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ABSTRACT 

Exact hyperbolic, trigonometric and rational function travelling wave solutions to the Korteweg De Vries (KDV) equation 

using the  expansion method are presented in this paper. More travelling wave solutions to the KDV equation 

were obtained with Liu’s theorem. The solutions obtained were verified by putting them back into the equation with the aid 

of Mathematica. This shows that the  expansion method is a powerful and effective tool for obtaining exact 

solutions to nonlinear partial differential equations in physics, mathematics and other applications. 

Keywords: Expansion method; Korteweg De Vrie;, Liu’s theorem; nonlinear Partial differential equation; Wave 

solutions. 
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1 INTRODUCTION 

Most physical phenomena are described by partial differential equations that are nonlinear in nature. These nonlinear 
partial differential equations (NLPDE) appear in many fields such as Hydrodynamics, Engineering, Quantum field theory, 
Optics, Plasma physics, Biology, Fluid mechanics, Solid-state physics, etc., (El-Wakil S.A., Abdou M.A., 2007). In Soliton 
theory, the study of exact solutions to these nonlinear equations plays a very germane role, as they provide much 
information about the physical models they describe. 

Various powerful methods have been employed to construct exact solutions to nonlinear partial differential equations. 
These methods include the inverse scattering transform (M.J. Ablowitz, H. Segur, 1981, Ablowitz and Clarkson 1991), the 
Backlund transform (M.R. Miura, 1978), (Gu , C.H. 1990),(C. Rogers, W.F. Shadwick, 1982), the Darboux transform (V. B. 
Matveev, M. A. Salle, 1991), the Hirota bilinear method (R. Hirota, 2004), the tanh-function method (E.G. Fan, 2000), 
(Chen, Y and Zheng, Y. 2003), (Malfliet, W., 2005), the sine-cosine method (C.T. Yan, 1996), the exp-function method (J. 
H. He, X. H. Wu, 2006), the generalized Riccati equation (Z.Y. Yan, H.Q. Zhang, 2001), the Homogenous balance method 
(Fan, E, 2000, Wang, M.L. 1996), etc.  

Recently a new method called the  expansion method was introduced by Wang et al. (Wang, M.L., Li, X., Zhang, 

J., 2008) to construct exact solution to nonlinear partial differential equations.  

The Korteweg de Vries equation (KDV) which is a non-linear PDE of third order has been of interest since 150 years ago. 
More recently, this equation has been found to describe wave phenomena in Plasma physics, anharmonic crystals, etc. 
The KDV is a non-linear equation which has soliton solutions. The Korteweg de Vries equation is of the form 

        

KDV is non-linear because of the product shown in the second summand and is of third order because of the third 
derivative in the third summand. The aim of this paper is to construct travelling wave solution to the Korteweg de Vries 

equation by using the  expansion method. 

2 DESCRIPTION OF THE  EXPANSION METHOD. 

Here, we provide a brief explanation of the  expansion method for finding travelling wave solutions of nonlinear 

partial differential equations. Consider a nonlinear equation of two independent variables  and  of the form:  

 

 is a polynomial in  and its derivatives with respect to  and . To begin, we transform equation (2) into a 

nonlinear ordinary differential equation by introducing the variable  given by: 

    

Where  is a constant and equation (2) reduces to a nonlinear ordinary differential equation of the form  

             

The method assumes that the solution to equation (2) can be expressed as a polynomial in  

 

Where  are constants to be determined and  is a solution of the linear ordinary differential 

equation of the form 

 

 and  are arbitrary constants. The general solution of (6) gives (M.M. Kabir and R. Bagherzadeh, 2011):  
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Equation (4) is integrated as long as all the terms contain derivatives, where integration constants are considered to be 

zero. To determine , we consider the homogenous balance between the highest order derivative and the highest order 

nonlinear term(s).  

Substitute equation (5) with the determined value of  into equation (4), and collect all terms with the same order of 

 together. If the coefficients of  vanish separately, we have a set of algebraic equations in  

 and  that is solved with the aid of Mathematica.  

Finally, substituting  and the general solution to equation (6) into equation (5) yield the travelling wave 

solution of equation (2). 

3 APPLICATION 

In this section, we apply the  expansion method to construct travelling wave solution of the Korteweg de Vries 

equation. Consider the KDV equation (1) which can be written as:  

 

We make the transformation  .  

 

 

 

 

Equation (7) becomes  

 

Integrating equation (8) once with respect to  and setting the integration constant to zero yields 

 

To get , we balance the highest order derivative  and the highest order nonlinear term . 
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Then equation (5) becomes  

 

Where   are constants to be determined later. From (10) 

 

 

Substituting equation (10) and its derivatives into equation (9) and collecting all terms with the same power of  

together yields a simultaneous set of nonlinear algebraic equations as follows: 

 

 

 

 

 

Solving this algebraic system of equation with the aid of Mathematica yields two different sets of solution:  

 

 

Substituting the different sets of solution to the algebraic equation and the general solution to equation (6) into equation 
(10), we obtain three types of travelling wave solutions of the Korteweg de Vries equation. 

Case 1 

When , we obtain a hyperbolic function solution: 

 

Where  and  



  ISSN 2347-1921 
 

603 | P a g e                                                             D e c  1 6 ,  2 0 1 3  

 

If we set  and  in equation (11), we obtain 

 

If we set  and  in equation (11), we obtain 

 

When , we obtain a trigonometric function solution: 

 

Where  and  

 

If we set  and  in equation (14), we obtain 

 

If we set  and  in equation (14), we obtain 

 

When , we obtain a rational function solution: 

 

Where  

 

Case 2 

When , we obtain a hyperbolic function solution: 
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Where  and  

 

If we set  and  in equation (18), we obtain 

 

If we set  and  in equation (18), we obtain 

 

When , we obtain a trigonometric function solution: 

 

Where  and  

 

If we set  and  in equation (21), we obtain 

 

If we set  and  in equation (21), we obtain 

 

When , we obtain a rational function solution: 

 

Where  

 

Theorem 1: Liu’s theorem (C.P. Liu, 2003). 

If equation (2) has a kink-type solution in the form  

 

Where  is a polynomial of degree . Then it has a certain kink bell type solution in the form 
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 is the imaginary number unit. 

We can apply Theorem 1 to equation (12), (13), (19) and (20) to construct new set of travelling wave solutions to the 
Korteweg De Vries equation.  

Using Theorem 1, equation (12) becomes 

 

Where   

Using Theorem 1, equation (13) becomes 

 

Where  

Using Theorem 1, equation (19) becomes 

 

Where  

Using Theorem 1, equation (20) becomes 

 

Where  

The travelling wave solutions of the Korteweg De Vries equation obtained using the  expansion method for the 

hyperbolic, trigonometric and rational function types are presented in equations (11), (14), (17), (18), (21) and (24). When 

the arbitrary constants  and  are taken to be zero separately in equations (11), (14), (18) and (21), we derive special 

soliton solution presented in equations (12), (13), (15), (16), (19), (20), (22) and (23). If we set ,    

and , equations (12) and (13) become identical to Brauer’s solutions to the KDV equation (K. Brauer, 

2000).  

Applying Liu’s theorem to equations (12), (13), (19) and (20), we obtain new travelling wave solutions in the form of 
equations (27), (28), (29) and (30). All the travelling wave solutions to the KDV equation obtained were checked by putting 
them back into equation (1) with the aid of Mathematica.            

4  CONCLUSION 

Hyperbolic, trigonometric and rational function travelling wave solutions to the Korteweg De Vries equation have been 

obtained using the  expansion method. Liu’s theorem was also applied to obtain other travelling wave solutions. 

The results have been verified by putting them back into the KDV equation with Mathematica. Conclusively, the  

expansion method is a powerful tool for finding exact solution to nonlinear partial differential equations in physics, 
mathematics and other fields.   

REFERENCES 

[1]   Ablowitz, M. J and Clarkson, P.A. 1991. Soliton Nonlinear Evolution Equations and Inverse Scattering. Cambridge 
University Press. 

[2]   Ablowitz, M. J. and Segur, H. 1981. Solitons and the inverse scattering transform. Cambridge, U.K.: Cambridge 
University Press. 

[3]  Brauer, K. 2000. The Korteweg-de Vries Equation: History, exact Solutions, and graphical Representation. 
www.usf.uni-osnabrueck.de/~kbrauer/solitons.html 

[4]    Chen, Y and Zheng, Y. 2003. Generalized extended tanh-function method to construct new explicit exact solutions for 
the approximate equations for long water waves. Int. J. Mod.  Phys. C. 14(4):601-611. 

[5]   El-Wakil, S.A, and Abdou, M.A. 2007. New exact travelling wave solutions using modified extended tanh-functon 
method. Choas, Soliton Fractals 31:840-852. 



  ISSN 2347-1921 
 

606 | P a g e                                                             D e c  1 6 ,  2 0 1 3  

[6]    Fan, E. 2000. Two new applications of the homogeneous balance method. Phys. Lett. A, 265:353-357 

[7]   Fan, E.G. 2000. Extended tanh-function method and its applications to nonlinear Equations. Phys Lett. A 277:212–
218. doi: 10.1016/so375-9601(00)00725-8 

[8]    Gu, C.H. 1990. Soliton Theory and Its Application, Zhejiang Science and Technology Press. 

[9]   He, J. H and Wu, X. H. 2006. Exp-function method for Non-linear wave equations, Chaos. Solitons Fractals 30:700–
708 

 [10]   Hirota, R. 2004. The Direct Method in Soliton Theory. Cambridge University Press. 

 [11]  Liu, C.P. 2003. The relation between the kink-type solution and the kink-bell-type solution of nonlinear evolution 
equations. Phys. Lett. A, 312(1-2): 41–48. 

 [12]  Malfeit, W. 2005. The tanh method: a tool for solving certain classes of non-linear PDEs. Matheatical Methods in the 
Applied Sci., 28(17): 2031-2035. 

 [13]  Matveev,V.B and Salle, M.A. 1991. Darboux Transformation and Solitons. Springer Series in Non-Linear Dynamics. 
1st ed. doi: 10.0387506608(65s) 

 [14]   Miura, M.R. 1978. Backlund transformation. Springer-Verlag, Berlin, 

 [15]   Rogers,C and Shadwick,W.F. 1982. Backlund Transformations.tions. Academic Press, New York Vol. 161 

 [16]   Wang M, Li X, and Zhang J. 2008. The (G'/G)-expansion method and traveling wave solutions of Non-linear evolution 
equations in mathematical physics. Phys Lett. A 372:417–423 

 [17]   Wang, M.L. 1996. Exact solutions for compound KdV-Burgers equations. Phys. Lett. A 213:279-287. 

 [18]   Yan, C.T. 1996. A simple transformation for Non-linear waves. Phys. Lett. A 224:77-84. 

 [19]  Yan, Z.Y. and Zhang, H.Q.  2001. Proc. 5
th

 Asia Symposium Computational Mathematics (World Scientific, Singapore) 

pg. 193 


