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ABSTRACT

The paper focuses on the derivation of the integral variants of Jensen's inequality for convex functions of several
variables. The work is based on the integral method, using convex combinations as input, and set barycentres as output.
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1. INTRODUCTION
1.1. Combinations of Scalars and Vectors

Convex sets are generally observed in a real vector space X . Affiliation to some vector set is analytically expressed by
combinations of vectors (points) X; € X and scalars (coefficients) p, e R . The combination

2P @)
i=1

belongs to the vector subspace Iin{xi} as the smallest vector space that contains all X;, and it is called the linear

combination. If Zinzlpi =1, the combination in (1) belongs to the affine hull aff{xi} as the smallest translated vector

space that contains all X;, and it is called the affine combination. If Z::lpi =landall P, € [0,1], the combination in

(1) belongs to the convex hull COI‘]V{Xi} as the smallest convex vector set that contains all X;, and it is called the
convex combination.

1.2. Two Basic Forms of Jensen's Inequality

In the discrete case, Jensen's inequality is applied to convex function and convex combinations of vectors from the convex
set.

Theorem A. 1 Let S :{Xl,..., Xn} be a set of vectors X; in a real vector space X.Let p:S —> R be a coefficient
function, and ¢ :S — X be a vector mapping.

Every convex function f :conv{g(S)}— R verifies the inequality
f(Zp(xi)g(xi)jsZp(xi)f(g(xi)) @
i=1 i=1
if the function P is non-negative with Zin:lp(xi) =1, and the inequality

SP0)gtx) | Ypx)f(ax))
f i=1 S i=1 (3)

> p(x) >p(x)

if the function P is either a non-negative or non-positive with Zi:lp(xi) #0.

In the integral case, Jensen's inequality is applied to convex function and integral arithmetic means of real valued
integrable functions on the measurable set.

Theorem B. 2 Let 1 be a measure on a set S. Let p:S—>R bea u-integrable function, and g:S —> R be a
M -measurable function.

Every convex function f :conv{g(S)}— R verifies the inequality
f(J,pCOg(0du(9) < [ PO T (90N () @

if the function P is non-negative with _[Sp(x)d 1(X) =1, and the inequality

JP(9g()du() | [ pO)T(9(x)du(x)
[pOodut |~ [ p()du(x)

©)
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if the function P is either a non-negative or non-positive with Jsp(x) # 0, provided that the functions Pg and pf (Qg)

are [ -integrable in both cases.

1.3. Recent Result

Recall the following result:

b
Theorem C. [9, Theorem 1] Let P be a non-negative continuous function on [a,b] such that I p(x)dx>0.1f g and
a
h are real-valued continuous functions on [a,b] and

m <g(x)<M;,m, <h(x) <M,

forall X €[a,b], and f is convexon

[m, M, ]x[m,, M, ],

then
J[09g(dx [[pean(ax | [p(0f (90, 0D )
Jop0gax [ p0dd ['p(xyax
and
"g(0dx [ () b
Lb_a ,Iab_a gbfaLf(g(X),h(X))dX. e

The inequalities hold in reversed order if f is concave on [ml, Ml] X[mz, Mz] .

2. BARYCENTERS AND INTEGRAL ARITHMETIC MEANS

In this section we emphasize the basic meaning and significance of convex combinations. The main result is Lemma 2.1
which deals with a barycenter of a closed or open convex set in Rz. All that follows in this section can be easily

. . n
generalized to convex sets in R" .

2.1. Set Barycenter as a Limit of Set Centers

Let 4 be ameasure on aset S < R? with £4(S) > 0. Given a positive integer N, let

Si= = (8)

i=1
be the partition of the set S with pairwise disjoint L -measurable sets Sm , Where every Sni contracts to the point or
vanishes in infinity as N approaches infinity. Take one point F’ni € Sni for every index 1 =1,...,N and denote with fm

the radius-vector of the point P, . Consider the center P, of the convex combination

u(S)
Z u(S) " ©

If the sequence (F’n)n approaches the point P as N approaches infinity, then the point P is called the barycenter of

the set S with respect to the measure £, and it will be denoted with B(S, £) . Using point coordinates P, (X, ¥.i) »
we obtain the integral presentation
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B(S, 1)

RN - (S
'E?o(zl u(s) "' u(S) j
”Sxd/,z(x, y) Ijsydﬂ(x, y)

u1(S) u“(S)

(10)

According to the above formula, the barycenter B(S, ,u) belongs to the closure of the convex hull of the set S .Inthe

next lemma, relying on separation theorem we prove that the barycenter of a closed or open convex set belongs to the
set.

C

Figure 1. Barycenter of a closed or open convex set
Lemma 2.1. 3 Let 4 be a measure on a closed or open convex set C C R? with 1(C) > 0. If the barycenter of the

set C with respect to the measure  exists, then it belongs to to the set C .

Proof. Suppose that P ¢ C. Applying the separation theorem, we can choose the line L through the point P so that
LNC =, and the entire C is contained in one of the half-planes determined by L . Let 1 be the vector normal to

the line L, oriented towards the set C as shown in Figure 1. Denote with T (X v - =Xi + yT radius-vectors of the points

(X,y) €C, and with rn= XPi P ij radius-vector of the barycenter P . The vector I makes acute angles with the

vectors I,

xy) ~Tp - Applying the inner product, we find that the following holds for every pint (X, y) eC:

(ﬁ,r(xyy)—rp>>o
<ﬁ oy = (C)H Xy)dﬂ(x,y)>>0 a1

<ﬁ y) y(C)< ” (Xy)d,u(x,y)>>0

Integrating the above inner products over C , we get the contradiction

(R ] Foy a2, )= (R[] By e, 10) > 0, 12

So,ithastobe Pe(C. O

Aﬁl

The method of proving used in Lemma 2.1 can be applied to more dimensions. If the closed or open set C C R3, then

we use the plane P through the point P so that PC =J. Similar procedure as in Lemma 2.1, without using
integrals, was applied to convex polygon in [2] when determining the geometric position of the mass center.

2.2. Barycenter and Integral Arithmetic Mean of a Function
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We follow the ideas of the formula in (10). Let 4 be a measure on aset S < R? with 1(S)>0.

If p:S — R is either a non-negative or non-positive £ -integrable function so that I.[Sp(x, y)d (X, y) #0, and the

functions P(X, y)X and p(X, Y)Yy are u -integrable, then the point

[[ ;PO y)xdu(xy) [[ p(x y)ydau(x,y)
[[pey)dutxy) " ] pex.y)dux.y)

could be called the barycenter of the function P on the set S with respect to the measure M . This point belongs to the

set CONV{S} by Lemma 2.1. For example, if P = p is the mass density, then B(p, S, 1£) represents the barycenter
of the density 0 . Note that the invariant property

B(ap,S, 1) =B(p,S, 1) (14)

(13)

B(p, S, u) =

holds for every number o € R\{0}.

If we have a g -integrable function g : S — R, then we have the number

[] 90 y)dux, y)
#(S)

called the integral arithmetic mean of the function J on the set S with respect to the measure . Using convex

(15)

M(9,S, 1) =

combinations in the above formula would be seen that this number belongs to the interval CONV{g(S)}. Take as an
example the random variable § = X . Then M (X, S, 1) = E(X) represents the expectation of the random variable
X . At that the point B( X,S, ,u) can be interpreted as the expected position of the variable X.

Connecting formulas between barycenters and means can be written using the projections prx(x, y)= X and

pr,(x,y)=y:
B(S, 1) = (M (pr,, S, ), M (pr,, S, 1)) (16)
_{M(p-pr,,S,p) M(p-pr,,S,4)
B(IO,S,,U)—( MD.S) | M(D.S.m) ] (17)

Remark 2.2. 4 A function barycenter can be reduced to a set barycenter. Let 4 be a measure on a set S C R? , and

p:S — R be anon-negative i -integrable function with ”Sp(x, y)d u(X,y) > 0. We define the measure v on

S putting
v(A) =[] p(x y)dp(x,y) (18)
for every L -measurable set A S . Since v(S) >0 and 1(S) >0, we have
B(S,v)=B(p,S, 1) (19)

The properties of the measure v defined in (18) can be seen in [8, Theorem 1.29]. More on quantity centers and
barycenters of the Riemann integrable quantity functions can be found in [5, Sections 3-4].

The general concept of barycenter in the framework of Choquet's theory was presented in [4, Section 6]. In mentioned
paper, barycenters of compact convex subsets of a locally convex Hausdorff space were observed with respect to Borel
probability measures.
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3. JENSEN'’S INEQUALITY FOR CONVEX FUNCTIONS OF SEVERAL VARIABLES

In this section we emphasize the practical meaning and application of convex combinations. The main result is Theorem
3.4 which presents Jensen's inequality for convex functions of two variables, and it can be easily generalized to convex
functions of more variables. The convex sets that will be used will be closed or open.

3.1. Integral Variants of Inequality
Let Cc R? be a convex set, r= XiT+ yij be radius-vectors of the points Pi(xi,yi) eC, and p, e R be non-

negative coefficients with Zinzlpi =1.1f f:C— R is aconvex function with two variables, then the inequality in (2)

takes the form

f(ipixi,ipiyiléipi f (%, :)- (20)

The above inequality can be applied to obtain Jensen's inequality for the set barycenter:

Lemma3.1. 5 Let i be a measure on a convex set C < R? with 22(C) >0.
Every two variables /{ -integrable convex function f :C — R verifies the inequality

[[xduey) [[ydutoy))  [] 806 y)dutxy)

, < 1)
u(C) 1(C) 1(C)

provided that the projections Pr, (X, Y) = X and pr, (X, y) = Y are u -integrable on C..

Proof. Using a partition == _1(,’ that satisfies the conditions of the partition in (8), we form the convex combination
u(C u(C #(Cy)

B Z i Z Xoil Z m Yni J ) (22)
= #(C) = #(C) u(C)

of the radius-vectors I, = xniT+ ynJ of the points P, (X, Y, ) €C, with the coefficients P, = ,u(Cni)/,u(C).
Applying the inequality in (20) on its center P, € C , it follows

oG, N u(C
f(m H(C) X”“.l #(C) j Z (C) F O Yo (21)

The sequence (F’n)n converges to the barycenter P by assumption (the projections are M -integrable). The convex

function f is continuous on the interior of the set C . The discrete inequality in (23) approaches the integral inequality in
(21) as N approaches infinity, respecting the continuity rule

limf (F,) = f(limR,)

N—o0 nN—o0

if the set C is open. If the set C is closed, and if the function f is not continuous on the whole C , then the right-hand
side of (21) can only be increased. a

Smoothness properties of convex functions are presented in [3, pages 20-26].

Remark 3.2.6 If f :C — IR is the Riemann integrable convex function, then the inequality in (21) reads as follows:

”dexdy ”Cydxdy j j f (X, y)dxdy

I chxdy ’ Ucdxdy - ” dxdy

Using notations for the barycenter and integral arithmetic mean the inequality in (21) can be written as

(24)
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f(B(C 1)) <M(f,C,p). (25)

Corollary 3.3. 7 Let /£ be ameasure on a convex set C C R?. Let p:C — R be either a non-negative or non-

positive L/ -integrable function with jjcp(x, y)du(x,y)#0.

Every two variables convex function f :C — R verifies the inequality

fp]meMuwy>ﬂpWyw¢mxw TP f e ydu(x,y)

(26)
[] PO y)dutxy) " [[ pOx,y)dp(xy) [P y)d (. y)
provided that the functions PX, Py and pf are u -integrable.
Proof. Should start from the equality in (22) with the coefficients
Ca) PCs Vo
o, = HCIPOG V) on
Eu(cni) p(xni’ yni)
i=1
and then follow the proof of Lemma 3.1. m|

The inequality in (26), after dividing both numerator and denominator of the quotient of the right-hand side with y(C),
takes the form

M (pf.C, 1)

Corollary 3.3 can be generalized by introducing the mapping J consisting of two functions of two variables:

Theorem 3.4. 8 Let i be a measure onaset S C R?. Let p:S — R be either a non-negative or non-positive 4 -

integrable function with ”Sp(x, y)dz(x,y)#0, and g =(9,,9,):S — R’ be a mapping consisting of 1 -
measurable functions §, and (J, .

Every two variables convex function f :conv{g(S)} — R verifies the inequality

ﬂpuwwxwwuwjhuwguwwuw
[[poxyydutxyy * [[ px y)du(xy)

(29)
ﬂpwwHMXW%UWNMXW
[P0 y)du(x,y)
provided that the functions Pg;, Pg, and pf (gl, gz) are U -integrable.
Proof. Applying the proof of Lemma 3.1 with the radius-vectors
B = 0y (s Y )T + 9, (X ¥ ) T (30)
and the coefficients
X 1 Jni
o, = M0 ) o
Z‘fl( ) p(Xm 1 yn|
we get the integral inequality in (29). m|

Applying the notation of the integral arithmetic means the inequality in (29) can also be presented with
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f(M(pgl,s,u) M(pgz,s,m]gM(pf(g),s,u)_
M(p,S, 1) = M(p,S, u) M(p,S, u)

3.2. Discrete-Integral Variant of Inequality

(32)

Combining and connecting the inequalities in (20) and (29) as the inequalities for convex function with N variables, it
follows:

Corollary 3.5. 9 Let H; be measures ona set S R". Let pj :S — R be either non-negative or non-positive M-

integrable functions with the integral values Jspj (Ko X)) gy (X, .., %) =0, and g5 =(9yj,...,9y) ' S >R

be mappings consisting of H; -measurable functions gij ,and Q; e[ ) ] be coefficients of the sum Zj:lai =1.

Every N -variables convex function f : COF’IV{UT:1 g; (3)} — R verifies the inequality

i I p gl] /U] Z J. p gnjd/uj
i=1 p p
pde TR [pds -
# 4 a, .[Spj f (glj,..., gnj)d:uj
j=1 ijdﬂj
provided all the functions ;0,;,..., P;J, and p; f (glj,...,gm—) are U; -integrable.
Proof. If C = CoNV{UL, ;(S)}. then all the points P, (X;;,...,X;) with the coordinates
_ _”.Spjgljdluj s Ijspjgnjdﬂj 34

x, = Ty o
J Hﬁﬂm J Hﬁﬂ%

belong to C . Applying first the discrete inequality in (20) with the points Pj , then the integral inequality in (29), we get the
inequality in (33).

Inequalities with convex combinations and barycenters for convex functions of one variable were observed in [7]. Some
inequalities that include barycenters expressed with the Riemann integrals were obtained in [1, Chapter 4], in studying the
Hermite-Hadamard inequality.

4. INEQUALITY WITH HYPERPLANE

Take the three planar points A(X,, Y), B(Xg,Yg) and C(X., Yc) that do not belong to one line. If T, T and T

are its radius-vectors, the radius-vector fp of any point P(X, y) eR?is presented by the unique affine combination

=00+ [Ty +ypl;, (35)
where
X 'y 1 X 'y 1 x y 1
Xg Yp 1 Xa Ya 1 Xa Ya 1
X 1 X 1 X 1
R R L PR e “
Xg ¥ 1 Xg  ¥s 1 Xg Yg 1
X Yo 1 X Yo 1] Xe Yo 1
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if f:R*> >R is a two variables function, and Z = f{&l?&c}(x, y) is the equation of the plane passing through the
points (A, f(A)), (B, f(B)) and (C, f(C)) of the graph of f , then

f{pAI?B,C}(X’ y) =ap f(A)+ B, T (B) +y, f(C). (37)
If the function f is convex, the plane inequality
f(P) <o, f(A)+ 5 f(B)+7:f(C) = f{pAI?B,C}(P) (38)

holds for every point PECOHV{A, B,C}, because for these points the combination in (35) is convex. If
P ¢ conv{A, B, C}, the reverse inequality is not necessarily valid in (38).

Let A,...,A.; €R" be points so that vectors are linearly independent. The convex hull

Ty ~Tao T Tla
conv{A,..., A .} is called the n-simplex in R" with the vertices A,..., A,,;. Geometrically speaking, all the
simplex vertices can not belong to the same hyperplane in R" . If A< = A<(Xkl,..., an) , the radius-vector FP of any
point P(Xl, ey Xn) eR"is presented by the unique affine combination

n+l

h=>a s (39)
k=1

where the numerator and denominator of the coefficients &, are

X, .- 1 .- A 1
Xpoooee Xy
Xk—:L‘L Xk—ln
A k+1 den _—_
a " = (=D X Xe1n A, " = Xa Xin (40)
Xk+11 e Xk+1n 1 Xk+11 Xk+ln
Xn+11 Xn+ln 1 Xn+:L’l i Xn+1n 1

if f:R" >R isan n-variables function, and X, = f{:ﬁp (X,...,X,) is the equation of the hyperplane (in R™

passing through the points (A, f (A.)) of the graph of f , then

n+l

hyp -
fud (xl,...,xn)_;akf(m. (41)
If f is convex, the hyperplane inequality
n+l h
f(P)< e f(A)= £P(P) @
pe=} g

holds for every point P € CONV{A,..., A }. if Peconv{A,...,A .}, the reverse inequality is not necessarily
valid in (42).

We finish the paper by extending the inequality in (33) to double inequality which includes N -simplex and hyperplane.
That version stands as follows:
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Theorem 4.1. 10 Let C =COnV{A,...,A,,,} be an n-simplex in R", f:C—R be a convex function, and
X = {Ak} (Xl,..., Xn) be the hyperplane passing through all the points (A(, f(A()) of the graph of f . Let H; be

measures on a set S R", pj :S —> R be either non-negative or non-positive H; -integrable functions with the

integral values jspj (e s X))t (%00, %) £ 0, and @) = (glj,...,gnj):S—>C be mappings consisting of
m

M; -measurable functions gj;, and &; € [0,1] be coefficients of the sum Zj:laj =1.

Then the double inequality

n ngljuj m ngmuj

=1 J‘ pJ =1 j P; du
m f e O du.
S al -[Spj (gl] g ]) luj (43)
j=1 J.Spjd:uj
hyp z J. p glj ﬂ] ma_ J.Sp]gnjd/’lj
=1 ij i=1 . ijd,uj
holds if provided that all the functions ;0,;,..., P;g, and P; f (glj,...,gnj) are U; -integrable.
Proof. The left-hand side of the inequality in (43) follows from Corollary 3.5. Let us prove the right-hand side.
Using the inequality in (42) and the hyperplane affine presentation
hyp A
f{Ak} O ) = Zaixi +a,., (44)
we get
hyp
0, [ 9y F(g, 8)d S JoPi foy (900 5)d 1
(o S
= Ispjd#i = ijdﬂJ
:Z .fhyp jspjgljdﬂj I P;9yd )
= ot fsp,-du, gy
_ fhyp ma. Spjgljd:uj J. P; gn]dll'lj
{Ak} =1 : J.Spjd:uj =1 i Spjd:uj
which ends the proof. m|
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