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ABSTRACT 

In this paper we investigate the Hyers-Ulam Stability of the abstract dynamic equation of the form 

𝑥∆ 𝑡 = 𝐴 𝑡 𝑥 𝑡 + 𝑓 𝑡 , 𝑡 ∈ 𝕋, 𝑥 𝑡0 = 𝑥0  ∈ 𝕏, 

where A: 𝕋 → L(𝕏) (The space of all bounded linear operators from a Banach space 𝕏  into itself) and f is rd-continous 

from a time scale 𝕋 to 𝕏 . Some examples illustrate the applicability of the main results.        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Council for Innovative Research 

Peer Review Research Publishing System 

Journal: Journal of Advances in Mathematics 

Vol 7, No. 1 

editor@cirworld.com 
www.cirworld.com, member.cirworld.com 
 

http://member.cirworld.com/
http://www.cirworld.com/
http://www.cirworld.com/


    ISSN 2347-1921 
 

1096 | P a g e                                                     F e b r u a r y  2 7 ,  2 0 1 4  
 

1. INTRODUCTION 

In the past decades, stability analysis of dynamic systems has been become an important topic both theoretically 
and practically because dynamic systems occur in many areas such as mechanics, physics, and economics. 

        In 1998, Ger and Alsina [11] were the first authors who investigated the Hyers-Ulam stability of differential 
equations. 

           Since then a significant interest in Hyers-Ulam stability, especially in relation to ordinary differential equations, was 
introduced in [9,10,12,13,14,15,17,18,20,22]. Also of interest, many articles are dealing with Hyers-Ulam stability edited by 
Rassias [21]. In 2005 Popa [19] proved the Hyers-Ulam stability of a linear recurrence with constant coefficient, Also 
Wang, Zhou and Sun introduced the Hyers-Ulam stability of linear differential equations of first order [24], see also the 
more recent [6,9].  

          In 2012, Douglas R. Anderson, BenGates, and Dylan Heuer [4] introduced a lemma, which establishes the Hyers-
Ulam stability of linear first order delta dynamic equations.  

          In this paper we generalize and extend the work of Douglas R. Anderson, BenGates and Dylan Heuer [4] to 
investigate the Hyers-Ulam stability of the abstract dynamic equation of the form : 

    𝑥∆ 𝑡 = 𝐴 𝑡 𝑥 𝑡 + 𝑓 𝑡   , 𝑡 ∈ 𝕋, 𝑡 > 𝑡0, 𝑥 𝑡0 = 𝑥0  ∈ 𝕏,                                                      (1.1) 

where A ∈ Crd  𝕋, L X  , the space of all rd-continuous from a time scale 𝕋 to L X  and 𝑓 ∈ Crd  𝕋,𝕏 . 

It is well known [3, 5] that if 𝐴 ∈ 𝐶𝑟𝑑  𝕋, L X   and 𝑓 ∈ 𝐶𝑟𝑑  𝕋,𝕏  such that 

            1) 𝑠𝑢𝑝𝑡 𝐴(𝑡) < ∞, 

            2) A is regressive i.e.   𝐼 + 𝜇 𝑡 𝐴 𝑡   is invertible ∀𝑡 ∈ 𝕋, 

then equation (1.1) has the unique solution 𝑥 𝑡 = 𝑒𝐴 𝑡, 𝑡𝑜  𝑥0, where 𝑒𝐴  is the operator exponential function. For 

more details about properties of eA  see [2]. 

2. Preliminaries 

We need the following definitions and notations from [5] in proving our main results in Section 3. 

Definition 2.1. A time scale 𝕋 is an arbitrary nonempty closed subset of the real numbers ℝ. 

Definition 2.2. The mappings 𝜎, 𝜌 ∶ 𝕋 →  𝕋 defined by 𝜎 𝑡 = 𝑖𝑛𝑓 𝑠 ∈ 𝕋: 𝑠 > 𝑡 , and 𝜌 𝑡 =
𝑠𝑢𝑝 𝑠 ∈ 𝕋: 𝑠 < 𝑡  are called the jump operators. 

Definition 2.3. A point t ∈ 𝕋  is said to be right–dense if 𝜎 𝑡 = 𝑡,  right-scattered if 𝜎 𝑡 > 𝑡,  left-dense if 
𝜌 𝑡 = 𝑡, left-scattered if 𝜌 𝑡 < 𝑡, isolated if 𝜌 𝑡 < 𝑡 < 𝜎 𝑡 , and dense if  𝜌 𝑡 = 𝑡 = 𝜎 𝑡 . 

Definition 2.4. Let t ∈ 𝕋. The graininess function 

𝜇: 𝕋 →  0,∞   is defined as 𝜇 𝑡 = 𝜎 𝑡 − 𝑡. 

Definition 2.5. A function 𝑓: 𝕋 → 𝕏 is called rd-continuous provided    

(i) f is continuous at every right –dense point; 

(ii) 𝑙𝑖𝑚𝑠→𝑡− 𝑓(𝑠) exists (finite) at left-dense points in 𝕋. 

The set of rd-continuous functions 𝑓: 𝕋 → ℝ  will be denoted by 𝐶𝑟𝑑  𝕋,ℝ . 

Definition 2.6. (The Delta Derivative). A function 𝑓: 𝕋 → 𝕏 is called ∆-differentiable at 𝑡 ∈ 𝕋𝑘  if there exists an 

element 𝑓∆(𝑡) ∈ 𝕏 such that for any 𝜀 > 0 there is  𝛿 > 0 such that: 

  𝑓 𝜎 𝑡  − 𝑓 𝑠  − 𝑓∆ 𝑡  𝜎 𝑡 − 𝑠  ≤ 𝜀 𝜎 𝑡 − 𝑠 , 𝑠 ∈ (𝑡 − 𝛿, 𝑡 + 𝛿) ∩ 𝕋. 

In this case 𝑓∆ 𝑡  is called the delta derivative of f at t, provided it exists and we have 

                   𝑓∆ 𝑡 = lim
𝑠→𝑡

𝑓 𝜎 𝑡  − 𝑓(𝑠)

𝜎 𝑡 − 𝑠
.                                                                                               ( 2.1 ) 
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If 𝑓∆ 𝑡  exists for all 𝑡 ∈ 𝕋𝑘 , we say that f is delta differentiable on 𝕋𝑘 , where 

𝕋𝑘 =  
  𝕋\ (𝜌(sup𝕋) , sup𝕋                𝑖𝑓 sup𝕋 < ∞ 
          𝕋                                          𝑖𝑓 sup𝕋 = ∞.

  

The set of all functions 𝑓: 𝕋 → 𝕏  that are differentiable and whose derivatives are rd-continuous is denoted by 

 𝐶𝑟𝑑
1  𝕋,𝕏 . 

Definition 2.7. A function 𝑓: 𝕋 → ℝ  is called regulated provided its right-sided limits exist (finite) at all right-dense 

points in  𝕋 and its left-sided limits exist (finite) at all left-dense points in 𝕋. 

Definition  2.8. Let 𝑓: 𝕋 → 𝕏  be regulated function. Any function F which satisfies 𝐹∆ 𝑡 = 𝑓 𝑡  for all 𝑡 ∈ 𝕋𝑘 ,  
is called a pre-antiderivative of 𝑓. We define the indefinite integral of a regulated function f  by 

                 𝑓 𝑡 ∆𝑡 = 𝐹 𝑡 + 𝐶,                                                                                                        (2.2) 

where C is an arbitrary constant. We define the Cauchy integral of 𝑓 by 

                  𝑓 𝑡 
𝑠

𝑟

∆𝑡 = 𝐹 𝑠 − 𝐹 𝑟 ,    𝑟, 𝑠 ∈ 𝕋.                                                                            (2.3) 

Definition 2.9. We say that a function 𝑝: 𝕋 → ℝ is regressive provided 

1 + 𝜇 𝑡 𝑝(𝑡) ≠ 0 ,        for all 𝑡 ∈ 𝕋. 

The set of all regressive functions 𝑓: 𝕋 → ℝ will be denoted by ℛ = ℛ 𝕋,ℝ . 

Definition 2.10 (The Generalized Exponential Function). 

If 𝑝 ∈ ℛ, then we define the exponential function 𝑒𝑝(𝑡, 𝑠) by 

                       𝑒𝑝 𝑡, 𝑠 = exp  𝜉𝜇 𝑡 

𝑡

𝑠

 𝑝 𝜏  ∆𝜏 , 𝑓𝑜𝑟 𝑠, 𝑡 ∈ 𝕋, 

where 

𝜉𝜇 𝑠  𝑝 𝑠  =  

1

𝜇 𝑠 
𝑙𝑜𝑔( 1 + 𝜇 𝑠 𝑝 𝑠  + 𝑖 𝐴𝑟𝑔(1 + 𝜇 𝑠 𝑝 𝑠 )),   𝑓𝑜𝑟 𝜇 𝑠 > 0  

𝑝 𝑠                                                                                          𝜇 𝑠 = 0       

  

Definition 2.11 [23]. We say that the equation  

                          𝑥∆ 𝑡 = 𝐹 𝑡, 𝑥 ,   𝑡 ∈ 𝕋.                                                                                   (  2.4 ) 

has  Hyers-Ulam stability if for every 𝜀 > 0  and 𝑢 ∈  𝐶𝑟𝑑
1  𝕋, 𝕏  satisfies 

 𝑢∆ 𝑡 − 𝐹(𝑡, 𝑢 𝑡 ) < 𝜀,         𝑡 ∈ 𝕋,  

there exists a solution 𝑥 of  2.4  such that: 

 𝑢 𝑡 − 𝑥(𝑡) < 𝐿𝜀, 𝑡 ∈ 𝕋   for some 𝐿 > 0. 

3. HYERS-ULAM STABILITY FOR ABSTRACT FIRST ORDER LINEAR DYNAMIC 
EQUATIONS. 

This section contains two parts. We begin the first part by assuming that 𝐴 ∈ 𝐶𝑟𝑑  𝕋, L 𝕏  , 𝑓 ∈ 𝐶𝑟𝑑  𝕋, 𝕏 . In 

addition we assume that A satisfies the following conditions:  

(1) 𝑠𝑢𝑝𝑡 𝐴(𝑡) < ∞ 

(2) A is regressive, 
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which implies that the following abstract initial value problem  I. V. P : 

𝑥∆ 𝑡 = 𝐴 𝑡 𝑥 𝑡 + 𝑓 𝑡 ,   𝑡 ∈ 𝕋 , 𝑡 > 𝑡0, 

                                     𝑥(𝑡0) = 𝑥0 ∈ 𝕏,                                                                               (3.1)   

has the unique solution 

𝑥 𝑡 = 𝑒𝐴 𝑡, 𝑡0 𝑥0 +  𝑒𝐴 𝑡, 𝜎 𝑠  𝑓 𝑠 ∆𝑠.                                                                (3.2)   
𝑡

𝑡0

 

For more details about the properties of the operator exponential function, see [2, 3]. The main result of this part is the 
following 

Theorem 3.1. If the function   

            𝐹 𝑡 =   𝑒𝐴 𝑡, 𝜎 𝑠   ∆𝑠, 𝑡0 ∈
𝑡

𝑡0

𝕋                                                                  (3.3)  

is bounded, then the equation(3.1)  has Hyers-Ulam stability, That is, whenever for every 𝜀 > 0, 𝑔 ∈ 𝐶𝑟𝑑
1  𝕋, 𝕏  

satisfies: 

‖𝑔∆(𝑡) − 𝐴(𝑡)𝑔(𝑡) − 𝑓(𝑡) ‖ ≤ 𝜀, 𝑡 ∈ 𝕋, 𝑡 ≥ 𝑡0,  

there exists a solution 𝒗 ∈ 𝑪𝒓𝒅
∆  𝕋,𝕏  𝒐𝒇  𝟑. 𝟏   such that: 

‖𝒈(𝒕) − 𝒗(𝒕)‖≤ 𝑳𝛆, 𝒕 ∈ 𝕋 , 𝒕 ≥ 𝒕𝟎   for some constant 𝑳 > 0. 

Proof. Given 𝛆>0, suppose there exists 𝒈 ∈ 𝑪𝒓𝒅
𝟏  𝕋,𝕏  that   satisfies 

 𝒈∆ 𝒕 − 𝑨 𝒕 𝒈 𝒕 − 𝒇 𝒕  ≤ ԑ ,   𝒕 ∈ 𝕋, 𝐭 ≥ 𝐭𝟎 .  

Set 

                            𝑕 𝑡 : = 𝑔∆ 𝑡 − 𝐴 𝑡 𝑔 𝑡 − 𝑓 𝑡 , 𝑔 𝑡0 = 𝑔0 ∈ 𝕏.                             (3.4) 

By [2], g is given by 

        𝑔 𝑡 =  𝑒𝐴 𝑡, 𝑡0 𝑔0 +  𝑒𝐴 𝑡, 𝜎 𝑠   𝑓 𝑠 + 𝑕 𝑠  ∆𝑠.

𝑡

𝑡0

                                (3.5) 

The unique solution of the initial value problem  

                                  𝑣∆ − 𝐴𝑣 − 𝑓 = 0,   𝑣 𝑡0 = 𝑔0                                                   (3.6)  

is given by 

                                 𝑣 𝑡 = 𝑒𝐴 𝑡, 𝑡0 𝑔0 +  𝑒𝐴 𝑡, 𝜎 𝑠  𝑓 𝑠 ∆𝑠 , 𝑡 ∈ 𝕋.

𝑡

𝑡0

                              (3.7) 

Since  𝑕(𝑡) ≤ 𝜀, 𝑡 ≥ 𝑡0, then 

                                    𝑔 𝑡 –𝑣 𝑡  =  ‖𝑒𝐴  (𝑡, 𝜎 𝑠 ) 𝑕(𝑠)‖∆𝑠

𝑡

𝑡0

 

                                                             ≤ 𝜀𝑠𝑢𝑝𝑡∈𝕋𝐹 𝑡 ,   𝑡 ≥ 𝑡0. 

This completes the proof.  

As a direct consequence, in view of the boundedness of 𝐹 𝑡 =  ‖𝑒𝐴 𝑡, 𝜎 𝑠 ) ∆𝑠 on 𝑎, 𝑏 𝕋
𝑡

𝑡0
, 

 we obtain  the following result 
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Corollary 3.2. The equation  

𝑥∆ 𝑡 = 𝐴 𝑡 𝑥 𝑡 + 𝑓 𝑡  , 𝑡 ∈  𝑎, 𝑏 𝕋, 𝑡 > 𝑡0  ,                                    (3.8) 

                       𝑥 𝑡0 = 𝑥0   

has Hyers-Ulam stability. 

The previous result yields the result in [4], when both of f and A are scalar functions. 

The second part is devoting to studying the Hyers-Ulam stability of first order dynamic equations when the linear operator 
𝐴 is non-regressive and time invariant. We assume that A is the generator of a C0–semigroup  𝑇(𝑡) 𝑡∈𝕋. Here 

𝕋 ∈ ℝ ≥ 0 is a time scale semigroup in the sense that, 𝑎 − 𝑏 ∈ 𝕋, for all 𝑎, 𝑏 ∈ 𝕋 with 𝑎 > 𝑏. We refer the 

reader to [1,16]. 

As usual a 𝐶0 −semigroup 𝑇 on 𝕋 is a family of bounded linear operators  𝑇 𝑡 : 𝑡 ∈ 𝕋 ⊂ 𝐿(𝕏),  satisfying 

1.𝑇 0 = 𝐼,  (I is the identity operator on 𝕏). 

2.  𝑇 𝑡 + 𝑠 = 𝑇 𝑡 𝑇 𝑠  for every 𝑡, 𝑠 ∈ 𝕋. 

3.  lim𝑡→0 𝑇 𝑡 𝑥 = 𝑥  ( 𝑖. 𝑒. 𝑇 .  𝑥 ∶ 𝕋 → 𝕏  is continous 0 for each 𝑥 ∈ 𝕏). 

Definition 3.1 [1]. Let T be 𝑎 C0 −semigroup on  𝕋. We say that a linear operator A is the generator of T if 

𝐴𝑥 = lim
𝑠→0

𝑇 𝜇 𝑡  𝑥 − 𝑇 𝑠 𝑥

𝜇 𝑡 − 𝑠
,    𝑥 ∈ 𝐷  𝐴 , 

where the domain 𝐷 𝐴 of 𝐴 is the set of all 𝑥 ∈ 𝕏 for which the above limit exists uniformly in t. 

Theorem3.3. Let A be the generator of a 𝐶0–semigroup  𝑇(𝑡) 𝑡∈𝕋, 𝑓 ∈ 𝐶𝑟𝑑  𝕋,𝕏  such that the function 

𝐹 𝑡 =   𝑇(𝑡 − 𝜎(𝑠) ∆𝑠,   𝑡0 ∈ 𝕋
𝑡

𝑡0
 is bounded. Then the I.V.P 

𝑥∆ 𝑡 = 𝐴𝑥 𝑡 + 𝑓 𝑡 ,   𝑡 ∈ 𝕋 , 𝑡 > 𝑡0, 

                                          𝑥(𝑡0) = 𝑥0 ∈ 𝐷(𝐴),                                                                         (3.9)   

 has Hyers-Ulam stability. 

Proof. Given 𝛆 > 0, suppose there exist 𝒈 ∈ 𝑪𝒓𝒅
𝟏  𝕋,𝕏  that satisfies 

                   𝒈∆ 𝒕 − 𝑨 𝒈 𝒕 − 𝒇 𝒕  ≤ ԑ , 𝒕 ∈ 𝕋,   𝒕 ≥ 𝒕𝟎 .   

Set            𝑕 𝑡 : =  𝑔∆ 𝑡 − 𝐴 𝑔 𝑡 − 𝑓 𝑡 , 𝑡 ∈ 𝕋, 𝑔 𝑡0  = 𝑔0.                               

Since, the linear dynamic equation (3.1) including a non-regressive operator A, and despite of the exponential function 

does not exist, the dynamic equation has a solution given in terms of the semigroup generating A. see [1]. So, 𝑔 is given 

by, 

𝑔(𝑡) = 𝑇 (𝑡 − 𝑡0) 𝑔0  +  𝑇 𝑡 − 𝜎 𝑠   𝑓 𝑠 + 𝑕 𝑠  ∆𝑠                    

𝑡

𝑡0

 

Let 𝑣 ∈ 𝐶𝑟𝑑
∆ (𝕋) be the unique solution of the initial value problem 

𝑣∆ − 𝐴𝑣 − 𝑓 = 0   ,          𝑣 𝑡0 = 𝑔0                                                          

is given by  

𝑣 𝑡 = 𝑇 𝑡 − 𝑡0 𝑔0  +  𝑇 𝑡 − 𝜎 𝑠  𝑓 𝑠 ∆𝑠

𝑡

𝑡0

.                                  

We obtain 
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‖𝑔(𝑡) –𝑣(𝑡) ‖ =    ‖𝑇 (𝑡 − 𝜎 𝑠 )𝑕(𝑠)‖∆𝑠
𝑡

𝑡0

 

                          ≤ 𝜀   𝑇 𝑡 − 𝜎 𝑠   ∆𝑠 ≤ 𝜀

𝑡

𝑡0

supt∈𝕋 𝐹 𝑡 . 

Therefore,   the equation (3.9) has Hyers-Ulam stability. 

4. Illustrative examples 

The following examples show the applicability of the main results.  

Example 4.1. 

The linear dynamic equation 

                           𝑥∆ 𝑡 = 𝐴 𝑡 𝑥 𝑡 , 𝑡 ∈ 𝕋, 𝑡 > 0,    𝑥 0 = 𝑥0 ∈ ℝ 2 ,                        (4.1)     

has Hyres-Ulam stability on 𝕋 = ℝ≥0, where 𝐴 𝑡  is the 2x2 matrix defined by  

𝐴 𝑡 =  
−𝑡    0
  0 −𝑡

  ,   𝑡 ∈ 𝕋. 

We use the formula in [7], for 𝕋 = ℝ≥0, to get  

𝑒𝐴 𝑡, 𝜎 𝑠  = 𝑒𝐴 𝑡, 𝑠  

                     = 𝐼 +  𝐴(𝑦1

𝑡

𝑠

)∆𝑦1 +  𝐴(𝑦1

𝑡

𝑠

) 𝐴(𝑦2

𝑦1

𝑠

)∆𝑦2∆𝑦1 + ⋯                  

+  𝐴(𝑦1

𝑡

𝑠

) 𝐴(𝑦2

𝑦1

𝑠
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And 

                     ‖𝑒𝐴 𝑡, 𝜎 𝑠  ‖ = 𝑒
−(𝑡2−𝑠2)

2  

Since  𝐹 𝑡 =  𝑒
−(𝑡2−𝑠2)

2
𝑡

0
𝑑𝑠   is bounded, then by Theorem 3.1, equation  (4.1)  has Hyres-Ulam stability on 

𝕋 = ℝ≥0 . 

In the following example we see that the boundedness of the function 𝐹 defined by (3.3) is essential for the Hyers-Ulam 

stability of equation  3.1 . 

Example 4.2. Consider the following linear dynamic system, 

                             𝑥∆ 𝑡 = 𝐴 𝑡 𝑥 𝑡 , 𝑡 > 0, 𝑡 ∈ 𝕋        , 𝑥 0 = 𝑥0 ,                        (4.2) 
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where 𝐴 𝑡 =  
0   0
0 −2

 . We see that A is regressive when 𝜇 𝑡 ≠
1

2
 for all 𝑡 ∈ 𝕋. In this case the matrix exponential 

function 𝑒𝐴 𝑡, 0  is given by 

𝑒𝐴 𝑡, 𝜎 𝑠  =  
1                 0   

   0    𝑒−2  𝑡, 𝜎 𝑠  
  

We see that the generalized exponential function 𝑒−2  𝑡, 𝜎 𝑠   is given by: 

(i) 𝑒−2  𝑡, 𝜎 𝑠  = 𝑒−2(𝑡−𝑠) 𝑖𝑓 𝑡 ∈ 𝕋 = ℝ≥0 

(ii) 𝑒−2  𝑡, 𝜎 𝑠  = (1 − 2𝑕)
(𝑡−𝑠−𝑕)

𝑕   𝑖𝑓 𝑡 ∈ 𝕋 = 𝑕ℤ≥0, 𝑕 ≠
1

2
. 

When 𝕋 = ℝ≥0 , 𝑒𝐴 𝑡, 𝑠 =  
1             0   

0          𝑒−2(𝑡−𝑠) . Hence 

‖ 𝑒𝐴 𝑡, 𝑠 ‖ =  𝑒−4(𝑡−𝑠) + 1 ≥ 1 and  ‖𝑒𝐴 𝑡, 𝑠 ‖𝑑𝑠
𝑡

0
≥ 𝑡,   𝑡 ∈ 𝕋 . This implies that  ‖𝑒𝐴 𝑡, 𝑠 ‖𝑑𝑠

𝑡

0
 is 

unbounded. Now we check that the I.V.P (4.2) does not have Hyers-Ulam stability on 𝕋 = ℝ≥0. 

Let 𝜀 > 0 and 𝑔 = 𝜀  
−
𝑡

2
1

3

 . We have  𝑔∆ − 𝐴𝑔 < 𝜀. Now, let  𝑣 𝑡  be the solution of the equation (4.2) with 

the initial value  𝑔0 =   
𝑥
𝑦 ∈ ℝ 2

 . Then, 

𝑣 𝑡 = 𝑒𝐴 𝑡, 0 𝑔0 =  
1 0
0 𝑒−2𝑡  

𝑥
𝑦 =  

0
𝑦𝑒−2𝑡 . 

So, 

 𝑔 𝑡 − 𝑣(𝑡) =   
−𝑡𝜀/2

𝜀/3 − 𝑦𝑒−2𝑡  =  (−𝑡𝜀/2)2 + (𝜀/3 − 𝑦𝑒−2𝑡)2 → ∞ 𝑎𝑠 𝑡 → ∞. Therefore, 

equation(4.2) does not have Hyers-Ulam stability on 𝕋 = ℝ≥0. 

When 𝕋 = 𝑕ℤ≥0, 𝑕 ≠
1

2
, 𝑒𝐴 𝑡, 𝜎 𝑠  =  

1                       0   

      0          (1 − 2𝑕)
𝑡−𝑠−𝑕

𝑕
 , and 

          ‖𝑒𝐴 𝑡, 𝜎 𝑠  ‖ =  1 + ((1 − 2𝑕)
(𝑡−𝑠−𝑕)

𝑕 )2 ≥ 1, 𝑡 ∈ 𝕋,   Hence,  

 ‖𝑒𝐴 𝑡, 𝜎 𝑠  ‖∆𝑠
𝑡

0
≥ 𝑡, 𝑡 ∈ 𝕋  and   ‖𝑒𝐴 𝑡, 𝜎 𝑠  ‖∆𝑠

𝑡

0
 is unbounded. Similarly, we can show that the I.V.P 

(4.2) does not have Hyers-Ulam stability on 𝕋 = 𝑕ℤ≥0, 𝑕 ≠
1

2
.  Indeed, 

let 𝜀 > 0 𝑎𝑛𝑑 𝑔 = 𝜀  
−𝑡/2
1/3

 .  This implies that  𝑔∆ − 𝐴𝑔 =   
−𝜀/2
2𝜀/3

  ≤  𝜀. 

A solution 𝑣 𝑡  of the equation (4.2) with the initial value 𝑔0 =   
𝑥
𝑦 ∈ ℝ 2

 is given by    

𝑣 𝑡 = 𝑒𝐴 𝑡, 0 𝑔0 =  
0

𝑦(1 − 2𝑕)
𝑡
𝑕
 . We have     

                 𝑔 𝑡 − 𝑣(𝑡) =   
−𝑡𝜀/2

𝜀/3 − 𝑦(1 − 2𝑕)
𝑡
𝑕
   

  =  (−𝑡𝜀/2)2 + (𝜀/3 − 𝑦(1 − 2𝑕)
𝑡
𝑕)2 → ∞ 𝑎𝑠 𝑡 → ∞ 
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Therefore, equation (4.2) does not have Hyers-Ulam stability on 𝕋 = 𝑕𝕫≥0 ,  
2

1
h . 

In the following example we treat with the case
2

1
h . 

Example 4.3s. Consider the linear dynamic equation 

                 𝑥∆ 𝑡 = 𝐴 𝑡 𝑥 𝑡 , 𝑡 ∈ 𝕋, 𝑡 > 0        , 𝑥 0 = 𝑥0 ,                                 (4.3) 

where  𝐴 =  
0    0
0 −2

  with the time scale 𝕋 =  
𝑛

2
: 𝑛 ∈ 𝕫≥0 . Here  𝜇 𝑡 =

2

1
. 

The operator 𝐼 + 𝜇𝐴 =  
1    0
0    0

  is not invertible, i.e. A is non-regressive and the matrix exponential function 

𝑒𝐴 𝑡, 0  does not exist. On the other hand A is the generator of the C0 –semigroup   𝑇 𝑘 = (𝐼 + 𝜇𝐴)2𝑘 , 𝑘 ∈

𝕫≥0. See [1] and [16]. Thus  𝑇 𝑘 =  
1 0
0 0

 , 𝑘 ∈ 𝕫≥1 . 

Let  𝜀 > 0.  Again, taking  𝑔 = 𝜀  
−𝑡/2
1/3

 ,  we get  𝑔∆ 𝑡 − 𝐴𝑔(𝑡) < 𝜀. 

According to [1], any solution 𝑣 𝑡  of equation (4.3) with initial value 𝑥0 =  
𝑥 
𝑦 , is given by  

𝑣 𝑡 = 𝑇 𝑡 𝑥0 =  
1 0
0 0

  
𝑥 
𝑦 =  

𝑥 
0
 .  This implies  𝑔 𝑡 − 𝑣(𝑡) =  (𝜀𝑡/2+𝑥)2 + (𝜀/3)2 →

∞ 𝑎𝑠 𝑡 → ∞. Therefore, equation (4.3) does not have Hyers-Ulam stability on 𝕋 =
2

1
ℤ≥0.  

Example 4.4. Consider the following non-homogeneous linear dynamic equation 

     𝑥∆ 𝑡 − 𝐴𝑥 𝑡 − 𝑓 𝑡 = 0 , 𝑡 > 0, 𝑡 ∈ 𝕋       , 𝑥 0 = 𝑥0 ,                          (4.4) 

where 𝐴 =  
0    0
0 −1

  with the time scale 𝕋 = 𝕫≥0, and 𝑓 𝑡 =  
0

−2𝑡 − 2
 . 

We have that 𝜇 𝑡 = 1. So,  𝐼 + 𝜇𝐴 =  
1 0
0 0

  is not invertible i.e. A is non-regressive, and the matrix exponential 

function 𝑒𝐴 𝑡, 0  does not exist. On the other hand A is the generator of the C0 –semigroup   𝑇 𝑘 = (𝐼 + 𝜇𝐴)𝑘 ,

𝑘 ∈ 𝕫≥0. We have 𝑇 𝑘 =  
1 0
0 0

 , 𝑘 ∈ 𝕫≥1 . One can see that equation (4.4) does not have Hyers-Ulam stability 

on 𝕋 = 𝕫≥0. Indeed, 

let  𝜀 > 0, and 𝑔 𝑡 =  (−𝜀𝑡/2)+1
𝜀/3−2𝑡

 . Then  𝑔∆ 𝑡 − 𝐴𝑔 𝑡 − 𝑓(𝑡) ≤ 𝜀. 

A solution 𝑣 𝑡  of equation (4.4) with an initial value 𝑔0 =  
𝑥 
𝑦  is given by 

𝑣 𝑡 =  
1 0
0 0

  
𝑥 
𝑦 +   

1 0
0 0

  
0

−2𝑠 − 2
 ∆𝑠

𝑡

0
 =  

 𝑥 
0
  . We conclude that 

 𝑔 t − 𝑣 𝑡  =  (−
𝑡

2
𝜀 + 1 − 𝑥)2 + (

1

3
𝜀 − 2𝑡)2 → ∞ 𝑎𝑠 𝑡 → ∞. 

Therefore, equation(4.4) does not have Hyers-Ulam stability. 

Example 4.5. Now, we consider the linear dynamic system, 

            𝑥∆ 𝑡 = 𝐴𝑥 𝑡 , 𝑡 > 0 , 𝑡 ∈ 𝕋       , 𝑥 0 = 𝑥0 ,                                         (4.5) 
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Where 𝐴 𝑡 =  
−

1

2

1

2

0 −2
  with the time scale 𝕋 =

1

2
𝕫≥0. The operator 

𝐼 + 𝜇𝐴 =  
3

4

1

4

0   0
   is not invertible and  A is the generator of the C0 –semigroup 

𝑇 𝑡 = (𝐼 + 𝜇𝐴)2𝑡 = (
1

4
)2𝑡  

3 1
0 0

 
2𝑡

= (
3

4
)2𝑡  

1 1/3
0 0

 , 𝑡 ∈ 𝕋 . Thus  𝑇 𝑡  =
 10

3
 (

3

4
)2𝑡 , 𝑡 ∈ 𝕋 =

1

2
𝕫≥0. We conclude that    𝑇(𝑡 − 𝜎(𝑠) ∆𝑠

𝑡

𝑡0
= 4

 10

3
. (1 −  3

4
 

2𝑡
) which is a bounded function. Therefore, by 

Theorem 3.3 equation (4.5) has Hyers-Ulam stability on 𝕋 =
1

2
𝕫≥0. 

Example 4.6. Consider the linear dynamic system, 

           𝑥∆ 𝑡 = 𝐴𝑥 𝑡         , 𝑥 0 = 𝑥0 ,    𝑡 ∈ 𝕋,                                        (4.6) 

where 𝐴 =  
1    1

1 −
5

3

  with the time scale 𝕋 =
1

2
𝕫≥0.  Hence 𝐼 + 𝜇𝐴 =  

3

2

1

2
1

2

1

6

  is not invertible and 𝐴  is the 

generator of the C0 –semigroup  𝑇 𝑡 = (𝐼 +
1

2
𝐴)2𝑡 = (

1

4
)𝑡  

3 1
1 1/3

 
2𝑡

. 

By Putzer Algorithm, [8], we have  

                                 𝑇 𝑡 = (
1

4
)𝑡(

10

3
)2𝑡−1  

3 1
1 1/3

 ,  

and 

                                𝑇 𝑡  = (
1

2
)2𝑡(

10

3
)2𝑡  

                                              = (
5

3
)2𝑡  ,    𝑡 ∈ 𝕋 =

1

2
𝕫≥0.  

We have   𝑇(𝑡 − 𝜎(𝑠) ∆𝑠
𝑡

𝑡0
=   𝑇(𝑡 − 𝑠 − 1

2
) 

𝑡−1
2

𝑠=0 =  
3

2
 ((

5

3
)2𝑡 − 1), which is unbounded. We leave the 

reader to check that equation (4.6) does not have Hyers-Ulam stability. 
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