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ABSTRACT 

In this paper we introduce and investigate a new types of multifunctions namely upper(lower) sp-θ-continuous 
multifunctions and upper(lower) semi-pre-θ-continuous multifunctions by using the notions in [1]. The concept of 
upper(lower) sp-θ-continuous multifunctions is stronger than both upper(lower) sp-continuous multifunctions [1] and 
upper(lower) semi-pre-θ-continuous multifunctions. And the concept of  upper(lower) semi-pre-θ-continuous multifunctions 
is a generalization of upper(lower) sp-θ-continuous multifunctions and stronger than upper(lower) semi-pre-continuous 
multifunctions. Furthermore, the relationships among these notions and other of well-known types of multifunctions are 
also discussed.  
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1. INTRODUCTION 

It is well known that various types of functions play a significant role in the theory of classical point set topology. A 
great number of papers dealing with such functions have appeared, and a good number of them have been extended to 
the setting of multifunction. This implies that both functions and multifunction are important tools for studying properties of 
spaces and for constructing new spaces from previously existing ones, also Generalized open sets play a very important 
role in General Topology and they are now the research topics of many topologists worldwide. Indeed a significant theme 
in General Topology and Real Analysis concerns the variously modified forms of continuity, separation axioms etc, in 
1996, El- Atik [2] introduced the concept of γ-continuous functions as a generalization of semi-continuous functions due to 
Levine [3] and pre-continuous functions due to Mashhour etal. [4]. Most of these weaker forms of continuity in ordinary 
topology such as α-continuity, continuous, pre-continuity, qusai-continuity and β-continuity have been extended to 
multifunction (cf. [5, 6-9]) In this paper we introduce two new classes of Multifunctions, namely upper(lower) sp-θ-
Continuous Multifunctions and upper(lower) semi-pre-θ-Continuous Multifunctions, the class of upper(lower) sp-θ-
Continuous Multifunctions is stronger than upper(lower) sp-Continuous Multifunctions, and the class of upper(lower) semi-
pre-θ-Continuous Multifunctions is a generalization of upper(lower) sp-θ-Continuous Multifunctions and to obtain several 
characterizations of these multifunctions and present several of their properties and we discussion the relationships 
among upper(lower) sp-θ (resp. semi-pre-θ)-Continuous Multifunctions and some other known types of Multifunctions. 

2. PRELIMINARIES 

Throughout this paper, (X, T) and (Y, T
*
) (or simply X and Y) mean topological spaces on which no separation axioms 

are assumed unless explicitly stated. For any subset A of X, The closure and interior of A are denoted by Cl(A) and Int(A), 
respectively. We recall the following definitions, which will be used often throughout this paper. 

Definition 2.1:  Let (X, T) be a topological space. A subset A of X is said to be: 

a) α-open [10] if A Int(Cl(Int(A))). 

b) Semi-open [11] if ACl(Int(A)). 

c) Pre-open [4] if A Int(Cl(A)). 

d) β-open [12] or semi-pre-open [13] if ACl(Int(Cl(A))). 

e) b-open [14] or γ-open[2]or sp-open [15]) if A Int(Cl(A)) Cl(Int(A))). 

Remark 2.2: The complement of a semi-open (resp. α-open, preopen, β-open, b-open) set is said to be semi-closed 

[16], (resp. α-closed [17], preclosed [18], β-closed [4], b-closed [2]. The intersection of all b-closed (resp. semi-closed, α-
closed, preclosed, β-closed) sets of X containing A is called the b-closure [2] (resp. s-closure[16], α-closure[10], pre-
closure[18], β-closure [12])of A and are denoted by bCl(A) (resp. SCl(A),αCl(A),PCl(A),βCl(A)).The union of all b-open sets 
of X contained in A is called the b-interior[14] of A and is denoted by bInt(A). 

Definition 2.3: A point x of X is called a b-θ-cluster point of A if bCl(U) ∩ A ≠ Ø for every b-open set U containing x. 

The set of all b-θ-cluster points of A is called the b-θ-closure of A and is denoted by bClθ(A) [19]. A sub set A is said to be 
b-θ-closed if A = bClθ(A).The complement of a b-θ-closed set is called b-θ-open set. The union of all b-θ-open sets of X 
contained in A is called the bθ-interior of A and is denoted by bIntθ(A). 

Definition 2.4: The β-θ-closure of A [20], denoted by βClθ(A), is defined to be the set of all xX such that βCl(V) ∩ (A) 

≠ Ø for every VβΣ(X, x) with xV. A subset A is said to be β-θ-closed [20] if A = βClθ(A). The complement of a β-θ-
closed set is said to be β-θ-open. The union of all β-θ-open sets of X contained in A is called the βθ-interior of A and is 
denoted by βIntθ(A). 

Definition 2.5: Let x be a point of X and V a subset of X. The set V is called a b-θ-neighborhood [21] of x in X if there 

exists a b-θ-open set A of X such that xAV.  

Remark 2.6: The family of all b-open (resp. β-open, α-open, semi-open, preopen) subsets of X containing a point xX 

is denoted by BΣ(X, x) (resp. βΣ(X, x), αΣ(X, x), SΣ(X, x), pΣ(X, x)), The family of all b-open (resp. β-open, α-open, semi-
open, preopen) sets in X are denoted by BΣ(X, T) (resp. βΣ(X, T), αΣ(X, T), SΣ(X, T), pΣ(X, T)). The family of all b-θ-open 
(resp. β-θ-open) subsets of X containing a point xX is denoted by BθΣ(X, x) (resp. βθΣ(X, x)) the family of all b-θ-open 
(resp. β-θ-open) sets in X is denoted by BθΣ(X, T) (resp. βθΣ(X, T)). 

Definition 2.7: A subset A is said to be b-regular [19] (resp. β-regular [20]) if it is both b-open and b-closed (resp. β-

open and β-closed). The family of all b-regular (resp. β-regular) sets of X is denoted by BR(X) (resp. βR(X)). 

Definition 2.8: A point xX is called a θ-cluster point of A if Cl(V) ∩ A ≠ Ø for every open subset V of X containing x. 

The set of all θ-cluster points of A is called the θ-closure of A and is denoted by Clθ(A). If A = Clθ(A), then A is said to be θ-
closed [22]. The complement of a θ-closed set is said to be θ-open.  

By a multifunction F: (X, T) → (Y, T
*
), we mean a point to set correspondence from X into Y, also we always assume 

that F(x) ≠ Ø for all xX. For a multifunction F: (X, T) → (Y, T
*
), the upper and lower inverse of any subset A of Y are 

denoted by F
+
(A) and F

−
(A),respectively, Where F

+
(A) = {xX: F (x)A} and  F

−
(A) = {xX: F (x) ∩ A ≠ Ø}. In particular, 
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F
−
(y) = {xX: yF (x)} for each point yY. A multifunction F: (X, T) → (Y, T

*
) is said to be a surjection if F(X) = Y. a 

multifunction F: (X, T) → (Y, T
*
) is called upper semi-continuous (rename upper continuous) (resp. lower semi-continuous 

(rename lower continuous) if F
+
(V) (resp. F

 −
(V)) is open in X for every open set V of Y [1].   

Remark 2.9:  

a) Since the notion of b-open (resp. β-open) sets and the notion of sp-open (resp. semi-preopen) sets are same, we 
will use the term b-θ-open (resp. β-θ-open) sets instead of sp-θ-open (resp. semi-pre-θ-open) sets. 

b) Since the notion of b-open sets and the notion of γ-open sets are same, we will use The term b-open sets instead 
of γ-open sets. 

Lemma 2.10: For a subset A [19] of a topological space X, the following properties hold: 

a) If ABΣ(X, T), then bcl(A) = bClθ(A).  

b) ABR(X), if and only if A is b-θ-open and b-θ-closed. 

Lemma 2.11: For a subset A [20] of a topological space X, the following properties hold: 

a) If AβΣ(X, T), then βcl(A) = βClθ(A).  

b) AβR(X), if and only if A is β-θ-open and β-θ-closed. 

Remark 2.12:  

a) It is obvious that b-regular ⇒ b-θ-open ⇒ b-open. But the Converses are not necessarily true as shown by the 

examples in [19]. 

b)  It is obvious that β-regular ⇒ β-θ-open ⇒ β-open. But the Converses are not necessarily true as shown by the 

examples in [20]. 

Remark 2.13: For modifications of open sets defined in Definitions (2.1), (2.3) and (2.4) the following relationships are 

known: 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig 1: The relationships among some well-known generalized open sets in topological spaces. 

 

Definition 2.14: A multifunction F: (X, T) → (Y, T
*
) is said to be: 

a) Upper b-continuous [1] (resp. upper almost continuous [23,7,24] or upper precontinuous [7], upper quasi-
continuous [6], upper α-continuous [5], upper β-continuous [8,9]) if for each xX, and each open set V of Y 
containing F(x),there exists UBΣ(X, x) (resp. UpΣ(X, x),UsΣ(X, x), UαΣ(X, x), UβΣ(X, x)) such that,  
F(U)V. 

b) Lower b-continuous [1] (resp. lower almost continuous [23,7,24] or lower precontinuous [7], lower quasi-
continuous [6], lower α-continuous [5], lower β-continuous [8,9]) at a point xX, if for each open set V of Y such 
that  F(x) ∩ V ≠ Ø,  there exists UBΣ(X, x),  (resp. UpΣ(X, x), UsΣ(X, x), UαΣ(X, x), UβΣ(X, x)) such 
that  F(u) ∩ V ≠ Ø,  for every uU.  

c) Upper (lower) b-continuous (resp. upper (lower) precontinuous, upper (lower) Quasi-continuous, upper (lower) α-
continuous, upper (lower) β-continuous) if F has this property at each point of X. 
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3. CHARACTERIZATIONS OF UPPER AND LOWER b-θ(β-θ)-CONTINUOUS 
MULTIFUNCTIONS 

Definition 3.1: A multifunction F: (X, T) → (Y, T
*
) is said to be: 

a) Upper b-θ-continuous (resp. upper β-θ-continuous) if for each xX, and each open set V of Y such that,             
F(x)V. there exists UBθΣ(X, x) (resp. UβθΣ(X, x)) such that F(U)V. 

b) Lower b-θ-continuous (resp. lower β-θ-continuous) at a point xX, if for each open set V of a space Y such that, 
F(x) ∩ V ≠ Ø there exists UBθΣ(X, x) (resp. UβθΣ(X, x)) such that F(u) ∩ V ≠ Ø for every uU. 

c) Upper (lower) b-θ-continuous (resp. upper (lower) β-θ-continuous) if F upper (lower) b-θ-continuous (resp. upper 
(lower) β-θ-continuous) at each point of X. 

Theorem 3.2: For a multifunction F: (X, T) → (Y, T
*
), the following statements are equivalent:  

a) F is Upper b-θ-continuous; 

b) F
+
(V)BθΣ(X, T) for every open set V of Y; 

c) F 
−
(V) is b-θ-closed in X for every closed set V of Y; 

d) bClθ(F
 −

(B))F 
−
(Cl(B)) for every BY; 

e) For each point xX and each neighborhood V of F(x), F
+
(V)  is an  b-θ-Neighborhood of x; 

f) For each point x   X and each neighborhood V of F(x), there exists an b-θ-Neighborhood U of x such that,        
F(U)V; 

g) bClθ(bIntθ(F
−
(B))) ∩ bIntθ(bClθ(F

−
(B)))F

−
(Cl(B)) for every subset B of Y. 

h) F
+
(Int(B)) bIntθ(bClθ(F

+
(B))) bClθ(bIntθ(F

+
(B))) for every subset B of Y. 

Proof: (a) ⇒ (b):  Let V be any open set of Y and xF
+
(V), there exists UBθΣ(X, x) such that, F(U)V.Therefore, we 

obtain, xU bClθ(bIntθ (U))  bIntθ (bClθ((U)) bClθ(bIntθ(F
+
(V))) bIntθ(bClθ(F

+
(V))).  

Then we have, F
+
(V) bClθ(bIntθ (F

+
(V)))   bIntθ(bClθ(F

+
 (V))) and hence F

+
(V)BθΣ(X, T). 

 (b) ⇒ (c): This Proof follows immediately from the fact that, F
+
(Y – B) = X – F

−
(B) for every subset B of Y. 

(c) ⇒ (d): for any subset B of Y, Cl(B) is closed in Y and F
−
(Cl(B)) is b-θ-closed in X. Therefore, we obtain,                    

bClθ(F
−
(B))F

−
(Cl(B)). 

(d) ⇒ (c): Let V be any closed set of Y. Then we have, bClθ(F
−
(V)) F

−
(Cl(V)) = F

−
(V). This shows that, F

−
(V) is b-θ-

closed in X. 

(b) ⇒ (e): Let xX and V be a neighborhood of F(x). Then there exists an open set A of Y such that F(x)AV. 

Therefore, we obtain x   F
+
(A) F

+
(V). Since F

+
(A)BθΣ(X, T) Then,  F

+
(V) is an b-θ-neighborhood of x. 

(e) ⇒ (f): Let x   X and V be a neighborhood of F(x). Put U = F
+
(V), Then U is an b-θ-neighborhood of x and F(U)V. 

(f) ⇒ (a): Let xX and V be any open set of Y such that F(x)V. Then V is a neighborhood of F(x). There exists a b-θ-

neighborhood U of x such that F(U)V. Therefore there exists, ABθΣ(X, T) such that xAU, hence F(A)V. 

(c) ⇒ (g): For any subset B of Y, Cl(B) is closed in Y and by (c), we have F
−
(Cl(B)) is b-θ-close in X. This means, 

bClθ(bIntθ(F
−
(B))) ∩ bIntθ(bClθ(F

−
(B))) bClθ(bIntθ(F

−
(Cl(B)))) ∩ bIntθ(bClθ(F

−
(Cl(B)))) F

−
(Cl(B)).   

(g) ⇒ (h): By replacing Y–B instead of B in part (g), we have, bClθ(bIntθ(F
+
(Y–B))) ∩ bIntθ(bClθ(F

+
(Y–B))) F

+
(Cl(Y–B)), 

and therefore, F
+
(Int(B)) bIntθ(bClθ(F

+
(B))) bClθ(bIntθ(F

+
(B))). 

(h) ⇒ (b): Let V be any open set of Y. Then, by using (h) we have F
+
(V)BθΣ(X, T) and this completes the proof.  

 Theorem 3.3: For a multifunction F: (X, T) → (Y, T
*
), the following statements are equivalent: 

a) F is lower b-θ-continuous; 

b) F
−
(V)BθΣ(X, T) for every open set V of Y; 

c) F
+
(V) is b-θ-closed in X for every closed set V of Y; 

d) bClθ(F
+
(B))F

+
(Cl(B)) for every BY; 

e) F(bClθ(A)Cl(F(A)) for every AX; 
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f) bClθ(bIntθ(F
+
(B))) ∩ bIntθ(bClθ(F

+
(B)))F

+
(Cl(B)) for every subset B of Y; 

g) F
−
(Int(B)) bIntθ(bClθ(F

−
(B)))  bClθ(bIntθ(F

 −
(B))) for every subset B of Y. 

Proof: This Proof is Similar to that of theorem (3.2), and is thus omitted. 

Definition 3.4: Let x be a point of a space X and V a subset of X. The set V is called a β-θ-neighborhood of x in X if 

there exists a β-θ-open set A of X such that xAV. 

Theorem 3.5: For a multifunction F: X → Y, the following statements are equivalent: 

a) F is Upper β-θ-continuous; 

b) F
+
(V)βθΣ(X, T) for every open set V of Y; 

c) F
−
(V) is β-θ-closed in X for every closed set V of Y; 

d) βClθ(F
−
(B))F

−
(Cl(B)) for every BY; 

e) For each point xX and each neighborhood V of F(x), F
+
(V)  is an β-θ-Neighborhood of x; 

f) For each point xX and each neighborhood V of F(x), there exists an β-θ-Neighborhood U of x such that,          
F(U)V; 

g) βClθ(βIntθ(βClθ(F
−
(B))) F

−
(Cl(B)) for every subset B of Y; 

h) F
+
(Int(B)) βClθ(βIntθ(βClθ(F

+
(B))) for every subset B of Y. 

Proof: (a) ⇒ (b):  Let V be any open set of a space Y and xF
+
(V), there exists UβθΣ(X, x) such that F(U)V. 

Therefore, xU βClθ(βIntθ(βClθ(U))) βClθ(βIntθ(βClθ(F
+
(V))) Then we have, F

+
(V) βClθ(βIntθ(βClθ(F

+
(V))) and hence,               

F
+
(V)βθΣ(X, T). 

(b) ⇒ (c): This Proof follows immediately from the fact that F
+
(Y – B) = X – F

−
(B) for every subset B of Y. 

(c) ⇒ (d): for any subset B of Y, Cl(B) is closed in Y and F
−
(Cl(B)) is β-θ-closed in X. Therefore, we obtain,                    

βClθ(F
−
(B))F

−
(Cl(B)). 

(d) ⇒ (c): Let V be any closed set of Y. Then we have, βClθ(F
−
(V)) F

−
(Cl(V)) = F

−
(V). This shows that, F

−
(V) is β-θ-

closed in X. 

(b) ⇒ (e): Let xX and V be a neighborhood of F(x). Then there exists an open set A of Y such that F(x)AV. 

Therefore, we obtain xF
+
(A)F

+
(V). Since F

+
(A)βθΣ(X, T), Then F

+
(V) is an β-θ-neighborhood of x. 

(e) ⇒ (f): Let xX and V be a neighborhood of F(x). Put U = F
+
(V), Then U is an β-θ-neighborhood of x and F(U)V. 

(f) ⇒ (a): Let xX and V be any open set of Y such that F(x)V. Then V is a neighborhood of F(x). There exists a β-θ-

neighborhood U of x such that F(U)V. Therefore there exists, A βθΣ(X, T) such that xAU, hence F(A)V. 

(c) ⇒ (g): For any subset B of Y, Cl(B) is closed in Y and by part (c), we have, F
−
(Cl(B)) is β-θ-close in X. This means 

βClθ(βIntθ(βClθ(F
−
(B))) βClθ(βIntθ(βClθ(F

−
(Cl(B)))) F

−
(Cl(B)).   

(g) ⇒ (h): By replacing Y–B instead of B in part (g), we have: βClθ(βIntθ(βClθ(F
+
(Y–B))) F

+
(Cl(Y–B)), and therefore,  

F
+
(Int(B)) βClθ(βIntθ(βClθ(F

+
(B))). 

(h) ⇒ (b): Let V be any open set of Y. Then, by using (h) we have F
+
(V)βθΣ(X, T) and this completes the proof.  

Theorem 3.6: For a multifunction F: (X, T) → (Y, T
*
), the following statements are equivalent:  

a) F is lower β-θ-continuous; 

b) F
−
(V)βθΣ(X, T) for every open set V of Y; 

c) F
+
(V) is β-θ-closed in X for every closed set V of Y; 

d) βClθ(F
+
(B))F

+
(Cl(B)) for every BY; 

e) F(βClθ(A)Cl(F(A)) for every AX; 

f) βClθ(βIntθ(βClθ(F
+
(B))) F

+
(Cl(B)) for every subset B of Y; 

g) F
−
(Int(B)) βClθ(βIntθ(βClθ(F

−
(B))) for every subset B of Y. 

Proof: Similar to the proof of Theorem (3.5), thus is omitted. 
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Theorem 3.7: Let F: (X, T) → (Y, T
*
) and F

 *
: (Y, T

*
) → (Z, T

**
)   be a multifunctions, If F: X → Y is upper (lower) b-θ-

continuous (resp. upper (lower) β-θ-continuous) multifunction and F
 *
: Y→ Z is upper (lower) simecontinuous multifunction, 

then F
*
o F: X→Z is an upper (lower) b-θ-continuous (resp. upper (lower) β-θ-continuous) multifunction. 

Proof: Let V be any open subset of Z. using the definition of F
*
o F, we obtain: 

 (F
*
o F)

+
(V) = F

+
( F

*+
(V)) (resp . (F

*
o F)

−
(V) = F 

−
( F

*−
(V))). Since F

 *
 is upper (lower) simecontinuous multifunction, it follows 

that, F
*+

(V) (resp . F
*−

(V))  is an open set. Since F is upper (lower) b-θ-continuous (resp. upper (lower) β-θ-continuous) 
multifunction, it follows that F

+
( F

*+
(V)) (resp . F

−
( F

*−
(V))) is an b-θ-open (resp. β-θ-open) sets. It show that F

*
o F is an 

upper (lower) b-θ-continuous (resp. upper (lower) β-θ-continuous) multifunction. 

Remark 3.8: For a multifunction F: (X, T) → (Y, T
*
), the following implications are hold: 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig 2: The relationships between upper b-θ(resp. β-θ)-Continuous Multifunctions and some other well-known 
types of continuous Multifunctions 

However the converses are not true in general by Examples (3.1), (3.2), (3.3), (3.4), (3.5), of [1], and the following 
examples. 

Example 3.9: Let X = Y = {1, 2, 3}, Define a topology T= {Ø, X, {1}, {2}, {1, 2}, {1, 3}} on X and a topology T
*
= {Ø, Y, 

{1}, {2}, {1, 2}} on Y and let F: (X, T) → (Y, T
*
) be a  multifunction defined as follows: F(x) = {x} for each xX. Then F is 

upper b-continuous and upper β-continuous but not upper b-θ-continuous because {1, 2}T
*
 and F 

+
({1, 2}) = {1, 2} is not 

b-θ-open in (X, T). 

Example 3.10: Let (X, T) and (Y, T
*
) be define as in example (3.9). And let F: (X, T) → (Y, T

*
) be a multifunction 

defined as follows: F(x) = {x} for all xX. Then F is upper β-continuous but not upper β-θ-continuous because {1, 2}T
*
 

and F
+
({1, 2}) = {1, 2} is not β-θ-open in (X, T). 

Example 3.11: Let X = Y = {1, 2, 3, 4}, Define a topology T= {Ø, X, {1}, {2, 3}, {1,2, 3}} on X and a topology T
*
= {Ø, Y, 

{1}, {3, 4}, {1, 3, 4}} on Y and let F: (X, T) → (Y, T
*
) be a  multifunction defined as follows: F(x) = {x} for each xX. Then F 

is upper β-continuous but not upper b-continuous because {3, 4}T
*
 and F

+
({3, 4}) = {3, 4} is not b-open in (X, T). 

Example 3.12: Let X = Y = {1, 2, 3, 4}, Define a topology T= {Ø, X, {1}, {2, 3}, {1,2, 3}} on X and a topology T
*
= {Ø, Y, 

{1}, {2,4}, {1, 2,4}} on Y and let F: (X, T) → (Y, T
*
) be a  multifunction defined as follows: F(x) = {x} for each xX. Then F 

is upper β-θ-continuous but not upper b-θ-continuous, because {2, 4}T
*
 and F

+
({2, 4}) = {2, 4} is not b-θ-open in (X, T). 
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For a multifunction  F: (X, T) → (Y, T
*
), the graph multifunction GF: X → X×Y is defined as follows:  GF(x) = {x}×F(x) for 

every xX. 

Lemma 3.13: For a multifunction [11] F: (X, T) → (Y, T
*
), the following hold:  

a) GF
+
(A×B) = A ∩ F

+
(B),  

b) GF
−
(A×B) = A ∩ F

 −
(B), for any subsets AX and BY. 

Theorem 3.14: Let F: X → Y be a multifunction such that F(x) is compact for each xX. Then F is upper b-θ-

continuous (resp. upper β-θ-continuous) if and only if GF: X → X × Y is upper b-θ-continuous (resp. upper β-θ-continuous). 

Proof: (Necessity), suppose that a multifunction  F: (X, T) → (Y, T
*
), is upper b-θ-continuous (resp. upper β-θ-

continuous). Let xX and H be any open set of X×Y containing GF(x). For each, yF(x), there exist open sets U(y)X 
and V(y)Y such that (x, y)U(y)×V(y)H.  

The family of {V(y): yF(x)} is an open cover of F(x) and F(x) is compact. Therefore, there exist a finite number of points, 

say, y1, y2, …, yn in F(x) such that F(x)  { V(yi): 1≤ i ≤ n }. Set U = ∩ {U(yi): 1≤ i ≤ n} and V =  {V (yi): 1≤ i ≤ n}. Then 

U and V are open in a space X and Y, respectively, and {x}×F(x)U×VH. Since F is upper b-θ-continuous (resp. upper 
β-θ-continuous). There exists, UoBθΣ(X, x) (resp. βθΣ(X, x)) such that F(Uo)V. By Lemma (3.13), we have,               
U ∩ UoU ∩ F

+
(V) = GF

+
(U×V)GF

+
(H). Therefore, we get, U ∩ UoBθΣ(X, x) (resp. βθΣ(X, x)) and GF(U ∩ Uo)H. 

This shows that GF is upper b-θ-continuous (resp. upper β-θ-continuous). 

(Sufficiency), suppose that GF: X → X×Y is upper b-θ-continuous (resp. upper β-θ-continuous). Let xX and V be any 

open set of Y containing F(x). Since X×V is open in X×Y and GF(x)X×V, there exists UBθΣ(X, x) (resp. βθΣ(X, x)) 
such that, GF(U)X×V. Therefore, by Lemma (3.13) we have, UGF

+
(X×V) = F

+
(V) and hence, F(U)V. This shows 

that F is upper b-θ-continuous (resp. upper β-θ-continuous). 

Theorem 3.15: A multifunction F: (X, T) → (Y, T
*
), is lower b-θ-continuous (resp. lower β-θ-continuous) if and only if 

GF: X → Y, is lower b-θ-continuous (resp. lower β-θ-continuous). 

Proof: (Necessity), suppose that a multifunction F: (X, T) → (Y, T
*
) is lower b-θ-continuous (resp. lower β-θ-continuous). 

Let xX and H be any open set of X×Y such that, xGF
−
(H). Since H ∩ ({x}×F(x)) ≠ Ø,  There exists yF(x) such that, 

(x, y)H and hence (x, y)U×VH for some open sets UX and VY. Since F(x) ∩ V ≠ Ø, there exists UoBθΣ(X, 
x) (resp. βθΣ(X, x)) such that, Uo F 

−
(V). By Lemma (3.13) we have:  

 U ∩ UoU ∩ F
−
(V) = GF

−
(U ×V)GF

−
 (H). Moreover, xU ∩ UoBθΣ(X, T) (resp. βθΣ(X, T)) and hence GF is lower b-

θ-continuous (resp. lower β-θ-continuous). 

(Sufficiency), Suppose that GF is lower b-θ-continuous (resp. lower β-θ-continuous). Let xX and V be an open set in a 

space Y such that xF 
−
(V). Then X×V is open in X×Y and GF(x) ∩ (X×V) = ({x}×F(x)) ∩ (X×V) = {x}×(F(x) ∩ V) ≠ Ø. Since 

GF is lower b-θ-continuous (resp. lower β-θ-continuous). There exists UBθΣ(X, x) (resp. βθΣ(X, x)) such that 
UGF

−
(X×V). By Lemma (3.13) we obtain U F

−
(V). This shows that a multifunction F is lower b-θ-continuous (resp. 

lower β-θ-continuous).  

Definition 3.16: A subset A of a topological space (X, T) is said to be: 

a) α-paracompact [25] if every cover of A by open sets of X is refined by a cover of A which consists of open sets of 
X and is locally finite in X; 

b) α-regular [26] if for each a A and each open set U of X containing a, there exists an open set G of X such that 
aGCl(G)U. 

Lemma 3.17: If A is an α-regular and α-paracompact [26] set of a space X and U is an open neighborhood of A, then 

there exists an open set G of X such that AGCl(G)U. 

For a multifunction F: (X, T) → (Y, T
*
), by Cl(F): (X, T) → (Y, T

*
) [27] we denote a multifunction defined as follows:             

(ClF)(x) = Cl(F(x)) for all point xX. Similarly, we can define bClθF: X → Y, βClθF: X → Y, αClF: X → Y, sClF: X → Y, 
pClF: X → Y, bClF: X → Y,  βClF: X → Y. 

Lemma 3.18: If F: (X, T) → (Y, T
*
) is a multifunction such that F(x) is α-regular and α-paracompact for each xX, then: 

G
+
(V) = F

+
(V) for each open set V of Y ; where G denotes Cl(F), bClθ(F), βClθ(F), αCl(F), sCl(F), pCl(F), bCl(F) or βCl(F). 

Proof: The proof is similar to that of Lemma (3.3) of [1]. 

Theorem 3.19: Let F: (X, T) → (Y, T
*
) be a multifunction such that, F(x) is α-regular and α-paracompact for every 

xX. Then the following properties are equivalent: 

a) F is upper b-θ-continuous (resp. upper β-θ-continuous); 

b) Cl(F) upper b-θ-continuous (resp. upper β-θ-continuous); 

c) bClθ(F) is upper b-θ-continuous (resp. upper β-θ-continuous); 
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d) βClθ(F) is upper b-θ-continuous (resp. upper β-θ-continuous); 

e) αCl(F) is upper b-θ-continuous (resp. upper β-θ-continuous); 

f) sCl(F) is upper b-θ-continuous (resp. upper β-θ-continuous); 

g) pCl(F) is upper b-θ-continuous (resp. upper β-θ-continuous); 

h) bCl(F) is upper b-θ-continuous (resp. upper β-θ-continuous); 

i) βCl(F) is upper b-θ-continuous (resp. upper β-θ-continuous). 

 Proof: We set G=Cl(F), bClθ(F), βClθ(F), αCl(F), sCl(F), pCl(F), bCl(F) or βCl(F). Suppose that F is upper b-θ-

continuous (resp. upper β-θ-continuous). Let xX and V be any open set of Y containing G(x). By lemma (3.18)  we have, 

xG
+
(V) = F

+
(V) and hence there exists UBθΣ(X, x) (resp. βθΣ(X, x))  such that F(U)V . Since F(u) is α-

paracompact and α-regular for each uU, By lemma (3.17), There exists an open set H such that, F(u)HCl(H)V ; 
hence G(u) Cl(H)V for every uU. Therefore, we obtain G(U)V. This shows that G upper b-θ-continuous (resp. 
upper β-θ-continuous).  

(Conversely), suppose that G is upper b-θ-continuous (resp. upper β-θ-continuous). Let xX and V be any open set of Y 

containing F(x). By Lemma (3.18) we have xF
+
(V) = G

+
(V) and hence G(x)V . There exists UBθΣ(X, x) (resp. 

βθΣ(X, x)) such that, G(U)V. Therefore, we obtain UG
+
(V) = F

+
(V) and hence F(U)V . This shows that a 

multifunction F is upper b-θ-continuous (resp. upper β-θ-continuous).  

Lemma 3.20: If F: (X, T) → (Y, T
*
) is a multifunction, then, for each open set V of Y G

−
(V) = F

−
(V), where G denotes 

Cl(F),bClθ(F), βClθ(F),αCl(F), sCl(F),pCl(F),bCl(F) or βCl(F).  

Proof: The proof is similar to that of Lemma (3.4) of [1]. 

Theorem 3.21: For a multifunction F: (X, T) → (Y, T
*
), the following properties are equivalent: 

a) F is lower b-θ-continuous (resp. lower β-θ-continuous); 

b) Cl(F) is lower b-θ-continuous (resp. lower β-θ-continuous); 

c) bClθ(F) is lower b-θ-continuous (resp. lower β-θ-continuous); 

d) βClθ(F) is lower b-θ-continuous (resp. lower β-θ-continuous); 

e) αCl(F) is lower b-θ-continuous (resp. lower β-θ-continuous); 

f) sCl(F) is lower b-θ-continuous (resp. lower β-θ-continuous); 

g) pCl(F) is lower b-θ-continuous (resp. lower β-θ-continuous); 

h) bCl(F) is lower b-θ-continuous (resp. lower β-θ-continuous);   

i) βCl(F) is lower b-θ-continuous (resp. lower β-θ-continuous). 

Proof: By using Lemma (3.20) this is shown similarly as in Theorem (3.19). 

Recall that, for two multifunctions F: X1 → Y1 and F
 *
: X2 → Y2, the product multifunction F× F

 *
: X1× X2 → Y1× Y2 is 

defined as follows: (F× F 
*
)(x1 , x2) = F(x1) × F 

*
(x2), for each x1X1 and x2X2, 

Lemma 3.22: For two multifunctions [28] F: X1 → Y1 and F
 *
: X2 → Y2, the following hold: 

a) (F× F 
*
)
+
(A× B) = F

 +
(A) × F 

*+
(B). 

b) (F× F 
*
)
−
(A× B) = F

 −
(A) × F 

*−
(B). for any A  X1 and BX2. 

Theorem 3.23: If F: X1 → Y1 and F
 *
: X2 → Y2 are upper b-θ-continuous (resp. upper β-θ-continuous) multifunctions, 

then F×F
 *
: X1×X2 → Y1×Y2 is upper b-θ-continuous (resp. upper β-θ-continuous). 

Proof: Let (x1,x2)X1×X2 and H be any open set of Y1×Y2 containing F(x1)×F
*
(x2). There exist open sets V1 and V2 of Y1 

and Y2, respectively, such that F(x1)×F
*
(x2)V1×V2H. since F and F

 *
 are upper b-θ-continuous (resp. upper β-θ-

continuous) there exist U1BθΣ(X1, x1) (resp. U1βθΣ(X1, x1)) and U2BθΣ(X2, x2) (resp. U2βθΣ(X2, x2)) such that,  

F(U1)V1 and F
*
(U2)V2 . By lemma (3.22) we obtain: U1×U2 F

+
(V1)×F

*+
(V2) = (F×F

*
)
+
(V1×V2) (F×F

*
)
+
(H). Therefore, 

we have: U1×U2BθΣ(X1×X2, (x1,x2)) (resp. U1×U2βθΣ(X1×X2, (x1,x2)) and F×F
*
(U1×U2)H. this shows that F×F

*
is 

upper b-θ-continuous (resp. upper β-θ-continuous). 

Theorem 3.24: If F: X1 → Y1 and F
 *
: X2 → Y2 are lower b-θ-continuous (resp. lower β-θ-continuous) multifunctions, 

then F×F
 *
: X1×X2 → Y1×Y2 is lower b-θ-continuous (resp. lower β-θ-continuous). 

 Proof: This Proof is similar to that of theorem (3.23) thus omitted. 
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4. SOME PROPERTIES OF UPPER AND LOWER b-θ(β-θ)-CONTINUOUS 
MULTIFUNCTIONS 

Definition 4.1: Let A be a subset of a topological space (X, T). The b-θ-frontier (resp. β-θ-frontier) of A, denoted by 

bFrθ(A) (resp. βFrθ(A)) is defined by: 

bFrθ(A) (resp. βFrθ(A)) = bClθ(A) ∩ bClθ( X – A ) = bClθ(A) – bIntθ(A) (resp.  βClθ(A) ∩ βClθ(X–A) = βClθ(A) – βIntθ(A)). 

Theorem 4.2: Let F: (X, T) → (Y, T
*
) be a multifunction. The set of all points x of X is not upper b-θ-continuous (resp. 

upper β-θ-continuous) is identical with the union of the b-θ-frontier (resp. β-θ-frontier) of the upper inverse images of open 
sets containing F(x). 

Proof: Let xX at which F is not upper b-θ-continuous (resp. upper β-θ-continuous). Then, there exists an open set V of 

Y containing F(x) such that U ∩ (X – F
+
(V)) ≠ Ø for every UBθΣ(X, x) (resp. βθΣ(X, x)). Therefore, xbClθ(X – F

+
(V)) = 

X – bIntθ(F
+
(V)) (resp. βClθ(X – F

+
(V))) = X – βIntθ(F

+
(V)) and xF

+
(V).Thus, we obtain x  bFrθ(F

+
(V)) (resp. βFrθ(F

+
(V))). 

(Conversely), if F is upper b-θ-continuous (resp. upper β-θ-continuous) at x, suppose that V is an open set of Y 

containing F(x) such that xbFrθ(F
+
(V)) (resp. βFrθ(F

+
(V))). Then there exists UBθΣ(X, x) (resp. βθΣ(X, x)) such that 

UF
+
(V);hence xbIntθ(F

+
(V)) (resp. βIntθ(F

+
(V)) This contradicts and hence F not upper b-θ-continuous (resp. upper β-

θ-continuous) at x. 

Theorem 4.3: Let F: (X, T) → (Y, T
*
) be a multifunction. The set of all points x of X is not lower b-θ-continuous (resp. 

lower β-θ-continuous) is identical with the union of the b-θ-frontier (resp. β-θ-frontier) of the lower inverse images of open 
sets meeting F(x). 

Proof: The proof is shown similarly as in Theorem (4.2). 

In the following (D, >( is directed set, (Fλ) is a net of a multifunction Fλ: X → Y for every λD and F is a multifunction 
from X into Y. 

Definition 4.4: Let (Fλ)λD be a net of multifunctions from a space X to Y. A multifunction F
*
: (X, T) → (Y, T

*
) is 

defined as follows: for each xX, F
*
(x) = {yY: for each open neighborhood V of y and each ηD, there exists λD 

such that, λ > η and V ∩ Fλ(x) ≠ Ø} is called the upper topological limit [29] of the net (Fλ)λD. 

Definition 4.5: A net (Fλ)λD is said to be equally upper b-θ(resp. equally upper β-θ) continuous at x0X if for every 

open set Vλ containing Fλ(x0), there exists a UBθΣ(X, x0) (resp. UβθΣ(X, x0))  such that,  Fλ(U)Vλ for all λD. 

Theorem 4.6: Let (Fλ)λD be a net of multifunctions from a space X into a compact space Y, If the following are 

satisfied: 

a)  { Fη(x): η > λ } is closed in Y for each λD and each xX, 

b) (Fλ)λD is equally upper b-θ(resp. equally upper β-θ) continuous on X,  

Then, F
*
 upper b-θ (resp. upper β-θ) continuous on X, 

Proof: From definition (4.4) and a part (a) we have, F
*
(x) = {( {Fη(x): η > λ}): λD}. Since the net ( {Fη(x): η > 

λ})λD is a family of closed sets having the finite intersection property and Y is compact, it is follow that F
*
(x) ≠ Ø for each 

xX. Now, let x0X and let VT
*
 such that V≠Y and F

*
(x0)V. Since F

*
(x0)  (Y–V) = Ø, F

*
(x0) ≠ Ø, and (Y–V) ≠ Ø, 

 {( {Fη(x0): η > λ}): λD} (Y–V) = Ø and hence,  {( {Fη(x0)  (Y–V): η > λ}): λD} = Ø. Since Y is compact and 

the family {( {Fη(x0)  (Y–V): η > λ}): λD} is a family of closed sets with the empty intersection, there exists λD such 

that for each ηD with η > λ we have, Fη(x0)  (Y–V) = Ø; therefore, Fη(x0)V. Since the net (Fλ)λD  is equally upper 

b-θ(resp. equally upper β-θ) continuous on  X, there exists, UBθΣ(X,  x0) (resp. UβθΣ(X, x0))  such that, Fη(U)V for 

each, η>λ, therefore, Fη(x) (Y–V) = Ø for each xU. Then we have,  {Fη(x) (Y–V): η > λ})} = Ø, and hence        

 {( {Fη(x): η > λ}): λD} (Y–V) = Ø. This implies that F
*
(U)V. if V=Y, then it is clear that for each UBθΣ(X,  x0) 

(resp. UβθΣ(X, x0))  we have F
*
(U)V. Hence F

*
 is upper b-θ(resp. upper β-θ) continuous at x0. Since x0 is arbitrary, 

the proof completes. 

Definition 4.7: A space X is called b-compact or γ-compact [2] (resp. β-compact [30]) if every cover of X by b-open 

sets has a finite subcover (resp. if every cover of X by β-open sets has a finite subcover). 

Definition 4.8: A space X is called b-closed [19] (resp. β-closed [30]) if every cover of X by b-open (resp. β-open) sets 

has a finite subfamily whose b-closures (resp. β- closures) cover X. 

Remark 4.9: Every b-compact [31] (resp. β-compact [32]) space is b-closed (resp. β- closed). 
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Theorem 4.10: If X is a b-closed space [33] (resp. β-closed space [32]) then every cover of X by b-θ-open (resp. β-θ-

open) set has a finite subcover. 

Theorem 4.11: Let F: (X, T)  → (Y, T
*
) be an upper b-θ-continuous (resp. upper β-θ-continuous) surjective 

multifunctions such that F(x) is compact for each x   X. If X is b-closed (resp. β-closed) space then Y is compact. 

Proof: Let {Vλ: λΔ} be an open cover of Y. For each xX, F(x) is compact and there exists a finite subset Δ(x) of Δ 

such that F(x)  {Vλ: λΔ(x)}. Set V(x)= {Vλ: λΔ(x)}. Since F is upper b-θ-continuous (resp. upper β-θ-continuous), 

there exists U(x)BθΣ(X, T) (resp. βθΣ(X, T)) containing x such that F(U(x))V(x). The family {U(x): xX} is an b-θ-

open (resp. β-θ-open) cover of X and there exist a finite number of points, say, x1, x2 , . . . , xn  in X  such that X = {U(xi): 

1≤ i ≤ n}.Therefore, we have :  

Y = F(X) = F(
n

i

xiU
1

)(


) = 
n

i

xiUF
1

))((



n

i

xiV
1

)(


 =  
n

i xi

V
1 )( 

 .This shows that Y is compact. 

Corollary 4.12: Let F: X → Y be an upper b-θ-continuous (resp. upper β-θ-continuous) surjective multifunctions such 

that F(x) is compact for each xX. If a space X is b-compact (resp. β-compact) space then Y is compact space. 

ACKNOWLEDGMENTS 

I would like to express my sincere gratitude to the referees for their valuable suggestions and comments which improved 
the paper and I am thankful to professor. Erdal Ekici (Turkey) for sending many of his papers as soon as I had requested 
and for help. my thanks also go to Dr.Muzahem Mohammed Yahya AL-Hashimi (Iraq-Mosul University) and Dr. Yasir Al-
Ani (Iraq- Anbar University) for help.   

REFERENCES 

[1] M. E. Abd El-Monsef and A. A. Nasef, On Multifunctions, Chaos, Solitons and Fractals12 (2001), 2387-2394.  

[2] El-Atik A. A, A study of some types of mappings on topological spaces, M.  Sci. Thesis, Tanta Uni. Egypt; (1997). 

[3] N. Levine, Semi-open sets and semi-continuity in topolological spaces, Amer. Math. Monthly, 70 (1963), 36-41. 

[4] A.S. Mashhour, M.E. Abd El-Monsef and S.N. El-Deeb, on precontinuous and weak precontinuous mappings, 
Proc. Math. Phy. Soc. Egypt, 53 (1982), 47-53. 

[5] T. Neubrunn, strongly quasi-continuous multivalued mapping in General Topology and its relations to modern 
analysis and algebra VI (prague1986), Berlin: Heldermann; (1988), 351-359. 

[6] V.  Popa, Sur certain forms faibles de continuite pour les multifunctions, Rev Roumanie. Math. Pures Appl, 30 
(1985), 539-546. 

[7] V.  Popa, Some properties of H-almost continuous multifunctions, Problemy.   Mat, 10 (1988), 9-26. 

[8] V.  Popa and T. Noiri, on upper and lower β-continuous multifunctions, R. Anal. Exchange, 22(1996\97), 362-376. 

[9] V.  Popa and T. Noiri, on upper and lower α-continuous multifunctions, Math. Slovaca, 43 (1996), 381-96. 

[10] O. Njastad, on some classes of nearly open sets. Pacific. J. Math, 15(1965), 961-970.  

[11] T. Noiri and V.  Popa, Almost weakly continuous multifunctions, Demonstrati, Math, 26 (1993), 363-380. 

[12] M.E Abd El-Monsef, S.N. El-Deeb and R.A. Mahmoud, β-Open sets and β-continuous mappings, Bull. Fac. Sci. 
Assiut.  Univ, 12 (1983), 77-90. 

[13] D. Andrijević, Semi-preopensets, Mat. Vesnik, 38 (1986), 24-32. 

[14] D. Andrijević, on b-open sets, Mat. Bech, 48 (1996), 59-64. 

[15] J. Dontchev and M. Przemski, on the various decompositions of continuous and some weakly continuous 
functions, Acta. Math. Hungar, 71 (1-2) (1996), 109-120.  

[16] S.G. Crossley and S.K. Hildebrand, Semi-closure, Texas.J.Sci, 22(1971), 99-112. 

[17] A.S. Mashhour, I.A. Hasanein and S.N. El-Deeb, on α-continuous and α-open Mappings, Acta. Math. Hungar, 41 
(1983), 213-218. 

[18]  S.N. El-Deeb, I.A. Hasanein, A.S. Mashhour and T. Noiri, on p-regular spaces, Bull. Math. Soc. Sci Math. R Soc. 
Roumanie, 72(75) (1983), 311-315. 

[19] J. H. Park, Strongly θ-b-Continuous Functions, Acta. Math. Hungar, 110 (4) (2006), 347-359. 

[20] T. Noiri, Weak and strong forms of β-irresolute functions, Acta.  Math. Hungar, 99 (2003), 315-328. 



 ISSN 2347-1921 

998 | P a g e                                                      F e b r u a r y  1 7 ,  2 0 1 4  

[21] N. Rajesh and Z. Salleh, Some more results on b-θ-open sets, Buletinul, Academiei De Stiinte, ARebublicii, 
Moldova, Matematica,  3(61)(2009), 70-80. 

[22] N. V.  Velicko, H-closed topological spaces, Amer. Math. Soc. Transl, 78 (1968), 103-118. 

[23] V.  Popa, on certain properties of quasi-Continuous and almost continuous multifunctions, Stud Cere Math. 
Romanian, 30 (1978), 441-446. 

[24] R.E. Smithson, Almost and weak continuity for multifunctions, Bull. Calcutta.  Math. Soc, 70 (1978), 383-390. 

[25] D.  Wine, Locally paracompact spaces, Glasnik. Math.vol, 10(30) (1975), 351-357. 

[26] I. Kovacević, Subsets and paracompactness, Univ. u. Novom. Sadu, Zb. Rad. Prirod Mat. Fak. Ser. Mat. 14 
(1984), 79-87.  

[27] T. Bânzaru, Multifunctions and M-product spaces, (Romanian), Bul. Stiin. Teh. Inst. Politeh. Timisoara. Ser. Mat. 
Fiz. Mec. Teor. Apl, 17(31) (1972), 17-23.  

[28] J.H.  Park, B.Y. Lee and M.J. Son, on upper and lower δ-precontinuous multifunctions, Chaos, Solitions and 
Fractals, 19 (2004), 1231-1237. 

[29] T. Bânzaru, on the upper semicontiuity of the upper topological limite for multifunction nets, Semin Mat. Fiz. Inst. 
Politeh Timisoara, (1983), 59-64. 

[30] M.E. Abd. El. Monsef and A.M.  Kozae, some generalized forms of Compactness and closedness, Delta J. Sci, 
9(2) (1985), 257-269. 

[31] İdris. Zorlutuna, on b-Closed Space and θ-b-Continuous functions, The Arabian Journal for Science and 
Engineering, 34(2A) (2009), 205-216.  

[32] C.K. Basu and M.K. Ghosh, β-Closed spaces and β-θ-subclosed graphs, 1 (3) (2008), 40-50. 

[33] N. Rajesh, Some New Properties of b-closed spaces, Bol. Soc. Paran. Mat, 30 (2) (2012), 39-48.  

 


