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ABSTRACT

This paper is devoted to derive the approximate solutions for the time-fractional (Caputo sense) coupled
Burger’'s equations with implementation of the homotopy perturbation method. The numerical results are compared
with the exact solution. The results reveal that the presented technique is very effective and simple.
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INTRODUCTION

In this paper, we will implement one of these methods, namely, homotopy perturbation method (HPM) ([7]-[10]), to
solve the propsed problem ([1], [3], [6], [12]). Unlike the traditional numerical methods, such as, the finite element
method [5] and the finite difference method [19], HPM does not need, discretization or linearization. Recently, the
applications of homotopy theory among scientists appeared, and the homotopy theory becomes a powerful
mathematical tool, when it is successfully coupled with perturbation theory. Many authors (see [4], [11], [15]-[17]) are
pointed out that HPM can overcome the difficulties arising in calculation of Adomian’s polynomials in Adomian
decomposition method.

Definition 1.

The Caputo fractional derivative of the function g(t) is defined as follows:

t
D%g(t) = —— AG) dr,

-1 <n, t>0. 1
I'(n—a) 0 (t_z.)a_n+l n <a=n 1> (1)

In the following proposition, we will state a basic property.

Proposition 1. [13]

If m-—1l<a<m, meN, and f(x)eCZ], M= -1, then:

= K
D¥I% ()= f(x), and  IZD%F(x)= f()— ¥ f(k)(O)%, X > 0. @)
k=0 -

The Caputo fractional derivative operator is satisfied the linear relationship and the so-called Leibnitz rule, that's:

D“[clf (X) +C9(X)] = clo“ f(x)+ CZDag(X);
a L (a), () a-r @)
DTLF()g(x)]= Zo[rJf (x)D™ " g(x).

r=

where ¢ and ¢, are constants, f (x) is continuous in [a,x] and g(x) has n+1 continuous derivatives in [a,x]. For the

Caputo's derivative we have D%C =0, Cisaconstant, and [18]
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a.n rn+l) pg
X =—X .

rn-a+l)

D

(4)
For more details on fractional derivatives definitions and their properties see ([13], [18]).

Approximate Solution using HPM

In this section, we will illustrate how implement HPM to obtain the approximate solutions of the fraction non-linear
coupled system of Burger's equations of the following form:
(24
D™ U —uyy —2uuy + (uv)y =0, 0<a<1 t>0, (5)

Dﬂv—vxx—2wx+(uv)X:O, 0<p<], (6)

subject to the following initial conditions:

u(x,0) =v(x,0) = f(x) =sin(x). ©)

The exact solution of (5)-(6) for the special case a = =1 is given by:

(X t) = v(x,t) = et sin(x). ®)

In fact, different response systems can be obtained when at less one of the parameters « and g varies.
when a = g =1 the fractional equations reduce to the classical coupled Burger's equations.

Now, we will apply the HPM to obatin the approximate solutions of the system (5)-(6).
Using the HPM, we can construct the following simple homotopies:
Hl(u, q) = D% - gluyy +2uuy —(Uv)y]=0, 9

H2(v, q) = D'Bv—q[vXX +2wWy —(w)y]=0, (20)

where g €[0,1]is an embedding parameter. In case q = 0, Egs. (9)-(10) become linear equations, which are easy to solve,
and when q = 1, Egs.(9)-(10) turn out to be the original equations (5)-(6).

Now, we will use the homotopy parameter q to expand the solutions:
2 3
u(x,t) =ug+0quy +q- Uy +qug +..., (11)

v(x,t) =V +qv1+q2v2 +q3v3+..., (12)

the approximate solution can be obtained by setting g = 1 in equations (11)-(12):

u(x,t):uo+u1+u2 +Ug+.., v(x,t):vo+v1+v2 +Vg+.. . (13)

Substituting from (11)-(12) into (5) and (6), respectively, and equating the terms with the identical powers of
g, we can obtain a system of linear equations. Here we only write the first few linear equations:
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a

D" uy(x,1) =0, Ug (% 0) =sin(x), (14)
DP vy (1) =0, v(x.0) =sin(x), (15)
Daul(x,t) = Uy T 2UgU0x ~ (UgVoy *+VoUox): uy (x,0) =0, (16)

v (X, 1) =V o+ 29V, — UgVoy +VoUgy): v;(x,0) =0, (17)
Dauz(x,t) =Upyy 2(u0ulx + u1u0X) - (uole +UpVoy +Volyy +v1uOX), u2(x, 0) =0, (18)
Dﬁvz(x,t) =Vie + 2(vov1X +v1v0X) - (uov1X +UpVgy +Volry +v1uoX), v2(x, 0)=0. (19)

Take the inverse operator J¢ and J'B on both sides of the Egs.(14)-(19), we will use the initial conditions in

the following form:
Ug (X, t) == sin(x), Vo (x. 1) =sin(x). (20)

So, we can obatin the approximate solutions of the system (14)-(19) in the following form:

0(
Uy (x,1) = JO![uOXX +2UgU, — (UgVg, +Vglgyd = —SIN(X) —7—s e’ (21)
p tf
vy (0, 1) = 37 Vg o + 29V, — (UgVoy + VoUoxd = —SIN() == F@)" (22)
u, (x,t)=1J a[ulxx + 2(u0ulx + uluOX) - (uole +UVo, +Volsy +v1uOX)]
2a (a+p (23)
=sin(x)(1— 3cos(x)) TW2a) + sin(x) cos(x) Tratf)’

Vo (x,t) = Jﬂ[lex + 2(V0V1x + VlVOX) - (uole +UpVgy +FVoUpy * Vlqu)]
28 a+p (24)
=sin(x)(1 — 3cos(x)) HTZ,B) + sin(x) cos(x) m o

Therefore, the approximate solution can be presented by the same iterative process, in the following series

form:
a t20: ta+ﬂ
WD =T =T ey T30 ey T i Tarp) * (25)
25 (a+p
v(x,t) = f F(l ﬂ)+f(1 3fX)F(1 =y +ff, TGard (26)

Where f = f(x) = sin(x). In order to illustrate the advantages and the accuracy of HPM for solving the presented problem,

we calculate the second order approximation, i.e.:
Unpm (x,t)=u0 U U+, VapMm (x,t)=vO +V Vo 27)

The behavior of the approximate solution is given the figure 1 and compared with the exact solution in figure 2.

Conclusion and General Remarks
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In this article, we implemented HPM for obtaining the approximate solution of the time-fractional coupled

Burger's equations. From the introduced numerical results, we can conclude the following properties of the presented
method:

(1) HPM gives a simple and a powerful mathematical tool for solving the FDEs;

(2) HPM is an efficient and powerful method for solving a wide class of fractional differential equations;
(3) HPM is straightforward without any restrictive assumptions and special techniques;

(4) HPM gives the approximate solution with higher accuracy and fast convergence rate.
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Figure 1: The behavior of the approximate solutions Uppy (41 (Left), Vipm (60 (Right).
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Figure 2: The behavior of the exact solution u(x, t) (Left), v(x, t) (Right).
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