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ABSTRACT

In this paper, we introduce the spherical indicatrices of involutes of a given timelike curve. Then we give some important
relationships between arc lengths and geodesic curvatures of the base curve and its involutes on E}, S?, HZ.
Additionally, some important results concerning these curves are given.
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INTRODUCTION

The notion of the involute of a curve was introduced by Christiaan Huygens in his work titled Horologium oscillatorium sive
de motu pendulorum ad horologia aptato demonstrationes geometricae (1673). In the theory of curves in Euclidean space,
one of the important and interesting problems is the characterizations of a regular curve. In particular, the involute of
a given curve is a well known concept in the classical differential geometry (see [5]).

At the beginning of the twentieth century, A. Einstein’s theory opened a door of use of new geometries. One of them is
simultaneously the geometry of special relativity and the geometry induced on each fixed tangent space of an arbitrary
Lorentzian manifold, was introduced and some of classical differential geometry topics have been treated by the
researchers. According to reference ([1], [2], [3]), it has been investigated the involutes of the timelike curves in
Minkowski 3-space. Also, Bukcl and Karacan studied on the involute and evolute curves of the spacelike curve with a
spacelike binormal in Minkowski 3-space, [4].

In this study, we carry tangents of the spacelike involute g of a timelike curve o to the center of the pseudohyperbolic

space HZ and we obtain a spacelike curve (T*) with equation f,. =7" on HZ. This curve is called the first spherical
indicatrix or tangent indicatrix of £ . Similarly one consider the principal normal indicatrix (N*) and the binormal

indicatrix (B*) on the pseudosphere Sf . Then we give some important relationships between arc lengths and geodesic

curvatures of the base curve and its involutes on E’, S?, HZ. Additionally, some important results concerning these
curves are given.

PRELIMNARIES

The Minkowski 3-space Ef is the vector space E® provided with the Lorentzian inner product g given by
g(X, X)=—x2+x + %,

where X =(X,X,,X;) € E°. Avector X is said to be timelike if g(X,X)<0, spacelike if g(X,X)>0 and lightlike (or
null) if g(X ,X):O. Similarly, an arbitrary curve y :y(s) in Ef where s is a pseudo-arclenght parameter, can locally

be timelike spacelike or null (lightlike), if all of its velocity vectors y(s) are respectively timelike, spacelike or null. The

norm of a vector X is defined by
IENFIESS|

and two vectors X =(%.,%,,%), Y =(¥;,Y,,¥;) € E are orthogonal if and only if g(X,Y)=0.

Now let X and Y be two vectors in Ef , then the Lorentzian cross product is given by

—€ € &
XxY =% X X :(X3Y2_Xzys’X1Y3_X3y1!X1y2_X2y1)7[6]-
Yi Yo Vs

Denote by {T(s),N (s),B(s)} the moving Frenet frame along the curve o in the space E . Then T, N and B are
the tangent, the principal normal and the binormal vector of the curve ., respectively. For these vectors, we can write

TxN=-B , NxB=T , BxT =-N.
Depending on the causal character of the curve o, the following Frenet-Serret formulas are given in [7].
T'=xN, N'=xT-7zB, B'=zN
{g(T,T):—l, 9(N,N)=g(B,B)=1, g(T,N)=g(T,B)=g(N,B)=0"
If the curve o is non-unit speed curve in space E?, then
ol det(r )
I l7 =

The Darboux vector for the timelike curve is defined by [8]
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o=7tT—-kB.
There are two cases corresponding to the causal characteristic of Darboux vector .

Case l.

If |K|> |‘L'| , then @ is a spacelike vector. In this situation, we can write

= h
ool =5(o) - -

T= ||co||sinh(p

and the unit vector C of direction o is

C :ia)zsinh(oT —coshe B,

e

where ¢ is the lorentzian timelike angle between —B and unit timelike vector C’ that lorentz orthogonal to the
normalisation of the Darboux vector C (see Figure 1).

Fig 1: Lorentzian timelike angle @

Casel ll.
If |«|{|z| , then @ is atimelike vector. In this situation, we have

{ K= ||a)||sinhgo

2 _ _ 2 _ 2
= Jofcosng’ 11 - O(@@)=7 ~x

and the unit vector C of direction o is

Cc =ia):cosh(pT —sinhpB.

e

Remark 1. We can easily see from equations of the section Case | and Case Il that: = tanhg or = cothe, if
K K

@ =constant then o is a general helix.

For the arc length of the spherical indicatrix of (C) we get
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Sc = “(p| ds .

0

After some calculations, we have for the arc lenghts of the spherical indicatrices (T) ,(N ) ,(B) measured from the points
correspondingto s=0

S S S
Sr :I|K|ds, SN :I||w||ds, Sg :j|r|ds
0 0 0

for their geodesic curvatures with respest to E;

k=2 [k =—2 fortimelike
coshg sinhg

e y(p'z o] | Kk =t /‘_;0'2 +|off|, fortimelike
o] o]
1

kB

= — ( g = . fortimelikew)
sinhg coshg

2 2
ke = 1+[H] ke = —1+(MJ
4 @

and for their geodesic curvatures with respestto S? or HZ

, fortimelike ®

gt.r t

71 z‘ =tanhg (7T = cothg, fortimelikeco)
— ¢’
V4N =||VINtN || = - U
R -
7e = "VtBtB" = cothg (7, = tanhg, fortimelike »)

yc:| t

-

Note that V and V are Levi-Civita connections on 812 and Hg , respectively. Then Gauss equations are given by the
followings.

VY =Y 489 (S(X),Y)E ViY =VxY +5g(S(X),Y)& e=9(58),
where ¢ is a unit normal vector field and S is the shape operator of Sl2 (or Hg ).
The unit pseudosphere and pseudohyperbolic space of radius 1and center 0 in E13 are given by
8! ={X =(%.%,%)eE’ 1 g(X,X)=1}
and

Hy ={X = (%%, %) e E':g(X,X) =1
respectively, [4].
Definition 1. Let a=a(s) ,ﬂzﬁ(s*) < E; be two curves. Let Frenet frames of @ and S be {T,N,B} and

{T*,N* ,B*} , respectively. £ is called the involute of & (« is called the evolute of f) if

g(T.77)=0.
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Remark 2. Let a be a timelike curve. In this situation its involute curve f must be a spacelike curve. (a,ﬂ) being the
involute-evolute curve couple, the following lemma was presented by Bilici and Caliskan (see[1], [3]).

Lemma 1. Let (a,ﬂ) be the timelike-spacelike involute-evolute curve couple. The relations between the Frenet vectors
of the curve couple as follow.

(1) If @ is a spacelike vector(|«])|z] ), then

T 0 1 0 T

N" |=| —coshg 0 sinhe || N

B —sinhp 0 coshe )\ B
(2) If o is atimelike vector(|x|(|7|), then

*

T 0 1 0 T
N" |=| sinhp 0 -coshe || N
B’ —coshp 0 sinhe )| B

Example 1. Let the curve
afs)= (ﬁsinh s,\[2 cosh s,s)
be a unit speed timelike curve such that
2 S 2 . S 1
T(s)= (ﬁCOSh(ﬁ}ﬁsmh[ﬁ}ﬁJ .
If  is atimelike curve then its involute curve is a spacelike curve. In this situation, involute curve S of the curve o can
be given the equation

- (s et )l

where ¢ is an arbitrary constant. If we compute the tangent vector field of the curve S we have
i(s)= sinh(i}cosh(i}o
B3 3

9(T(s).T"(s))=0.

3. SOME GEOMETRICAL CALCULATIONS FOR THE SPHERICAL INDICATRICES OF
INVOLUTES OF A TIMELIKE CURVE

and

In this section, we compute the arc-lengths of the spherical indicatrix curves (T* ) ,(N* ) ,(B*) and then we calculate the

geodesic curvatures of these curves in E; and 812 (or Hg).

Firstly, for the arc-length s_. of tagent indicatrix (T*) of the involute curve S, we can write
s * s
dT * dN
= 1[Gl
o || ds 51l ds

S
5. = J',”KZ —r2|ds
0
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or from the definition of Darboux vector
S
= [lofos.
0
If the arc length for the principal normal indicatrix (N*) is S . itis

N
:i dN” gs.
0

j.Hd coshgo T +sinhgB)
0

S
s = [ |e” +lof|os
0

For timelike @ , from the Lemmal. (2) we have

S
= [ ‘—(0'2 +[off |ds
0
If the arc length for the binormal indicatrix (B*) is Sy it is

t[ d(=sinhg T +coshg B)

ds,
ds

S
Sg = j|¢’| ds.
0
If @ is atimelike vector, then we have the same result. Thus we can give the following corollaries:
Corollary 3.1. For the arc lenght of the tagent indicatrix (T*) of the involute of a timelike curve, it is obvious that
S. =Sy.

Corollary 3.2. If the evolute curve « is a helix then for the arc-length of the principal normal indicatrix (N*) , We can
write

Now let us compute the geodesic curvatures of the spherical indicatrices (T*),(N*),(B*) with respect to E..

For the geodesic curvature th of the tangent indicatrix (T*) of the curve £, we can write

- =| ®
Differentiating the curve /. (ST*):T* (s) with the respect to s.- and normalizing, we obtain
t. =coshgT —sinhgB. 2)
By taking derivative of the last equation we have
v, L. = (¢'sinheT +|o|N - ¢ cosh(pB)" i )

By substituting (3) into the Eqg. (1) we get
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1 12 2
K, =H«/¢ +el[- @)

If we set @' in the Eqg. (4) then we have

’

k
we have ¢’ =— u

1
coshg k 1k 7

kT":

From k; =

’
2
I(T

. (5)
ke? (1=K )||a)||

In the case of (a,/?) is the timelike-spacelike involute-evolute curve couple with timelike @ , similar results can be easily
obtained as follow in following same procedure.

1

o =g fler o], ©
k. ?

.= l—— 7

N o (el @)

Corollary 3.4. If the evolute curve « is a helix then we have for the geodesic curvature of the tangent indicatrix (T*) of

the involute curve g

k.=1.

Similarly, by differentiating the curve [,)N* (SN*):N$ (s) with the respect to S\* and by normalizing we
obtain
; 1 VN
t, Z—USInh(DT—k—N + o coshgB, 0':k— . (8)
N N

By taking derivative of the last equation and using the definition of geodesic curvature, we have

k !
Vit . = (—0' sinhgp — ¢)o-coshgo—k—JT +{k JN +[0' coshg + ¢'c S|nh¢)+—]
N

N

| ||k 9)

(10)

1
kN’ = k O- [¢0-+"\I:V_”J k T 4
[l ke vk

In the case of (a,ﬂ) is the timelike-spacelike involute-evolute curve couple with timelike @ , similar result can be easily
obtained as follow in following same procedure.

1 ||a’||]2 Ky 2
k.= 0% +| po—"— | + |,
" el ky [ Ky ky*

Corollary 3.5. If the evolute curve « is a helix then we have for the geodesic curvature of the principal normal

11)

indicatrix (N*) of the involute curve

k.=1.

By differentiating the curve ﬂB* (SB*)=B*(S) with the respect to Syt and by normalizing we obtain
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t. =—coshd T +sinhd B. (22)

By taking derivative of the last equation

Vi .t =-sinheT - ” " N +coshg B, (13)

B

and by taking the norm of the last equation, we obtain

kBﬁ = (14)
From k __t we have ¢ —B, If we set @' in the Eqg. (14) then we have
B = = — . .
sinh g kBQ/kB2 +1
21, 2 2
ol ky“ (k= +1
ky = 1+M ) (15)
2
I(B
In the case of timelike @, similar results can be easily obtained as follow,
kB* (16)
kBﬁ = -1. a7

Corollary 3.6. If the evolute curve « is a helix then the geodesic curvature kBt of the binormal indicatrix (B*) of the

involute curve £ is undefined.

Now let us compute the geodesic curvatures of the spherical indicatrices (T* ) ,(N* ) ,(B*) with respect Sl2 (or Hg ).
For the geodesic curvature Voo of the tangent indicatrix (T*) of the curve £ with respect to 312 , we can write
=7t (18)
From the Gauss equation we can write
vV, b=V, L +gg(S(tr* )t )T*, (19)

where ¢=g(T",T")=+1, S(t.. )=t and g(s(p*),g*)zﬂ. From the Eq. (3) and (19), it follows that

Vi. tr " ” smh¢)T " " coshgo B. (20)
Substituting (20) in the Eg. (18), we obtain
w!
7. = 21
"ol @

By using y; =tanhg, we obtain following relationship between y; and Vol

1 7T,
Y. == . 22
T ”w"{l_%z] (22)
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If @ is atimelike vector, then we have the same result. Thus we can give the following corollary:

Corollary 3.7. If the evolute curve « is a helix then we have for the geodesic curvature of the tangent indicatrix (T*) of
the involute curve g

7/1'* =0

For the geodesic curvature 7y of the principal normal indicatrix(N*) of the curve S with respect to HO2 , We can write

7o =it (23)
If @ is a spacelike vector, by using the Gauss equation and the Eq. (9), we can write
$1N,tN, = K—o-'sinhq)—go'acosh<p—k£+ lleo]| ki cosh(p]T +[:—N2J N
N N (24)
(0' cosh¢)+¢asmh(p+ ||a)||k Slnh(pj :I 1 .
Ky o]y
By taking the norm of the last equation we obtain
2
1 | e[l )
.= — Ky 25
"N [ ke S { ( =W ) K, (25)
By using yy = " " we get
2
1 f @ k/ 2
il e ). (29
N
In the case of timelike @, similar results can be easily obtained as follow,
2
1 2| el i
o = —o' + k , 27
e[S (el | @
= o + U(l " — k) 2+iN2 (28)
N ek, Ky v =k il

where g(S(tN*),tN*)=.¢1=y.

Corollary 3.8. If the evolute curve « is a helix then we have for the geodesic curvature of the principal normal indicatrix
(N*) of the involute curve S

7y =0.

For the geodesic curvature y,. of the principal normal indicatrix(B*) of the curve S with respect to Sl2 , We can write

e <[ (29
If @ is a spacelike vector, by using the Gauss equation and the Eq. (13), we can write
V t. =—sinhgT - " ” N +coshpB-B". (30)

B
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By using B = —sinhgT +cosh@B given in the Lemma 1. (i), we obtain

.Y (31)
Lt .

\% e o
By taking the norm of the last equation we obtain
}/B" - ( )
@

By using y, = cothg, we obtain following relationship between y, and Vo'

_lel(2=7")
S L

Vs

If @ is atimelike vector, then we have the same result. Thus we can give the following corollary:

(33)

Corollary 3.9. If the evolute curve « is a helix then the geodesic curvature y,. of the binormal indicatrix (B*) of the

involute curve g is undefined.
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