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Abstract

In this work, the existence of a unique solution of Volterra-Hammerstein integral equation of the second kind (V-HIESK) is
discussed. The Volterra integral term (VIT) is considered in time with a continuous kernel, while the Fredholm integral term
(FIT) is considered in position with a generalized singular kernel. Using a numerical technique, V-HIESK is reduced to a
nonlinear system of Fredholm integral equations (SFIEs). Using product Nystrom method we have a nonlinear algebraic
system of equations. Finally, some numerical examples when the kernel takes the logarithmic, and Carleman forms, are
considered.
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1. Introduction

Many authors have interested in solving the linear and nonlinear integral equation. Baker, in [1], obtained a numerical
solution for the nonlinear Volterra integral equation of the second kind, when the kernel takes Abel's function form.
Golberg, in[2], obtained, numerically, the solution of two-dimensional nonlinear Volterra integral equation by collocation
and iterated collocation methods. In[3], Dzhuraev, analyzed the existence of asymptotic error expansion of the Nystrom
solution for two—dimensional nonlinear Fredholm integral equation of the second kind. Many different cases for the linear
and nonlinear integral equation with different kernels are discussed and solved by Abdou in [4,5,6]. In [7], Ezzati and
Najafalizadeh, used Chebyshev polynomials to solve linear and nonlinear Volterra-Fredholm integral equations. Shazad, in
[8], solved Volterra-Fredholm integral equation by using least squares technique.

In this work, we consider the V-HIESK
u(x 1) =F (x,t) + A [F €. 2k (g () =g (¥ )y 7. 4y, ))dyd 7 @

The integral equation (1) is considered in time, for VIT and position for FIT. The functions K (|g (x)—ga(y )|) , F(t 1) and

f(x, t) are given and called the kernel of FIT, VIT and the free term, respectively. The constant u defines the kind of the
integral equation and A is a real parameter (may be complex and has physical meaning). Also, Q is the domain of
integration with respect to position, and the time t €[0, T], T < . While ¢(x, t) is the unknown function to be determined in
the space Lx(Q)xCJ[O0, T].

2. The existence and uniqueness solution of V-HIE with a generalized singular kernel:

In this part, successive approximations method and Banach fixed point theorem will be used as sources to prove the
existence and uniqueness solution of the integral equation (1) in the space L | [Q]<C[O,T ], where f ,k,F and ¥
are known functions. K (|g (X)— g (y )|)is called the generalized kernel of Hammerstein and F (t,7) is called the
kernel of Volterra with respect to time.

Also, the modified Schauder fixed point theorem will be considered to prove the existence of at least one solution of Eq.
(1), when the Lipschitz condition is not satisfied.

2.1 The existence and uniqueness solution using Picard's method :

To discuss the existence and uniqueness solution of Eq. (1), we write it in the integral operator form

VV¢(x,t)=1f (x,t)+iw p(x 1), (1 #0) @
u 7
where
W g(x 1) = [ [F .2k (g () -a(y)D7(z.y.¢(y.7))dydz ©
0Q

Also, we assume the following conditions

a- The kernel of position K (|g x)-g(y )|), satisfies the discontinuity conditionin L [a,b]

1
q

& * .
I{ﬂk (|£J](X)—g(y)|)‘pdx}p dy ! =c” (p>1, ¢ is aconstant)
Q Q

b-The kernel of time F (t,7) eC [O,T ]satisfies||:(t,z-)| <M , M isaconstant, vt re [0T],0<7<t<T <o

c- The given function f (x ,t) with its partial derivatives with respect to position X and time t are continuous in the space
L (Q)xC[0T] and its norm is defined as
p 1

1

t P .
||f (x,t )||L'D(Q)XC o1 = Max J' J'|f (x ,T)|p dx P dzl=G (G is a constant)
T o la
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d- The known continuous function }/(t,X ,¢(x 't)), for the constants Q>P and Q>Q, satisfies the following
conditions

1

@ max(] {I 7 (r.xpx, ) dx} del<Qu 0D oreqors

@ |y (t.x, (1) =7 (t.X, 4 X ) <N E,x)|d (X 1) -4, (x,1)]

where

1

t

j{ﬂl\l (z-,x)|pdx}pdr

Using the method of successive approximations(Picard's method), we set

”N (t,x )”Lp(Q)XC 7] Max =P <o

pg, (x 1) =F () +A[ [FE0)k (g 0) =g (D7 (7Y 4y, 2))dydz , (1>D) @

with gy (x,t) =f (x,t)
For ease of manipulation, it is convenient to introduce
l//n (X !t) :¢n (X 1t)_¢n—1(x !t) ®)

Hence, we get

AOD =D () | palet) =1 (1) ®

From Eg. (1), we obtain

t

[[Ft. DIk (g) =g (z.y 4.y .2)=7(z.y 8,.(y.7) |dy dz

0Q

 (x 1) =4, (0] <[]

with the aid of conditions (b) and (d-2) we have

(¢n—1(y ’ T) s ¢n—2(y ’ T))|dy dr

T Fha

<|AM HI kg )=g)PIN (z.y)|

Applying Hélder inequality to Hammerstein integral term, and taking in account (5), the above inequality becomes

il

P
oy o) dy } dz}

b, (x Ol M |l G 6) -0 (D dy} max j{ﬂN )

Thus, we have

In the light of the conditions (a) and (d-2), the last inequality reduces to

i

W, (x )] max {I{ﬂk (Ig(X)—g(y)I)\de}%dy }qdf

o<t<T

e |' '|M IN @)

v ()] < ofwns O8] (a—|| ||Mc QT),(n 1) ¢

When N =1 the inequality (7) takes the form
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s (x t)| <o G ®)
By induction, we have

||1,//n (x ,t)|| <o"G ,n=01],.. 9

Since (9) is obviously true for n =0Q,1,...; then it holds for all n. This bound makes the sequence {¢n (X ,t)} in (6)

converges, so we can write
P(x )= w; (x,t) (10)
i=0

The series (10) is uniformly convergent since the terms v, (x ,t) are dominated by o'i and (Ti <lfor | 5.

To prove that (X ,t) defined by (10) satisfies Eq. (1), set

(11

p(x 1) =4, (x,1)+A, (x.1),

In view of Eq. (4), we get

#(x ’t)_%f (x ,t)—%HF(t,nk(|g(x)—g(y)|)y(r,y,¢(y,r))dydr

[ TIF@.2)| |k (g )=g ()| [(z.y .8y D) =An—1(y ,0))-7(z.y .4(y 7)) |dy dz].

cncsale 11

Using the conditions (b) and (d-2), and applying Holder inequality to Hammerstein integral term, then with the aid of
condition (&), we obtain

Px t)— ;f (X t)- fI [ Ft,o)k (g (x)-g (Y)Dr(z.y .¢(y,2))dy dz< [an (x )] + o |An_1(x t)].

Ho0

12)

So that, by taking n large enough, the right-hand side of (12) can be as small as desired. Thus, the function ¢(x ,t)
satisfies

upx ) =f (X, +A[ [FE, 2k (g () -g (V)P (z.y, 4y, 7))dydz

and is therefore a solution of Eq. (1) .

To show that ¢(x ,t) is the only solution of Eg. (1), we assume the existence of another solution ¢7(x ,t) , then

J IIF(t o) [k (9 )-g W] [7(7.y #v )~ (z.y Sy 7)) |dy d =],

lpex t)-g(x )| < ||

Using the conditions (b) and (d-2) and applying Hoélder inequality to Hammerstein integral term, then in view of the
condition (a), the above inequality can be adapted in the form

|s0x )= dx )| <o bx 1) - g(x 1) (13

Since o <1, then the inequality (13) is true only if o(x,t)= ¢Z(X ,t) i thatis, the solution of Eqg. (1) is unique.
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3. System of nonlinear integral equations with a generalized singular kernel in
position
Consider the Volterra-Hammerstein integral equation with a generalized kernel (1) of the second kind.

We use a numerical technique to reduce the V-FIE (1) to a nonlinear system of Fredholm integral equations of the second

kind.
Divided the interval [0,T ],0<t <T <o0,as 0=t, <t; <..<t, =T ,wheret =t;, 1 =0,12,...,n, then we get:
t
up(x,t) =1 () +A[ [F .0k (g () =g (v )Dr(y 7,4y ,7))dyd 7 (14)
0Q

Using the quadrate formula, the Volterra integral term in (14) becomes
t; i
[Fe o7y mg(y e =YW Ft,7)r(y gy £)) +R (Xt (15)
0 j=0

The values of i and the order of the truncation error Ri are depending on the number of derivatives of F (t , T) for all

7 €[0,T ], with respect to t and the w; are the weights

Using (14) in (13), we have

apx.8) =1 (x84 AW F t,7)[K (9 0) =g (DAY gy 7))y +R, (x) (16)
Formula (16) can be adapted in the general form:
u (x)—sz,-Fi,-jk(|g(x)—g(y)|)y(y,¢,- (y)dy =f, (x)+R, (x), )
where,

gx t)=a (x), Flt;,7;)=F;, X; =Y;.

Formula (17) can be written in the form:

a1 (<) = 11, [ (9 ) =g (V)7 (Y (v ey =5 (x), a8
where,

v () =F 00 +R )+ 43 W F k(9 0) =g D7y 4y (Y)Y, 4 =AW F. (19)

Formula (18) leads us to say that, we have n unknown functions ¢ (X ) corresponding to the interval [0,T ], when

L =const # 0, thisis a system of Fredholm integral equation of the second kind, if £ = O itis of the first kind.

4. The product NystrOm method

In this section, we present the product Nystrom method [9] and [10] to obtain the numerical solution of the SFIFs of the
second kind. Consider the integral equation,

pp(x) =2 [ (g (). g (¥ Dk (9 ) =g (¥ )Dr(y. 4(y))dy +y(x) (20)

when the kernel K (| g(X)—g(y)|) is singular within the range of integration. We can often factor out the singularity in

k(g (x)—-g(y) )by witing
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k(g(x)=g(y))=p@x). gy Nk (a(x)-g(y)). (21)

where p and k are respectively badly behaved and well behaved functions of their arguments, respectively, ¢(X ) is
the unknown function.

o . 2a
Divide the interval [-a,a] into N equal subinterval, where X; =Y; :a+|h, 1=01..,N, h===andNis even. We

approximate the integral term by a product integration form of Simpsons rule, when X =X;,we write

N _ (N-2)/2Y2j-2 _
dwik(g0)-gDr(y. sy, )= [ p@) gk (g(x,) =gy )Ny, 4(y))dy
j=0 j=0 2
y (22)
where W jj are the weights. Following the same way of Delves and Mohamed [10], we have
Wi o=8(Y:) ) Wi,2j+1:27j+1(yi) 23)
Wio =a; (V) +8..0Y) ' Win :aN/Z(yi)
where
_(g(h)?* ¢ i
a,—(yi)——g(Zh) !C(;“ Dp(a(y,;2)+<5a(h).gly;Ndd,
eI I
A= any !(; D -2)p(9 (Y25 ) +<g(h), gy, )dS,
ICIG) e (24)
7i(Yi)= 9(2h) !5(2 aIP@Y,;2)+¢gg(h),g(y;)d<s.

Here, in (24), we introduce the variable § (Y ) =0 (Y,; ;) +¢g(h), 0< <2. Therefore, the system (22) has a
solution:

@ =[7l - W J"¥ (25)
where | is the identity matrix, and |77| - W | #0.

5. The existence and unigueness of the solution of the nonlinear algebraic system

In this part, the existence of a unique solution of the nonlinear algebraic system (23), will be proved. So, we prove the
following lemma and theorem.

Lemma 1 (without proof)
i
In order to guarantee the normality and continuity of ZM i ‘ of Eq. (23), i.e.

j=0

sqpi}wi’jkz, (z isaconstant), and _I'imsupzll’wi,’j —Wi,j‘=0-
0

ij= G R R

We assume that the badly behaved kernel [ (g (X ), g (y )) of Eq. (20) satisfies the conditions

[Ip(@().g(y)ldy <L, (26)
lim [lp(@(x).9()-p@X).g(Njdx =0; x/".x; e[-aa] (27
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Theorem 1:

The nonlinear algebraic system of (23), when i — oo is bounded and has a unique solution in Banach space /* ({” is

the set of all continuous functions ), where ”(I)” = sup‘¢j ‘, under the following conditions
j
1) suply;|<H <o, (H isaconstant).
[
i _ . .
2) squpvi,j Hk (o (x, )—g(y)|)‘s H", (H isaconstant).
i j=0

3) The known set elements 7(jh, #(jh)), for constants S >S,, S >S,, satisfies the conditions

(@ sup|7(jh, ¢(jh))[<S, |@
J

"

&) suply(jh, ¢(ih)) - (ih,0(ih)|<S, |[@~€],., [®]=sup|¢,|, Vi.
J

Now, to prove this theorem, we must consider the following lemmas :

Lemma 2 (without proof):

Beside the conditions (a-d), the infinite series z O(X; ), is uniformly convergent to a continuous set @(X; ).
x=0

Lemma 3 ( without proof):
The set of elements {¢(Xi )}IN _, represent a unique solution of nonlinear algebraic system (22).
Definition 1:

The estimate local error R,E,N ) (Xi ) of the product Nystrem method, is given by

RVO) = [ k(g (x)=g(y)Dr(y, 4y ))dy —Zwi,-k_(xi,xj)y(xi,% x;))|, (28)
Also, it can be determined using the following formula
8 — (@) =Zwuk‘(\g<xi )= (¢ DO B0 ) =7 (% oy (6 D +REM(x,). 29)
Definition 1:

The product NystrOm method is said to be convergent of order I, in [—a,a], if for N sufficiently large, there exist a
constant D > O independent of N such that

lp(x) =4, (x)|<Dn"". (30)

6. Numerical examples

In this section, we apply the product NystrOm method, to obtain the numerical solution of the V-HIESK with a generalized
singular kernel using Maplel0 program. This leads to the required approximate solution of the V-FIESK (1) when the
kernel k(|g(x)—g(y)|) takes the forms of Carleman function, and logarithmic form.

6.1 Application for a Generalized Carleman Kernel

Example 1: Consider the integral equation:
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)

poct)=f ) +A[ [ =y | " g (v, 7)dyd,

ISSN 2347-1921

(0<t <T;|x|<1)

The product NystrOm method is used to get the numerical solution for values of =1, at the times t<[0,0.03], t[0,0.6],
with 4 = 0.2500 , and 0.31579 , and we divided the position interval by N = 21 units, and 0 <v < 1/2, v is called Poisson

ratio.

the exact solution ¢(X ,t)=x°t°.

Casel : 1 =0.2500, v=0.1:

Table (1)
T y Exact sol. Linear (k=1) Nonlinear (k=2)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.03 -1.00 -7.29000E-10 -7.28588E-10 4.11642E-13 -7.288588E-10 4.11642E-13
-0.60 -5.66870E-11 -5.60841E-11 6.02930E-13 -5.60841E-11 6.02930E-13
-0.20 -2.33280E-13 3.42784E-13 5.76064E-13 3.42784E-13 5.76064E-13
0.20 2.33280E-13 7.49329E-13 5.16049E-13 7.49329E-13 5.16049E-13
0.60 5.66870E-11 5.72357E-11 5.50473E-13 5.72375E-11 5.50473E-13
1.00 7.29000E-10 7.29516E-10 5.16725E-13 7.29516E-10 5.16725E-13
0.6 -1.00 -4.66560E-02 -4.72673E-02 6.11322E-04 -4.72690E-02 6.13059E-04
-0.60 -3.62797E-03 -3.63796E-03 9.99015E-06 -3.63949E-03 1.15284E-05
-0.20 -1.49299E-05 2.27504E-05 3.76803E-05 2.12492E-05 3.61791E-05
0.20 1.49299E-05 4.90719E-05 3.41420E-05 4.75709E-05 3.26410E-05
0.60 3.62797E-03 3.71381E-03 8.58430E-05 3.71227E-03 8.43054E-05
1.00 4.66560E-02 4.73283E-02 6.72376E-04 4.73266E-02 6.70641E-04
Case2: 4=0.31579, v=0.12:
Table (2)
T | Eat il Linear (k=1) Nonlinear (k=2)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.03 -1.00 -7.29000E-10 -7.29015E-10 5.35178E-13 -7.28464E-10 5.35178E-13
-0.60 -5.66870E-11 -5.66967E-11 8.24484E-13 -5.58625E-11 8.24484E-13
-0.20 -2.33280E-13 5.56432E-13 7.89712E-13 5.56432E-13 7.89712E-13
0.20 2.33280E-13 9.38483E-13 7.05203E-13 9.38483E-13 7.05203E-13
0.60 5.66870E-11 5.74473E-11 7.60356E-13 5.74473E-11 7.60356E-13
1.00 7.29000E-10 7.29711E-10 7.11948E-13 7.29711E-10 7.11948E-13
0.6 -1.00 -4.66560E-02 -4.74298E-02 7.73857E-04 -4.74321E-02 7.76145E-04
-0.60 -3.62797E-03 -3.63628E-03 8.31667E-06 -3.63826E-03 1.02929E-05
-0.20 -1.49299E-05 3.71229E-05 5.20528E-05 3.52041E-05 5.01340E-05
0.20 1.49299E-05 6.19028E-05 4.69728E-05 5.99844E-05 4.50545E-05
0.60 3.62797E-03 3.74126E-03 1.13298E-04 3.73929E-03 1.11323E-04
1.00 4.66560E-02 4.75124E-02 8.56468E-04 4.75101E-02 8.54181E-04

Example 2: Consider the integral equation:

¢ (y,7)dydr,

d(x 1) =T (x,t)+/1ﬁ|sin(x)—sin(y)
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The values of x =1, at the times te[0, 0.006], t[0, 0.03], with 4=0.111111, 0.13636, and we divided the position interval
by N =21 units. Exact solution ¢(X ,t) =t sin(x).

Casel: 4=0.111111 , v= 0.05:

Table (3)
T y Exact sol. Linear (k=1) Nonlinear (k=3)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.006 -1.00 -5.04882E-03 -5.04132E-03 7.49836E-06 -5.04132E-03 7.49836E-06
-0.60 -3.38785E-03 -3.39321E-03 5.35731E-06 -3.39321E-03 5.35731E-06
-0.20 -1.19201E-03 -1.20232E-03 1.03059E-05 -1.20232E-03 1.03059E-05
0.20 1.19201E-03 1.17786E-03 1.41497E-05 1.17786E-03 1.41497E-05
0.60 3.38785E-03 3.35534E-03 3.25130E-05 3.35534E-03 3.25130E-05
1.00 5.04882E-03 5.03215E-03 1.66675E-05 5.03215E-03 1.66675E-05
0.03 -1.00 -2.52441E-02 -2.52066E-02 3.74978E-05 -2.52066E-02 3.74966E-05
-0.60 -1.69392E-02 -1.69661E-02 2.68232E-05 -1.69661E-02 2.68341E-05
-0.20 -5.96007E-03 -6.01167E-03 5.15915E-05 -6.01167E-03 5.15920E-05
0.20 5.96007E-03 5.88926E-03 7.08178E-05 5.88926E-03 7.08173E-05
0.60 1.69392E-02 1.67765E-02 1.62710E-04 1.67765E-02 1.62709E-04
1.00 2.52441E-02 2.51607E-02 8.34051E-05 2.51607E-02 8.34039E-05
Case2: 1=0.13636 , v= 0.06:
Table (4)
T < . Linear (k=1) Nonlinear (k=3)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.006 -1.00 -5.04882E-03 -5.03856E-03 1.02656E-05 -5.03856E-03 1.02656E-05
-0.60 -3.38785E-03 -3.39717E-03 9.31579E-06 -3.39717E-03 9.31580E-06
-0.20 -1.19201E-03 -1.20880E-03 1.67900E-05 -1.20880E-03 1.67900E-05
0.20 1.19201E-03 1.16999E-03 2.20252E-05 1.16999E-03 2.20252E-05
0.60 3.38785E-03 3.33849E-03 4.93593E-05 3.33849E-03 4.93593E-05
1.00 5.04882E-03 5.02308E-03 2.57381E-05 5.02308E-03 2.57381E-05
0.03 -1.00 -2.52441E-02 -2.51982E-02 5.13069E-05 -2.51928E-02 5.13051E-05
-0.60 -1.69392E-02 -1.69858E-02 4.65927E-05 -1.69858E-02 4.65945E-05
-0.20 -5.96007E-03 -6.04403E-03 8.39553E-05 -6.04403E-03 8.39560E-05
0.20 5.96007E-03 5.84995E-03 1.10121E-04 5.84995E-03 1.10121E-04
0.60 1.69392E-02 1.66924E-02 2.46783E-04 1.66924E-02 2.46781E-04
1.00 2.52441E-02 2.51154E-02 1.28669E-04 2.51154E-02 1.28668E-04

6.2 Application for a Generalized logarithmic kernel.

Example 1: Consider the integral equation:

H(x 1) =f (x,t)+;ttjj|n|x“—y“|rz¢k (y,7)dyd z,

The product NystrOm method is used to get approximate solution for values of x=1, 1= 0.25, 0.6666666667, tc[0,0.03],
te[0, 0.6] and N = 21. Exact solution @(X ,t) =x*t°.

Casel : 1 =0.25:
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Table (5)
T y Exact sol. Linear (k=1) Nonlinear (k=2)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.03 -1.00 -7.29000E-10 -7.28954E-10 4.56279E-14 -7.28954E-10 4.56279E-13
-0.60 -5.66870E-11 -5.66465E-11 4.04445E-14 -5.66465E-11 4.04445E-14
-0.20 -2.33280E-13 -2.09324E-13 2.39555E-14 -2.09324E-13 2.39555E-14
0.20 2.33280E-13 2.44331E-13 1.10515E-14 2.44331E-14 1.10515E-14
0.60 5.668704E-11 5.66855E-11 1.45837E-15 5.66855E-11 1.45837E-15
1.00 7.290000E-10 7.28992E-10 7.21890E-15 7.28992E-10 7.21890E-15
0.6 -1.00 -4.66560E-02 -4.72913E-02 6.35393E-04 -4.72888E-02 6.32852E-04
-0.60 -3.62797E-03 -3.67495E-03 4.69817E-05 -3.67408E-03 4.61133E-05
-0.20 -1.49299E-05 -1.35588E-05 1.37110E-06 -1.30299E-05 1.89993E-06
0.20 1.49299E-05 1.58609E-05 9.31073E-07 1.63898E-05 1.45992E-06
0.60 3.62797E-03 3.67751E-03 4.95456E-05 3.67838E-03 5.04141E-05
1.00 4.66560E-02 4.72939E-02 6.37919E-04 4.72964E-02 6.40461E-04
Case2 : 1 =0.6666666667:
Table (6)
T < . Linear (k=1) Nonlinear (k=2)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.03 -1.00 -7.29000E-10 -7.28878E-10 1.21666E-13 -7.28878E-10 1.21666E-13
-0.60 -5.66870E-20 -5.65792E-11 1.07834E-13 -5.65792E-11 1.07834E-13
-0.20 -2.33280E-13 -1.69417E-13 6.38621E-14 -1.69417E-13 6.38621E-14
0.20 2.33280E-13 2.62734E-13 2.94547E-14 2.62734E-13 2.94547E-14
0.60 5.66870E-11 5.66831E-11 3.89978E-15 5.66831E-11 3.89978E-15
1.00 7.29000E-10 7.28980E-10 1.92547E-14 7.28980E-10 1.92547E-14
0.6 -1.00 -4.66560E-02 -4.83897E-02 1.73374E-03 -4.83828E-02 1.72680E-03
-0.60 -3.62797E-03 -3.75601E-03 1.28041E-04 -3.75364E-03 1.25671E-04
-0.20 -1.49299E-05 -1.10893E-05 3.84054E-06 -9.64301E-06 5.28361E-06
0.20 1.49299E-05 1.75158E-05 2.58592E-06 1.89590E-05 4.02915E-06
0.60 3.62797E-03 3.76316E-03 1.35198E-04 3.76553E-03 1.37569E-04
1.00 4.66560E-02 4.83967E-02 1.74079E-03 4.84037E-02 1.74773E-03

Example 2: Consider the integral equation:

d(x 1) =T (x,t)+l}jln

eXZ _eyz

2'2¢k (y,7)dydz,

The values of =1, A=0.001, 0.01, 0, te[0,0.03], te[0,0.6], and N = 21. Exact solution ¢(X,t) —e*'t3,
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Table (7)
T y Exact sol. Linear (k=1) Nonlinear (k=2)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.03 -1.00 9.93274E-06 1.10992E-05 1.16653E-06 1.10992E-05 1.16653E-06
-0.60 2.49800E-05 2.55617E-05 5.81741E-07 2.55617E-05 5.81741E-07
-0.20 2.69913E-05 2.72749E-05 2.83542E-07 2.72749E-05 2.83541E-07
0.20 2.70002E-05 2.84545E-05 1.45428E-06 2.84545E-05 1.45428E-06
0.60 2.78570E-05 2.85914E-05 7.3434E-07 2.85914E-05 7.34343E-07
1.00 4.87315E-05 4.91498E-05 4.18244E-07 4.91498E-05 4.18244E-07
0.6 -1.00 7.94619E-02 8.87986E-02 9.33669E-04 8.87994E-02 9.33752E-03
-0.60 1.99840E-01 2.04514E-01 4.67468E-03 2.04505E-01 4.66542E-03
-0.20 2.15930E-01 2.18224E-01 2.29406E-03 2.18211E-01 2.28055E-03
0.20 2.16002E-01 2.27663E-01 1.16614E-02 2.27649E-01 1.16474E-02
0.60 2.22856E-01 2.28755E-01 5.89917E-03 2.28744E-01 5.88770E-03
1.00 3.89852E-01 3.93225E-01 3.37348E-03 3.93220E-01 3.36786E-03
Case2: 1=0.01:
Table (8)
T < M Linear (k=1) Nonlinear (k=2)
Appr. sol .N. Err. N. Appr. sol .N. Err. N.
0.03 -1.00 9.93274E-06 2.32346E-05 1.33019E-05 2.32346E-05 1.33019E-05
-0.60 2.49800E-05 3.15763E-05 6.59627E-06 3.15763E-05 6.59627E-06
-0.20 2.69913E-05 3.04458E-05 3.45447E-06 3.04458E-05 3.45447E-06
0.20 2.70002E-05 4.36878E-05 1.66875E-05 4.36878E-05 1.66875E-05
0.60 2.78570E-05 3.62679E-05 8.41092E-06 3.62679E-05 8.41091E-06
1.00 4.87315E-05 5.39592E-05 5.22773E-06 5.39529E-05 5.22773E-06
0.6 -1.00 7.94619E-02 1.86093E-01 1.06632E-01 1.86045E-01 1.06583E-01
-0.60 1.99840E-01 2.52903E-01 5.30634E-02 2.52782E-01 5.29423E-02
-0.20 2.15930E-01 2.43869E-01 2.79381E-02 2.43720E-01 2.77893E-02
0.20 2.16002E-01 3.49950E-01 1.33948E-01 3.49780E-01 1.33777E-01
0.60 2.22856E-01 2.90476E-01 6.76201E-02 2.90346E-01 6.74901E-02
1.00 3.89852E-01 4.32009E-01 4.21574E-02 4.31941E-01 4.20890E-02

7. Conclusion

(1) Due to the kernel of Carleman and logarithmic kernels, when the values of A and v are increasing and the values of the
time T kept fixed, the error is increasing, where the atomic bond between the particles of the material is increasing.

(2) When the values of time T are increasing and the values of A, u and N kept fixed, the error is increasing.
(3) For linear and nonlinear case, the result error increase as well as the values of T increases for different of A, u.

(4) The error for linear case is smaller than nonlinear case, for different values A, vu.
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