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ABSTRACT

For any partition p = (M1, M2, . . ., Un) Of @ non - negative integer number r there exist a diagram (A) of B - numbers for
each e where e is a positive integer number greater than or equal to two; which introduced by James in 1978.These
diagrams (A) play an enormous role in lwahori-Hecke algebras and g-Schur algebras; as presented by Fayers in 2007.
In this paper, we introduced some new diagrams (A% ), (A'®®) and (A*"°) by employing the "direct rotation application of
three diffrent degrees namely 90°,180° and 270° " on the main diagram (A). We concluded that we can find the successive
main diagrams (A%), (A'®®) and (A?") for the guides by, bs,. . . and be depending on the main diagrams (A ), (A*®) and
(A270 ) for by and set these facts as rules named Rule (3.1.2), Rule (3.2.2) and Rule (3.3.2) respectively. We depended in
our work on the idea of the intersection of the main diagrams (A) given by Mahmood in 2011 and the "upside-down -
numbers" again given by Mahmood in 2013.
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(1) INTRODUCTION

Let r be a non- negative integer. A partition p = (u1, M2, . . ., Mn) Of ris a sequence of non - negative integers such that
=%, y,=rand u 2 i, Vi21; [1]. For example, p= (5, 4, 4, 2, 2, 2,1) is a partition of r =20. § - numbers was
defined by; see James in [2]: "Fix p is a partition of r, choose an integer b greater than or equal to the number of parts of
M and define B, = p.+b—i, 1<i <b. The set {Bl, Bz,...,Bb} is said to be the set of B-numbers for p." For the above
example, if we take b =7, then the set of 8 - numbers is {11, 9, 8, 5, 4, 3,1}.

Now, let e be a positive integer number greater than or equal to 2, we can represent B - numbers by a diagram called

diagram (A).
run.l1 run.2 ... run.e \
1 ce e-1
e+l ... 2e-1
2e 2e+l ... 3e-l > diag.(A)
J

Where every B will be represented by a bead ( e ) which takes its location in diag.(A). Returning to above example,
diagram (A) of B-numbers for e =2 and e =3 is as shown below in diagram 1 and 2 respectively:

e=2 b =7

0 1f— e e=3 b =7

i | 0 1 BEIE o -

. 3 ° BB 3 4 5le o o

s I8 'y 6 7 8l— — e
[ ]

10 11l= 1 9 10 11|l e — °
Dig.1 Dig.2

Note: Along this paper, we mean by diagram(A); diagram (A) of 3-numbers.

This subject has a connection with representation theory of lwahori - Hecke algebras and g-Schur algebras [3].

Also any partition p of r is called w-regular; w = 2, if there does not exist i 21 such that p; = p;;,,_1 >0, and p is called w-
restricted if W — piyzq < w,Vvi21.

(2) THE INTERSECTION OF B - NUMBERS IN THE MAIN DIAGRAMS

Mahmood in [4] introduced the definition of main diagram(s) (A) and the idea of the intersection of these main diagrams.
in this section we repeat the principals results, as follows: Since the value of b = n; [5], then we deal with an infinite
numbers of values of b. Here we want to mention that for each value of b there is a special diagram (A) of B-numbers for
it, but there is a repeated part of one's diagram with the other values of b where a "Down —shifted" or "Up-shifted", occurs
when we take the following : (by if b =n), (b2 if b=n+1),...and (be if b=n+(e-1)).

Definition (2.1): [4] The values of bs, by, ... and be are called the guides of any diagram (A) of B-numbers .
For the above example, the guides values are b; =7 and b, = 8 if e =2 where p = (5,4,4,2,2,2,1),then:

e=2 b=7 | bitl(e) | bit+2(e) e=2 |l b2=8 || bati(e) || b2t+2(e)
0 1 — L4 o o 0 10 e — ° ° ° °
2 31— ° 2 3 e — 1 e —] ° °
4 5 ° ° 4 5 ° ° ° — ° —
6 71— - 6 71 e — ° ° ° —
8 9 ° ° and 8 9 || — ° ° — ° °
10 11||— o 10 11lle —=J|= o * —
12 13 12 13 'Y —_ 'Y — —_ Y
14 15 14 15 o Jlle -
16 17 16 17 °« —

Dig.3 lllustrates the idea of "Down- shifted”
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We define any diagram (A) that corresponds any b guides as a "main diagram" or "guide diagram".

Theorem (2.2): [4] There is e of main diagrams for any partition p of r.m

The idea of the intersection of any main diagrams is defined by the following:

1- Let t be the number of redundant part of the partition p of r, then we have p = (pl, My eees un) = ()\11,)\;2, ., Al™) such
that r=3%L, b = XA

2- We denote the intersection of main diagrams by N{_;m.d., .

3 - The intersection result as a numerical value will be denoted by #(N¢_, m.d.p, ), and it is equal to ¢ in the case of no

existence of any bead, ory inthe case that y common beads exist in the main diagrams.
For the above example where p = (5,4,4,2,2,2,1) = (5, 4%, 2°1), r = 20, if e = 2 then there are two guides, the first is by = 7
since n=7 and the second is b, = 8, the B- numbers are given in table 1:

Table1 B- Numbers
Bz | B2 || B3| Ba]f Bs|f Bs |{ B7 || Bs

i
5

bi=7 11} 9|85 4] 3
b,=8| 12109 |6 | 5| 4| 2O

Hence,the main diagrams and their intersection will be as shown in diagram 4:

b1= 7 b2= 8 ﬂ§=1m. d'bs

Dig.4 The intersection of the main diagrams (A) for e=2

Notice that, #(NZ,m.d.,)=3.

The two principle theorems about the idea of the intersection of any main diagrams are:
Theorem (2.3): [4] For any e 2 2, the following holds:

1- #(Néym.dy ) = dpift = 1,Vkwhere, 1 <k <m.

2- Let £2 be the number of parts of A which satisfies the condition T, = e for some k, then

#(Noym.dy, ) = [T, —Q(e—1].m

Theorem ( 2.4): [4]
1- Let y be a partition of rand p is w-regular, then: #(n§=1 m. d.bs) = {Value ife <w,

¢ ife >w.
i " e . . R _(valueif e<hor (e=handh <w),
2- Let p be a partition of r and p is h-restricted, then: #(N¢_;m.dy, ) = {4) ife>hor(e—handh =w) ™
Also, Sarah M. Mahmood in [6] gave the same subject by using a new technique which supported the results of
Mahmood in [4].

(3) DIRECT ROTATION OF DEGREES 90° 180° AND 270° B - NUMBERS

In this work, we introduce new diagrams depending on the old diagram (A) with application of " direct rotation of
degrees 90°, 180°and 270° respectively ". Note that, all the rotations are about the origin and by direct rotation; we mean:
counter clockwise rotation ". The new diagrams have another partitions of the origin partition and if we use the idea of
the intersection, the partition of the beads will not be the same (or will not be the sum) in #(ng=1 m.d.bs) in the normal
main diagrams. In order to understand the subject, we'll study this application on our example above, where p=
(5,4%,23,1) and e = 2, respectively:

(3.1) Direct Rotation of degree 90° B - Numbers:

We'll have a group of diagram (A%) as shown in diagram 6 below:
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b1:7 b2:8

— el &« -

N —=

. _ e o — e e - - - e — —
¢ Rgo -_— - [ ) -_ [ ) -_ [} [ ] [ ) -_ [ ) [}

[ ) [ ) -_ [ )

— ol « =
o —

Dig.5 (A) Dig.6 (A%

Now, if we use the old technique for finding any partition of any diagram (Ago), the value of the partition will not be equal
to the origin partition? so, we delete any effect of (-) in (A) after the position of 1, and we start with number 1 for the first
(-) a (left to right) in any row exist in (A), and with number 2 for the second (-) and ...,etc, and we stop with last (-) before
the position B1 in (A) as shown in diagram 7. Now, to apply "direct rotation of degree 90°" on (A), the new version (A9°)
has the same patrtition of (A), see diagram 8.

(o
fary

|
~

=8

b1 =7 bz =8

°
°
P
N
°
w

5 X
o o

[AYFN

°
e o o 4

y
I~ o
v o
[ ]

07 ¢ 10 @ INIF
® oiho o ©
e eire o0 oo

I
(8]

Ko ¢ I @ IN -
ps
[{=]
o

Dig.7 (A) Dig.8 (A%

Remark (3.1.1): The main diagram (A*®) in case b; = n, plays a main role to design all the main diagrams (A%) for
(b2 = n+1), ... and (be= n+(e-1)), as follows:

Rule (3.1.2): Since the main diagram (A%) in the case by, we can find the successive main diagrams (A%®) for by, b, ...
and be, as follows:

1) 1% rowin the case b;= n—last row in the case b, and to add one (e) in left— (e-1) row in the case bz and to add one
(o) in left— - —2" row in the case b and to add one () in left of main diagram (A%).

2) 2" row in the case by — 1% row in the case b and to add one (-) in right — last row in the cas bz and to add one (e)
in left— --- 3™ row in the case be and to add one (@) in left.

e) last row in the case by~ (e-1) row in the case b, and to add one (-) in right - ... » 1> row in the case be and to add
one (-) inright. m
This rule is clarified in diagram 9 For the above example, where p = (5,4%,23,1) and e =3:

e o o :[—ooo]oo——— - e — e —

Dig.2 Dig.9

Theorem (3.1.3): All the results in [4] about the main diagram (A) is the same of the diagram (A*) but in direct
rotation of degree 90° position. =
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One of these results is the intersection of the main diagrams. so, the fact mentioned in theorem(3.1.2) is clear in diagram
10 comparing it with diagram 4, for our example when p = (5,42%,23,1) and e = 2 and for e=3, see the two diagrams 11

and 12:
b1=7 b,=8 ﬂgzlm.d.bs
e 6 06— o o _— — 0 — — —_—— — & — —
_—— — 0 — ® 6 6 06— o0 O —_—— — - — —

Dig.10 The intersection of the main diagrams (A%) for e=2

Notice that, #(N2; M. d., ) = 3, in both cases.

b,=7 b, =8 bz=9 ﬂgzl m. d-bs

— — e - e o — |- - -
[ ] [ ] - [ ] [ ] - [ ] - = [ ]
— — o fjle — —Jo o —|)—- — -
[ ] e [ ] [ ] [ ] ] — [ ] [ ] bl -= =
e — —l—-— e |- - -

Dig.12 The intersection of the main diagrams (A% for e=3

Notice that, #(N3_; m. dy,) = 1,in both cases.

(3.2). Direct Rotation of degree 180° B - Numbers: we' Il have a group of diagram (A*®) as shown
in diagram 13 below:

b, =7 b,=8 b, =7 b, =8
— S o — — °
— e e ° - — °
e o ° . Riso i e e —
- = ° — — -1 — °
[ ] [ ) -_ [ ] [ ] [ ] [ ]
— — - - .
J— [ ) - —_ [ ]
Dig.5 (A) Dig.13 (A

Again, if we use the old technique for finding any partition of any diagram (A'®), the value of the partition will not be
equal to the origin partition? so, we delete any effect of (-) in (A) after the position of B1, and we start with number 1 for
the first (-) a (left to right) in any row exist in (A), and with number 2 for the second (-) and ...,etc, and we stop with last (-)
before the J)osmon B1 in (A) as shown in diagram 7. Now, to apply "direct rotation of degree 180 on (A), the new
version (A'®) has the same partition of (A), see diagram 14.
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b1 =7 || b, =8 by =7 b, =8
1l e ° 1 % °
2 efle 2| Rg |* 5]2 ¢
o o |eo o L] o |l e 4
3 4fe 3 P4 3 e
o o |4 ° . o |l e °
5 e |le 5 e 2]2 o
o X o 1|1 o

Dig.7 (A) Dig.14 (A')

Remark(3.2.1): The main diagram (A'® ) in case b; = n, plays a main role to design all the main diagrams (A'®") for
(b2 = n+1), ... and (be= n+(e-1)), as follows:

Rule (3.2.2): Since the main diagram (A ) in the case bs, we can find the successive main diagrams (A'®°) for by, bs, ...

and be, as follows:

1) 1% column in the case b= n—=last column in the case b, and to add one (e) in down — (e-1) column in the case bs and
to add one (e)in down — --- » 2™ column in the case be and to add one (o) in down of main diagram (A™*°).

2) 2" column in the case by - 1% column in the case b, and to add one (-) in up - last column in the case bz and to add
one (@) in down — --- -3 column in the case be and to add one () in down of main diagram (A™°).

e) last column in the case b;— (e-1) column in the case b, and to add one (-) in up— --- = 1* column in the case be and

to add one of (-) in up. g
To check this rule For our example, where u = (5,4%,23,1) and e = 3, see diagram 15 below:

bl:7 b1=7 b2:8 b3:9
- e — F - W — (o B
e o o - ° 2 Y ° £
— N i = - _ ol >
S = ° ° e o ° °

° — o — o — o o

' 1 1)

Dig.2 Dig.15

Theorem (3.2.3): All the results in [4] about the main diagram (A) is the same of the diagram (A™®®) but in direct
rotation of degree 180° position. =

Now, as we said before, the intersection of the main diagrams is one of these results, hence see diagram 16 and compare
it with diagram 4 for our example when e=2 and for e=3, see diagram 17 compairing it with diagram 11 above:

b1=7 b>=8 ﬂ§=1 m.dy;
o — — e - -

° ° ° - ° —

- = — e - —

° ° ° ° o o

o — — e - -

o — — e - -

Dig.16 The intersection of the main diagrams (A™®) for e=2

Again, #(N?-; m.d., ) = 3,in both cases.
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b1=7 b.=8 bs=9 N3_ym.dy,
—_ ° — ° — — —_
. — o | — . . . . — — - -
. — - - - . — . . — - -
. . . . — | o — . . - =
— —| e — . — . . — - =

Dig.17 The intersection of the main diagrams (A™) for e=3
Also, #(N3—;m.d., ) = 1,in both cases.

(3.3) Rotation 270° counter clockwise about the origin: we'll have a group of diagram (A*"°) as
shown in diagram 18 below:

b1:7 b2:8
— [ ] [ ] -
— of o -— by =7 b, =8
o o o o = o — o ol eNe_ ¢ ¢ o8 Ra70
—_ —_ [ ) —3 for —_ ° ° —_ - Oy — [ ] b —
[ ] [ ] e L}
—_ [ ] [ ] =
g 3
Dig.5 (A) Dig.18 (A*")

Again, if we use the old technique for finding any partition of any diagram (A*”), the value of the partition will not be
equal to the origin partition? so, we delete any effect of (-) in (A) after the position of B1, and we start with number 1 for
the first (-) a (left to right) in any row exist in (A), and with number 2 for the second (-) and ...,etc, and we stop with last (-)
before the position B in (A) as shown in diagram 7. Now, to apply "direct rotation of degree 270°" on (A), the new version

(A?"%) has the same partition of (A), see diagram 19.

b1:7 b2—8
1l e ° 1
2 X ' 2 b1:7 b2:8
e o e 4 Ra70
3 4| 3 plle o o 4 o o1 2 e 3 e 5 X
: : 4 _0 l _2 L4 § § e o o o A o o
5 e ° 5
e X
Dig.7 (A) Dig.19 (A%™)

Remark(3.3.1): The main diagram (A?"®) in case by = n, plays a main role to design all the main diagrams (A*™) for
(b2 = n+1), ... and (be= n+(e-1)), as follows:

Rule (3.3.2): Since the main diagram (A?”) in the case bs, we can find the successive main diagrams (A*°) for by, bs,
..., and be, as follows:

1) 1% rowin the case b;= n— 2" row in the case b, and to add one (-) in left= 3™ row in bs and to add one (-) in left

— .- >last row in the case be and to add one (-) in left of main diagram (A?"°).

2) 2" row in the case b; — 3" row in the case b, and to add one (-) in left - --- — last row in the case b(e-1)and to add
one (-) in left=1%" row in the case be and to add one (e) in right.

e) last row in the case b;— 1% row in the case b, and to add one (e) in right > 2™ row in the case bs and to add one
(®) inright— --- - (e-1) row in the case be and to add one (e) in right.l

To materialize rule (3.3.2) For the above example, where u = (5,4%,2%,1) and e = 3,see diagram20:
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b1:7 b1:7 b2:8 || b3—9

— e —

¢ o o :[ ° — —] ° ° ° — ° — — o o o
- - ¢ — — e o — (o — ° — ° e — o
e — e o o -— - - = ° — — e —
Dig.2 Dig.20

Theorem (3.3.3): All the results in [4] about the main diagram (A) is the same of the diagram (A*"

of degree 270° position. g

To perceive theorem (3.3.3) for this type of rotation , return back to our example where p = (5, 42, 23, 1) and observe
digrams 21 and compare it withdiagram 4 for e=2 and diagram 22 to be compared with diagram 11 for e=3:

) but in direct rotation

b,=7 b,=8 ng—lm'd'b

= s

— o — 0 — — oo — 000 o0 - — — e — —
oo — o o o — — e — 0 — — — — e — 0 — —

Dig.21 The intersection of the main diagrams (A*°) for e=2

Notice that, #((N2_; m. d.p,) = 3,in both cases.

bi=7 b2=8 bs=9 N3_,m.d,
- S

Dig.22 The intersection of the main diagrams (A?") for e=3

Also, #(N3_, m.d.p ) = 1,in both cases.

(4) CONCLUSION
180 270

In this paper, a procedure is suggested for the diagrams (A%), (A™% and (A?"®) of B-numbers which they represent the
direct rotation of degrees 90°, 180° and 270° of diagram (A) of B-numbers respectively, to have the same partition of
diagram (A) of B-numbers. Furthermore, for each degree of rotation, a rule for designing all the main diagrams of the
direct rotation for by,bs,. . .,and be is setted depending on the main diagram of the direct rotation for b1, And finally, we
foundout that the intersection of the new main diagrams of the direct rotation is the same of the old main diagrams (A) but
in direct rotation position.
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