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Abstract

We estimate in this paper the degree of approximation of f € L, [0,1] by using Bernstein's polynomial involving on
Ditizian-Totik modulus of smoothness W(;A(f, t), 0 <A < 1. On the other hand, we consider this polynomial to obtain
an equivalence approximation theorem with this modulus.
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Introduction

Let L, [0,1] be the set of all Lebesgue integrable functions defined on [0,1] and 0 <p < «. For f€ L, [0,1] and
n € N, the Bernstein's operators is defined as:

c k
B, (£,x) = z Po i (%) f(—) , (1)
k=0 n
_(m+k-1 xX
Where Pn,k(X) = ( Kk )W .

On the other hand, we consider combinations of these operators, which have higher orders of approximation. The
linear combinations of Bernstien's operators on L, [0,1] are defined as (see[3]):

r—1
Bur(£X) = ) Gi(WB, (£X), reN (12)
i=0

Where n; and C;(n) satisfy

n=nyg<n <n,<--<n._; <D, and

r—1
z Ci(n) <C
i=0

where the constants C and D are independent of n.

In [2] the Ditizian-Totik modulus of smoothness Wr(Px(f, t) was used for polynomial approximation and defined by:
W (£:8) = SUPoh <t SUPy 4 (1 (x),/2)el0,1] [ Bng? oy (F ) (1.3}

where, p(x) = /x(1 —x) forxe [0,1], 0<A<1
and the r —th symmetric difference of f is given by:
r
A

r i rhe* rhe
A () = ;(i)(_l) f(X_TJ”h‘PA)' Xi( 2 >E[°'1] (14)

0, 0.W.

And our k —functional by:

K2 (£t = inf{ [If - gll + t'[| @™ g®|| } ..(15)
K 619 = inf{ [If - gll + t7[|@™ gO| + t/O2/D] g®|| 3

and K (ft) <Ct® for r<a .. (1.6)

where the infimum is taken on the functions satisfying g"~) is absolutely continuous function, see [3]. It is well
known the following equivalence see [1]

W(;A(f,t)~K(pA (= KPA (ft7) . .. (1.7)

Let the Sobolev space Wy be the collection of all functions f defined on [0,1], such that f"~1 is absolutely
continuous and we defined as:

Wy ={feCy:f D eACy,llfll, <~} . (1.8)
where [[fll, = supxepo118a" AV (0 FO )]

1 1
and8n(x)—(p(x)+\/—5~max{<p(x), \/_E}' 0<A<1LreN and 0<a<r.

2. Auxiliary Lemmas

In this section, we mention some basis results which will be used to prove the main results. If f € L,[0,1], r € N then
by [3], we know that:

o _(n+r-1)! - . k
Bn (f,X) = (1’1 — 1)! kz:o pn+r,k (X)A n’lf(n) .

Lemma 2.1 [6]:

Let f™ € L,[0,1], re N then we have:
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" (OB, P (£,%)] < Cn"/2||fll.. . (2.1
Lemma 2.2:

Let feL,[0,1], 1<p<< and 0< A<1 then we have:

0™ () B, (£, )] < C [|o™ |

Proof:

By using Holder inequality, we get

+oo
- 1! k
WW@m“@MSqﬂ@ggéﬁlzﬂﬂﬂmﬁﬁkﬂ
k=0

+oo
- 1! y
= % O (Pu 0 (ON11(0) + )" @™ (OPy i (x)Arnlf(H)‘
k=1
+o
_(+r—Dtf R
ECEE @™ () kZl Ppyrk (0A nlf(n)‘

(n+r—1)! . =
S ThoD o (X)|Z
k=il

<Clle™ 1] -

Lemma 2.3:

k
Posri (X)Arnflf(;)|

Let feL,[0,1], reN, 1<p<= and 0< A<1 thenforn>r, we get
@™ (%) B, (£,%)] < € n/28, "M ®)|lfl.. . -~ (22)

Proof:

| =

We consider x € [0, , then we have:

and using

S~ 2

8y (0~ =, ®(X) <
d

&Pn,k(x) =n (pn+1,k—1(x) - Pn+1,k(X))
and

1

d
fmum&=n_r
0

On the other hand, by using (2.1) and ¢(x)~o(x), therefore
0™ B, @ (60| = "D ()" () B, (£,
< C@ D00 n/2Ifll..
< C 028, "4l
Lemma 2.4 [7]:

Let reN, 0<B<r, x=+ rt/2 €Eland 0< t sé , then we have the following inequality :

Y2 ,
f f 5, " <x + Z u,-) du; du, -+ du, < C(B) t'8, " (x) . . (2.3)
Y T =1
Lemma 2.5 [3]:
For x,t € (0,), r € N then we have:

Bn((t—x)*,x) < Cn™" @* (%). e (2.4)
Lemma 2.6:

Forx,ttu€[0,1] , x<u<t, treN andA € [0,1] then:
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t
Bn< fIt— 41 ™™ (u)du .X) < C 28, (X ™M (x). ..(2.5)
(04
Proof:
Whenr = 1, then
t
f(p_)‘(u)du <lt—rl{x™2(1 + 02 + (1 + )22 ..(2.6)
(¢4

From lemma 2.5, then

Ba((t—%%,x) < Cn" @*" (x). - (2.7)

Applying the Holder inequality, we get
.
-1/2 -A/2 —22/3 3/4
< Cnt45,(®) [x {Bn((1+t) ,X)}
+ (1403, (23, %) .(28)

Also, applying the Holder inequality, we get

t

f @ M(u)du

o

,X) <{ Bn((t _ X)4,X )}1/4 [X—A/Z{ Bn((l + t)—zx/3'x )}3/4- F(1+ X)—}\/z{ B (t—ZA/3 X )}3/4]

Foo o -1 21/3

Ba(t722/3 x) < ( Pox X (= ) < Cx M3, ..(2.9)
2. 7@ ()

Similarly:

Ba((I+ D23 x)<C(A+x)72/3 . ...(2.10)

Combining (2.8) and (2.10), we obtain (2.5).
Whenr > 1, then we have

lt—ul® _Jt—xI?

P*(u) T 9*()

[t—ulx<|t—x|lu and

for t<u<x

ult—u|l x|t—x|
P*(w) T 9*(®)

Thus
It — ul 2 2.11
o) = (p(r‘z))‘(x) , T> ..(2.11)
because
|t—u|<|t—x|< 1 N 1 ) 512
@*(w) - x \1+x 1+t ~(212)
Otherwise,
m—os&—o
u t
and
1 1 1
< + )
1+u 14+x 14+t
|t—u|<|t—X|( L, 1 )A )13
e ()~ x* \1+x 1+t - (213)
By using (2.11) and (2.13), we obtain
|t—u|r‘1< |t —x|™1 ( 1 )}‘+( 1 )}‘ 14
e™M(uw) T eU2A(x) |\1+x 1+t - (214)
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Since B, ((1+1t)7",x)<C(1+x)", forneN, x€[0,~], we have
B(1+D2x)<C1+x)%#, for A€[01]. ..(2.15)
Now, by using (2.7), (2.14) and (2.15) and by using Holder inequality, then we get

N

Lemma 2.7 [3]:

t

f It — ul" =" (u)du

o

,x> < By 2 (le = ul?,w (@760 + x Mo DR 0B, (1 + 97 x )

< Cn28," ()™ (%) .

Letx € [Oﬂ then:

B, (fx) = ¢~ Zr: q;(n@?(x)) nl i P, (%) (g - x>i Arif@ ..(2.16)
i=0 k=0

Where q;(n@?(x)) is a polynomial in ng?(x) of degree (r—i)/2 .
Lemma 2.8:

Forre Nand fe Wh and 0 < a <r then we have

1B, fll, < C n™/2|| fll, . - (217)
1B, fll. = C Il fll, - ..(2.18)
Proof:

For x € [O, ﬂ and §,(x) ~ \% according to lemma 2.3, we get

|8, @D e0B,  (€x0] < € 0/l flly
On the other hand, for x € E, 1] and §,(x) ~ @(x) and by using lemma 2.7, (2.16) we can obtain
r 0 i

() —2r 2 i k r k

B, (x) = ¢ (X)Z qi(n@?(x)) n Z Py () <H_ X) A n’lf(ﬁ> ,
i=0 k=0
therefore
. n N

-2r i i| <« __\(@r+i)/2
|¢~2" (%) qi(nx) ni| < C (<p2(x)) ..(2.19)
Forany x € E ,1] and since

k
ay f(S)] < € il 90060, . (2:20)

by using the Holder inequality, we get

> (=) ()

From lemma 2.7, (2.16) and (2.21) we can deduce (2.17). Similarly by using lemma 2.2 we can obtain (2.18).
Lemma 2.9 [1]:
LetfeL,[0,1], reN,0<A <1, then

2 i/2
<c (q) er)) 1lly 40 @2

If = gnll < CW' i (£S0) - (2.22)
S [le™gn @ < CWT i (£Sy) . - (2.23)
3. Main Results

Theorem 3.1:
Let feL,[0,1], 1<p<~,reNand0<A<1,then
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[Bo,r(£:%) = )] < CW2 (£ 07128, (), (3.1)
involving the constant C dependent on.

Proof:

By using (1.5) and (1.7) and taking &, = 8,(x,A) = n~%/28,(x) , we can choose g, = gnx forfixed x and y and
by lemma 2.9, (2.22) and (2.23), then we have

8,/ g, O < c WL (£,8,). - (32)
Now,
|B,r (%) — ()| = [Bpr(£%) = B (8n, %) + By (8, %) + £ = g1 (3) + gn ()] ~(33)
< [Buyr (£:%) = By (80, ¥)| + If = 80 (1 + By (80, %) — gn ()]
< ClIf=gollo + |Bar(gn, ) — gn X)|:
By using Taylor's series

(t _ X)rfl

S D () + R (gn, %),

gn(t) = gn(X) + (t— X)gn/(x) B +

Where
1 t
— i r—1 r—1
Ryt = =gy [ (€= W' " (),
By using (1.2), (1.3) and lemma 2.6, (2.5) we obtain

|Bn,r(gnix) — &n (X)I = (34)

t
1
I - r—1 r—1
Bor | gy | =W e T @du
a

< C”(pr)‘gn(r)” Bn,r< X

f et
e, < du
J e

< Co™ (0 7728, | ™8, ||
Also, by using (1.2), (1.3) and (2.11), we get

t
A L
—=du,x
RO

<C "8nr)\gn(r)|l nrA/2|Bn'r((t _ X)Zr ’X)l/zl

|Bue (8n,X) — f)| < C |8, g, @] - (35)

< C n7728, () n™/?||5, g, | .

Then by using lemma 2.9,(3.3), (3.4) and (3.5) and forx € [O, ﬂ and 6, (x) ~ =

n
|Bue (£:0 = £ < € (I = gall + 8,"(|8,™ 8. ])

< C(IIf = gall + 8a" [l g @[ + 8," n™/2]|g, @)

< C(IIf = gall + 8, [|0™ g || + 8,42 |, @)

S CRp(6,6,) SCW L (£6,)

Theorem 3.2:

Let fEL,[0,1], rEN,0<a<r,and0<A<1,andif

[[Ba,r(£3) = £ ) = 0(8.") (3.6
Then we have

W(;A(f,t) =0(t%) -.(3.7)

Where §, = n /25,1 (x) andp=0.
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Proof:

Suppose that [|B,,(f,x) — f(x)|, = 0(5,") holds.

Now, we introduce a new k —functional as:

Ky (£, t) = infge wr, {lIf — gllo + tlIgll:}

for g € WT, , such that

f—gllo + n™/2|igll, < 2K “(f, n™/2) . - (38)
By (3.6), we can deduce that

[[Bnr () = f(x)||, < C n~/2.

Thus, by using lemma 2.8 and (3.8), we obtain

Ko (6 ) < [|f = By, O], + ¢[Bar O,

<C I'l_O(/2 +t' (HBn,r(f_ g'X)”r + ”Bn'r(g' X)“r)
< (o2 + e (0201~ gllo + llgll,))

tl‘
—a/2 —r/2
<C (n /2 4 nir/sz"‘(f, n"/ ))

Which implies that
K*(f t) <Ct® . (3.9

On the other hand, sincex + (i - %) te'(x) =0
therefore |(1 . %) t (p)‘(X)| <x

and X+(i—%)t(p)‘(X)SZX

so that 8, (x + (i—2) t ' (®)) < 26, (). ..(3.10)

Thus, for f€ W%, , we get

Iy

|87 10 GO < lfllg Z (f) 5, %1 <x +(i- %) t @k(x)> - (3.11)

i=0
() 1], -

From lemma 2.4 andforge W', 0 <t@*(x) < ;—r ,x+rt @*(x)/2 € [0,1] , then we have

(/)00 (Y/2)o*x) .
|Art(p)‘(x) g(x)| < f j g(r) r+ Z ui> du;duy -+ du, ..(3.12)
~()er @ ~(Y2)e* ) -

Yot (Y)erx

< ligll; f f 6;”““‘”(1+Zui>dulduz~' du,
()t ~(2)er i=1

Then we have
|8 g 8| < €8,V 0 llgll,
Now, using (3.9), (3.11) and (3.12) for 0 < t p*(x) S;—r ,x+rtMx)/2 €[0,1]
Then we have
A" o) FOO] = |AT pre) (F— g + ) ()]
< 8o (F= @]+ |87 g1 8|

< €5, MK, (f, ctr.

r )
——] <
5.V
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