

X — X

T

< 5:||X(t)—f((t)|| <g foralt>z,t,rel.

Definition 1.5. Equation (1.4) is called asymptotically stable if it is stable and there exists ¥ = }/(Z’) >0 such that for
any solution X(t) = X(t,7,X_) of Equation (1.4), we have
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XT

<y= !im||x(t)|| =0.

Definition 1.6. Equation (1.4) is called uniformly asymptotically stable if it is uniformly stable and there exists ¥ > 0

such that for any solution X(t) = X(t,7,X_) of Equation (1.4), we have

XZ'

<y= !im||x(t)|| =0.

Definition 1.7. Equation (1.4) is called globally asymptotically stable if it is stable and for any solution X(t) = X(t, 7, X_)

of Equation (1.4) , we have
lim|x(t)] =0.

Definition 1.8. Equation (1.4) is called exponentially stable if there exist finite constants o >0 and ¥ =y(7) >0
such that for any two solutions X(t) = X(t,z,X_) and X(t) = X(t,z,X) of (14) , we have

||X(t) - )?(t)” <yIx,—X e (tz) foral t>7,t,z7el.
where the exponential function €, (t,7) isgivenby €,(t,7) =¢,(t)/e, (7).
Definition 1.9. Equation (1.4) is called uniformly exponentially stable if Y isindependenton 7 € l.

Definition 1.10. Equation (1.4) is called ¥/ —stable if there exists a finite constant ¥ = }/(Z‘) >0 such that for any two
solutions  X(t) = X(t,z,x) and X(t) = X(t,z,X) of(1.4), we have

ly OO =W))< 7|l (2)(x. - %)

Definition 1.11. Equation (1.4) is called Y —uniformly stable if ¥ > 0is independenton 7€ | .

foral t>7,t,7el.

Remark 1.12. If w/(t) =e_(z,t), then ¥ —uniform stability coincides with uniform exponential stability. Thus, ¥ —
uniform stability is an extension of uniform exponential stability.

Main results

In this section, we are concerned with obtaining many results about characterizations of stability of linear Hahn difference
equations of the form

CP(0): D, ,x(t) = p()x(t), x(r) =x. e X;,t 27, t, v e,
and

CP(f): D, Xx(t) = p(t)x(®) + f(t), x(r) =x. e X;,t=27, t,r e,

where P:1 =>C, f:l1 =X are continuous at & and p(h*(t))q*(t(1-q)—w) =1 for all ke N, tel
Simple computations show that CP(0) and CP(f) have the unique solutions

x(t) =e,(t,7)x, (2.1)

and

x(t) =e,(t,7)(X, + 'rf (s)e,(z,h(s))d,,S) (2.2

respectively.

Theorem 2.1. The following statements are equivalent
(i) CP(0) is stable.
(ii) Forevery 7 €| andevery & >0, there exists O = 5(8, T) such that for any solution
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X(t) = X(t,7,x,) of CP(0),wehave |x |[<5=|x(t)|<e¢.
(iii) CP(f) is stable.
(iv) Forevery 7€l {|ep(t,2') [}sr1c1 is bounded.

v) Forevery 7 € | ,thereexist y(7) >0 such thatfor any solution X(t) = X(t,z,X_) of CP(0) (resp.

CP(f)), we have
Jag=>rtel.

Ix®)] < (z)

Proof. (i) = (ii) Assume that CP(0) is stable. Let & > 0. Then, there exists & = (&,7) such that for any two
solutions X(t) = X(t,7,x.) and X(t) = R(t,7,X) of CP(0) with initial values X_,X. € X respectively, we have

XT

XT _XT

<S=|x)-R(t)| <&tz (2.3)

Now, let X(t) = X(t,7,X_) be any solution of CP(0) such that |X_|| <. Suppose that X(t) = X(t,z,X.) be the

zero solution subject to the initial value X_ = 0. Hence, we obtain ||X(t)|| <& (from (3) ).
(ii)=(iii) Let £>0 and 7€l . There exists J =0(¢&,7) such that for any solution X(t) = X(t,z,X.) of
CP(0) . we have [x]<d=e,(t.r)x|<e. et X, ()=x(t.r.x.) and X (t)=R;(t,7,%,) be o

<O . Then, we have

XT _XT

solutions for CP(f) with initial values X_,X € X respectively such that

fo — % H 3 Hep (t,2)(x, —X,)

‘< & (since X; —X; is a solution of CP(0))

Therefore, CP(f) is stable.

(iii) = (iv) Assumethat CP(f) isstable. Let £ =1. Thereis & >0 such that for any two solutions
X (t) =X, (t,7,X) and X, (t) =X, (t,7,% =0), we have

||XT|| < 5:>Hep(t,r)xr” <l vixrtel.

x|<& ., then Hep(t,r)éxol(2||xo||) H<1 ie.

Let 0#X,€X . Take X =6%/(2|%[) . since

Hep(t,r)xou<2||xo||/5,t2r,teI . Thus, for al xoeX,{]‘ep(t,r)x0

l}tZT,teI is bounded. By the Uniform

Boundedness Theorem, {| ep(t, 7) I}IZr,teI is bounded.

(iV) = (V) Suppose that {| €, (t, 2’) I}m’tel is bounded for every 7 € | . Then, there exists a positive constant ¥
which is dependent on 7 such that |ep (t, 2') |S 7/(2‘) forevery t € |,t > . Consequently, for any solution

X(t) = x(t,7,X.) , we have

t>rtrel.

[x@)]= e, & 2% < #(2)

XT

tel. et €>0,

(V) = (I) Assume that for every 7 € | there exists ]/(T) >0 such that ||X(t)|| < ]/(T) X,

5 ~ "
7el.Take 6 =——.Forany X ,X € X suchthat [X —X ||<J, we have

y(7)

X, — X <gtzrtrel.

T

[x(®) -] < #(2)

& .
S %

Similarly, we can prove the following theorem.
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Theorem 2.2. The following statements are equivalent

CP(0) is uniformly stable,

(i) Forevery & >0, there exists 0 = 0(&) such that for any solution X(t) = X(t,z,x.) of CP(0), we
rave x| < 8= x| < 2.

(ii) CP(f) is uniformly stable,

(iii) {le,(t,7)[:t,z € 1,t > 7} is bounded.

(iv) Thereis ¥ >0 such that for any solution X(t) = x(t,7z,X_) of CP(0) (resp. CP(f)), we have

Ix®|<y|x[ t=7tel. (2.4)

Theorem 2.3. The following statements are equivalent

(i) CP(0) is asymptotically stable.

(ii) limi-Pe,(t,7)XP =0 forevery X€ X andevery 7€l .

(i) CP(0) is globally asymptotically stable.
Proof. (i) = (ii) Supposethat CP(0) is asymptotically stable. Then, there exists 7 > 0 such that for any solution
X(t) = x(t,z,x.) of CP(0), with initial value X, , we have

XZ'

<y= !im”X(t)” =0.

Let 0=xeX . Put X = }/X/(Z”X”) . Then, IimeHep (t,T)}/X/(Z”X”)H =0 . Consequently,
IimeHep(t, r)x” S0 .

(ii):>(iii) By condition (ii) and the Uniform Boundedness Theorem, we insure the boundedness of

{|ep(t,r) [}. 1 - Consequently, CP(0) is stable (by Theorem(2.1)). Thus by our assumption, CP(0) is globally
asymptotically stable.

(iii) = (I) is clear.

Theorem 2.4. Assume that
t
F(t) = Lf (S)E_,(h(s))d,.s

is bounded forany 7 € | . Then, CP(0) is globally asymptotically stable if and only if CP(f) is globally asymptotically
stable.

Proof. Assume that CP(0) is globally asymptotically stable. Then, Iimeep(t,T)ZO . Consequently,

Iimeep(t) =0. Now, let X, (t) be asolution of CP(f).Hence, it has the form

X (1) =e,(tr)(x + ff (s)e, (z,h(s))d, ,s)
=e,(t,2)x, + (e, (O f(S)E_,(n(s)d,.9).

Thus, liM_ X (t) =0 which is the desired result.

For the converse, take X_ = 0, to obtain
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lime, (t.7)[ f (e, (r.n(9))d, 5 =0.

Consequently, CP(0) is globally asymptotically stable.
Theorem 2.5. The following statements are equivalent
[0) CP(0) is exponentially stable.
(i)  There exist >0 and ¥ =y(7)>0 such that for any solution X(t) =x(t,z,X.) of CP(0) with
initial value X_ € X , we have
[x®l<»
(i)  Thereexist >0 and ¥ =y(7) >0 suchthat
le,(t,7) [<ye_,(t,7)foral t>7.
(v)  CP(f) is exponentially stable.

XT

e (tr)foral t>7.

Proof.

(i) = (ii) Assume that CP(O) is exponentially stable. There exists = }/(Z’) >0 such that for any two solutions
X(t) = Xx(t,7,x.) and X(t) = X(t,7,X) of CP(0) withinitial values X_,X € X respectively, we have

[x@® - %) =e, t.2)(x, — %)

Let X(t) = X(t,7,X,) be any solution of CP(0) and X(t) = X(t,z,X.) be the zero solution corresponding to the

XT _XT

<y e (t,7) foral t>7.

initial value )A(T = 0. Then, we obtain our desired result.
(ii) = (iii) Let X(t) be any nontrivial solution corresponding to the initial value X_ # 0. Then, we have
)] < 72, t.7) <ye., ()

(iii) = (iv) Let X, (t) =X, (t,7,x.) and X, (t) =X (t,7,X.) be two solutions for CP(f) with initial values

X_||. Consequently, we have Hep (t,7)x X.|| and thereby|e, (t,7) [< e, (t, 7).

X, X, € X respectively. We deduce that

[ =% = e, (t.2)(x. = %)

= ep(t,T)| for t>17.

XT _XT

XT _XT

'<— 7/6—(1 (t7 T)
Hence, CP(f) is exponentially stable.
(iV) = (I) There exist ¢ >0 and ¥y = }/(Z') >0 such that for two solutions X; (t) = X (t,T, XT) and

X (t) =X, (t,7,%X ) of CP(f), the inequality

% %) <re.,t.7) for t> 7.

holds. For any two solutions X(t) = X(t,7,X.) and X(t) = X(t,7,X_) of CP(0), we conclude that

XT _XT

[x@®) = %O =[x, O =%, O <7e_, @D, - %] for t>7.
Hence, CP(0) is exponentially stable.
Similarly, we can prove the following theorem.
Theorem 2.6. The following statements are equivalent
(i) CP(0) is uniformly exponentially stable.
(ii) There exist @ >0 and 7 >0 independenton 7 such that for any solution X(t) = X(t,z,X_) of
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CP(0) with initial value X_ € X , we have

[x®)]<7|

(i) Thereexist & >0 and ¥ >0 independenton 7 such that

e (t,7) foralt>r,

XT

le,(t,7)[<ye_,(t,7) foralt>7.

(iv) CP(f) is uniformly exponentially stable.
The following results concerning |/ — stability and 1/ — unifom stability are more general than Theorems 2.5, 2.6 replacing
the exponential function €_, by |l// | The proofs are similar, so they will be omitted.
Theorem 2.7. The following statements are equivalent
(i) CP(0) is w —stable.
(ii) Thereis ¥(7) >0 such that for any solution X(t) = x(t,z,X.) of CP(0) withinitialvalue X_ € X ,we
have

forallt > 7.

e @OX@)| < 7|lw (2)x,
(iii) There exist ¥ > 0 such that

ly(t)e,(t,7) <y |w(z)] forait>rz.
(iv) CP(f) is y —stable.
Theorem 2.8. The following statements are equivalent
(i) CP(0) is w — uniformly stable.
(ii) Thereis 7 >0 independenton 7 such that for any solution X(t) = X(t,7,X_) of CP(0) with initial

value X_€ X, we have

for allt > 7.

e @OX@)| < 7|lw (2)x,

(iii) There exist ¥ >0 independenton 7 such that

ly(t)e,(t, 7)<y |w(7)| forait>7.

(iv) CP(f) is w — uniformly stable.

Numerical Examples

In this section we give some numerical examples about the various types of stability for solutions of Hahn difference
equations.

Example 3.1. The Hahn difference equation

D, X(t)=0,x(r)=ce X,t,rel, (3.1)
where C # 0 is uniformly stable but it is not asymptotically stable.
Examaple 3.2. Let | = [6’, OO[. Consider the Hahn difference equations of the form
D, ,Xx(t) =-r®)x®) + f (), x(z) =x. e X;t,r €|, (3.2)

where I is a non-negative function and continuous at & .
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Equation (3.2) is

(i) Stable since
e (1)
e (7)

[T@+r( @) (z(1-0) - @)

— k=0

[T+ (v ) (- ) - o)
1
e—r (z-)

le(t7)]| =

<

=E, (r) forallt > 7.

Consequently, for every 7 € |, {| ep(t, 2’) |}t2r‘tel is bounded.

€
(i) Exponentially stable when & = inf, I'(t) > 0. Indeed, if we take y(7) > L(T) then
—r
e (t
e, )] =
e (7)

<y(r)e ,(t,z) foralt>7.

(i) Globally asymptotically stable if f hasthe form f(t) = e, (g(t) where jtg (t)d, .t is bounded for

every 7€l and @ =inf r(t) > 0. In fact, the homogeneous equation associated with the above liner
Hahn difference equation is globally asymptotically stable. Indeed, we have

le. (t,7)| = - 1
o e (7) f[(1+r(hk(t))qk(t(l—q)—w))
1 1

“e ) Trag(tl-q)-o)

Consequently, limi.|€ ,(t,7)[=0.
(iv)  —Stable for any function l//('[) such that |l//(t)| is decreasing function because
ly(©e. o) =ly®e. (O/e. (7]

Sy /e (7]
<7(@) |y (@)

for allt > 7.

where ]/(T) =

1
€., (T) .
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