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ABSTRACT

In this paper we investigate the Hyers-Ulam Stability of the abstract dynamic equation of the form
x2(t) = A()x(t) + f(t), teT, x(ty) =x, €X,

where A: T - L(X) (The space of all bounded linear operators from a Banach space X into itself) and f is rd-continous
from a time scale T to X . Some examples illustrate the applicability of the main results.
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1. INTRODUCTION

In the past decades, stability analysis of dynamic systems has been become an important topic both theoretically
and practically because dynamic systems occur in many areas such as mechanics, physics, and economics.

In 1998, Ger and Alsina [11] were the first authors who investigated the Hyers-Ulam stability of differential
equations.

Since then a significant interest in Hyers-Ulam stability, especially in relation to ordinary differential equations, was
introduced in [9,10,12,13,14,15,17,18,20,22]. Also of interest, many articles are dealing with Hyers-Ulam stability edited by
Rassias [21]. In 2005 Popa [19] proved the Hyers-Ulam stability of a linear recurrence with constant coefficient, Also
Wang, Zhou and Sun introduced the Hyers-Ulam stability of linear differential equations of first order [24], see also the
more recent [6,9].

In 2012, Douglas R. Anderson, BenGates, and Dylan Heuer [4] introduced a lemma, which establishes the Hyers-
Ulam stability of linear first order delta dynamic equations.

In this paper we generalize and extend the work of Douglas R. Anderson, BenGates and Dylan Heuer [4] to
investigate the Hyers-Ulam stability of the abstract dynamic equation of the form :

x2(t) = A@Wx(t) + f(t) ,t €T, t >ty x(ty) =xy €X, (1.1)
where A € Cpq (T, L(X)), the space of all rd-continuous from a time scale T to L(X) and f € Cp4 (T, X).
Itis well known [3, 5] that if A € Cpq (T, L(X)) and f € C,4 (T, X) such that
1) sup,|A(D)] < oo,
2) Alis regressive i.e. (I + ,u(t)A(t)) is invertible Vt € T,

then equation (1.1) has the unique solution X(t) = e4(t,t,) Xo where €, is the operator exponential function. For
more details about properties of €4 see [2].

2. Preliminaries

We need the following definitions and notations from [5] in proving our main results in Section 3.
Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the real numbers R.

Definition 2.2. The mappings g, p : T — T defined by a(t) = inf{s € T:s > t}, and p(t) =
Sup{s ET:s < t} are called the jump operators.

Definition 2.3. A point te T is said to be right-dense if o(t) = t, right-scattered if a(t) > t, left-dense if
p(t) = t, left-scattered if p(t) < t,isolated if p(t) < t < o (t), and dense if p(t) =t = o (t).

Definition 2.4. Let t € T. The graininess function

u: T - [0, 0] is defined as u(t) = a(t) — t.

Definition 2.5. A function f: T — Xis called rd-continuous provided

(i) fis continuous at every right —dense point;

(i1) limy_;~ f(s) exists (finite) at left-dense points in T.

The set of rd-continuous functions f: T — R will be denoted by C,4 (T, R).

Definition 2.6. (The Delta Derivative). A function f: T — Xis called A-differentiable att € T¥ if there exists an
element f2(t) € X such that for any € > 0 thereis § > 0 such that:

I[f(c@®) = F(&)] = FAWO[a(@®) = s]|| < elo(t) —sl,s€ (t—8,t+8)NT.

In this case fA(t) is called the delta derivative of f at t, provided it exists and we have

fle®) — /&)

o(t)—s

FA() = lsl_r,rtl (2.1)
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If fA(t) exists for all t € TX, we say that fis delta differentiable on T, where

'H‘k _ { T\(P(SUPT);SUPT] lf Sup']l‘ < o
- T if supT = oo,

The set of all functions f: T — X that are differentiable and whose derivatives are rd-continuous is denoted by

cL (T, X).

Definition 2.7. A function f: T — R is called regulated provided its right-sided limits exist (finite) at all right-dense
points in T and its left-sided limits exist (finite) at all left-dense points in T.

Definition 2.8. Let f: T — X be regulated function. Any function F which satisfies F2(t) = f(t) forall t € T¥,
is called a pre-antiderivative of f . We define the indefinite integral of a regulated function f by

f f(®)At =F(t) + C, (2.2)

where C is an arbitrary constant. We define the Cauchy integral of f by

fsf(t) At =F(s)—F(r), r,s€eT. (2.3)

Definition 2.9. We say that a function p: T — R is regressive provided
14+ u®)p() =0, forallteT.

The set of all regressive functions f: T — R will be denoted by R = R(T, R).

Definition 2.10 (The Generalized Exponential Function).

It p € R, then we define the exponential function e, (t, s) by

e (t,s) = exp (f $uo) (p(r))Ar), fors,t €T,

where
1 .
£, (0()) = mlog(ll +u(p()l + i Arg(1 + u(s)p(s))), foru(s) >0
p(s) u(s) =0
Definition 2.11 [23]. We say that the equation
x2(t) = F(t,x), t€T. (24)

has Hyers-Ulam stability if for every € > 0 and u € Crld (T, X) satisfies
|ut@®) — F(tu(®)| <&  teT,
there exists a solution X Of (2.4) such that:
lu(t) — x(t)|| < Le,t € T for someL > 0.

3. HYERS-ULAM STABILITY FOR ABSTRACT FIRST ORDER LINEAR DYNAMIC
EQUATIONS.

This section contains two parts. We begin the first part by assuming that A € C,4 (']I', L(X)),f € C,q(T,X). In

addition we assume that A satisfies the following conditions:
1) supe|A(D)] < oo

(2) A is regressive,
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which implies that the following abstract initial value problem (1. V. P):
x2(t) = A)x(t) + f(t), teT, t >t

has the unique solution

x(t) = ey (t, ty)x +f ey (t,a(s))f(s)As. (3.2)

For more details about the properties of the operator exponential function, see [2, 3]. The main result of this part is the
following

Theorem 3.1. If the function
t
F(O) = j lea(t,0())||8s, to €T (33)
to

is bounded, then the equation(3.1) has Hyers-Ulam stability, That is, whenever for every € > 0, g€ Crld (']I', X)
satisfies:

1g°®) -AOIO - f(O lIse tET, t 2t
there exists a solution ¥ € Chg(T,X) of (3.1) such that:
lg(t) —v(t)||s Le,t € T,t =ty for some constant L > 0.

Proof. Given €>0, suppose there exists g € C,l.d (']I', X) that satisfies

lg*@® - A®g®) - F®)| <&, tET 21,

Set
h(®):= g ) -A®g@®) - @),  g(tp) = go € X. (3.4)
By [2], g is given by
90 = ex(tto)go + [ ea(t. o)) + h(s)1as. 35)

The unique solution of the initial value problem
vh-Av-f =0, v(ty) = go (3.6)

is given by
t

v(t) = ey(t, ty)go + f ey (t,a(s))f(s)As ,t € T. (3.7)

to

since [|h(t)|| < & t = ¢ty then
lg(©- vl = f lea (¢, 0()) h(s)l|As

< esupierF (t), t =t

This completes the proof.
As a direct consequence, in view of the boundedness of F (t) = fti) llea (t, a(s))||As on[a, b]r,

we obtain the following result
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Corollary 3.2. The equation
x2(t) = A(®)x(t) + f (1), t € [a,blp,t >ty , (3.8)

x(to) = xo
has Hyers-Ulam stability.
The previous result yields the result in [4], when both of f and A are scalar functions.

The second part is devoting to studying the Hyers-Ulam stability of first order dynamic equations when the linear operator
Ais non-regressive and time invariant. We assume that A is the generator of a Cp—semigroup {T'(t)};er. Here

T € R>0is a time scale semigroup in the sense that, a — b € T, for all a,b € T with a > b. we refer the
reader to [1,16].

As usual a Cy —semigroup T on T is a family of bounded linear operators {T'(t): t € T} c L(X), satisfying
1.T(0) =1, (I'is the identity operator on X).

2. T(t+s)=T(t)T(s)foreveryt,s € T.

3. lim,oT(t)x =x (i.e.T(.)x: T = X is continous 0 for each x € X).

Definition 3.1 [1]. Let T be a Cy —semigroup on T. We say that a linear operator A is the generator of T if

. limT('u(t))x - T(s)x
s-0 M(t) -S

where the domain D (A)of A is the set of all X € X for which the above limit exists uniformly in t.

, x€D((A),

Theorem3.3. Let A be the generator of a Cg—semigroup {T (t)}sem, f € Cyq (T, X) such that the function
F(t) = fttO”T(t —a(s)||As, ty € T is bounded. Then the I.V.P

x2(t) = Ax(t) + f(t), teT, t >t
x(ty) = xo € D(A), (3.9)
has Hyers-Ulam stability.

Proof. Given € > 0, suppose there exist g € C,l.d (T, X) that satisfies
lg"@® —Ag®) —f@®)| e, teT t=t,.
Set  h(D):= g -A4g®)-f@), teT, g(t) = go.

Since, the linear dynamic equation (3.1) including a non-regressive operator A, and despite of the exponential function

does not exist, the dynamic equation has a solution given in terms of the semigroup generating A. see [1]. So, g is given
by,
t

9O =T (- t) go + [ T(t=0@)IF ) + )]s
to
Letv € C,,Ad (T) be the unique solution of the initial value problem
vi-Av-f=0, v(ty) = 9o

is given by
t

v(t) =T(t-ty)gy + fT(t - o(s))f(s)As.
We obtain
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lg@® -v(@® |l = tf IT (t - o(s)h(s)llAs

t
<¢ J.”T(t - a(s))”As < e supiet F(2).
to

Therefore, the equation (3.9) has Hyers-Ulam stability.
4. lllustrative examples
The following examples show the applicability of the main results.
Example 4.1.
The linear dynamic equation
x2(t) = A()x(t),t €T, t>0, x(0)=x, €R?, (4.1)

has Hyres-Ulam stability on T = RZ?, where A(t) is the 2X2 matrix defined by
-t 0
A =| | te.
() o
We use the formula in [7], for T = R=, to get

e, (t,a(s)) =e,(t,s)
t t Y1
— 1+ [ A0ay + [ 400 [ A0DAv, A+

+ J;tAOﬁ) LylA(yz) "-LYi_lA(yi)Ayi wAyy + e

t t N Y Y
=1 - [y dy b+ 7y, [y dy,dyy T+ (D7 [yy [V Jy,dy,dy b+
S S . S S S
2 3 i
t2—s2 1 t2—52 1 t2—32 il t2—52
=1- | += | —= l+..+(C-D) = —— | I +...
2 2! 2 3 2 i! 2
il s
=e 2
And
~(t%—s2
llealt,a(s)]l = e 2
P Gt
Since F(t) = fo e 2 ds is bounded, then by Theorem 3.1, equation (4.1) has Hyres-Ulam stability on
T =R>.

In the following example we see that the boundedness of the function F defined by (3.3) is essential for the Hyers-Ulam
stability of equation (3.1).

Example 4.2. Consider the following linear dynamic system,

x2(t) = A®)x(t),t >0,t €T ,x(0) =xp, (4.2)
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0

0
function e4 (t, 0) is given by

0 1
where A(t) = [ 2]. We see that A is regressive when ,u(t) * P forall t € T. In this case the matrix exponential

1 0
eA(t,G(S))=( 0 e, (t,a(S)))

We see that the generalized exponential function €_o (t, O'(S)) is given by:

(i) e, (to(s)) =e 2t ift e T=R>
(ii) e.2 (t,0()) = (1-2h) * if t €T = hZ*,h %
When T = R0, e,(t,s) = (0 1 e_z?t_s)). Hence

leat, )l = Ve = + 121 and [ [lea(t,s)llds 2 t, t €T. This implies that J, lles(t, s)|ds is
unbounded. Now we check that the 1.V.P (4.2) does not have Hyers-Ulam stability on T = R°.

t

Lete >0and g = ¢ 2 ). we have ”gA # Ag” < €. Now, let ¥(t) be the solution of the equation (4.2) with

4
3
the initial value gy = (;) € R? . Then,
_ (1 oy _( O
v(t) = e4(£,0)go = (0 e‘Zt) (y) = (ye—Zt)-
So,
S 2
lg(®) -v(®)|l = |(£/3 A ye‘Zt) =./(-te/2)% + (¢/3 - ye 2t)2 - o0 as t — oo. Therefore,

equation(4.2) does not have Hyers-Ulam stability on T = R0,

1 0
when T = hZ*°, h # %, eq(t,a(s)) = < 0 (- Zh)t_il_h>’ and

(t=s—h)

llea(t, o ()l = J1 +((1-2h) & )221, t €T, Hence,

fot llea (t, G(S))HAS >2t, teT and fot lea (t, O'(S))”AS is unbounded. Similarly, we can show that the 1.V.P

1
(4.2) does not have Hyers-Ulam stability on T = hZ>°, h # 2+ Indeed,

< E.

—t/2\ _ e/ 2
lete >0and g = g( 1/3 ) This implies that ”gA B Ag” - ”(28/3)

. . . o x 2 . .
A solution v(t) of the equation (4.2) with the initial value gg = (y) € R* is given by
v(0) = ea(t,00g0 = (g _ 5ot ) wenave

3 —te/2
lg(®) —v(Oll = H(S/g - 2h)%>

= J(—ts/2)2 +(e/3—y(1—2R))2 5 ast — o
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. - >0 1
Therefore, equation (4.2) does not have Hyers-Ulam stability on T = hz=", h = E

1

In the following example we treat with the case h==.

Example 4.3s. Consider the linear dynamic equation

x2(t) = A@®)x(),t €T, t >0 ,x(0) =x (4.3)
_ (0 0y . ) _ [n. 20 — 1
where A = (O _2) with the time scale T = {2 MEZ } Here u(t) = >
1 0y . _ L _ _ . . .

The operator I + ,uA = (0 O) is not invertible, i.e. A is non-regressive and the matrix exponential function
e, (t, 0) does not exist. On the other hand A is the generator of the Co —semigroup T'(k) = (I + ud)?*, k €

20 _(1 0 >1
z=". See [1] and [16]. Thus T'(k) = (0 O),k € z=".

Let € > 0. Again, taking g = € (_1732>, we get ||gA(t) hy Ag(t)” <E&

X
According to [1], any solution V(t) of equation (4.3) with initial value X, = (y), is given by

v(6) = T(O)xy = ((1) 8) (’;) = (%) mhis imples llg (&) — v(O)]| = V(et/2+2)? + (&/3)7

0o as t — 0. Therefore, equation (4.3) does not have Hyers-Ulam stability on T = E Z>0.

Example 4.4. Consider the following non-homogeneous linear dynamic equation

x2@) —Ax(®) - f(©)=0,t>0,t €T ,x(0)=x (4.4)
where A = (8 _(1)) with the time scale T = z2°, and f(t) = (—Zto— 2).

We have that u(t) = 1.So, [ + A = ((1) 8) is not invertible i.e. A is non-regressive, and the matrix exponential
function €4 (t, 0) does not exist. On the other hand A is the generator of the Co —semigroup T'(k) = (I + uA)*,
k € z°°% we have T (k) = ((1) 8
on T = z2°. Indeed,

let € >0,and g(t) = ((_sjtg/_zgjl). Then ”gA(t) —Ag(t) — f(t)” <e

X
A solution v(t) of equation (4.4) with an initial value gg = (y) is given by

v(t) = ((1) 8) (;C/) + fot ((1) g) (_250_ 2) As = (J(;).We conclude that

lg® - (@l = [(—5e+1-2)2 + Ge— 202 s ast - o

) Jk € zZ1. One can see that equation (4.4) does not have Hyers-Ulam stability

Therefore, equation(4.4) does not have Hyers-Ulam stability.

Example 4.5. Now, we consider the linear dynamic system,

x2() = Ax(t),t>0,t €T ,x(0) =xg (4.5)
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1 1
Where A(t) = [_5 2 l with the time scale T = %ZZO. The operator
0 -2

31
I+ uA = [4 4 l is not invertible and A is the generator of the Cp —semigroup

0 0

1203 115 _ 321 1/3 VIO 3

T = (+pay =G5 1 =@F[p 7] e s IT@I =T G eeT=
1 >

2t
EZ—O. We conclude that f;”T(t —a(s)||As = 4@. (1- (%) ) which is a bounded function. Therefore, by

1
Theorem 3.3 equation (4.5) has Hyers-Ulam stability on T = N 720,

Example 4.6. Consider the linear dynamic system,

x2() =Ax(@t) ,x(0)=x, tE€eT, (4.6)
L 1 : 4
where A = 1 _ 3| with the time scale T = EZZO. Hence I + uA = |7 7| is not invertible and A is the
3 =
2 6

2t
generator of the Cp —semigroup T (t) = (I +%A)2t = (i)t [:i 1}3] .
By Putzer Algorithm, [8], we have
110 3 1
— (Nt \2t—1
(ORITCal A

and

IT @)l

1. 10

N2t 2t
")

_ ON\2t N
—(3) , te’]I‘—zz .

t—< 3\ ,.5
We have fti)”T(t —a(s)||As = ZszéllT(t —S5— %)” = (E) ((E)Zt — 1), which is unbounded. We leave the
reader to check that equation (4.6) does not have Hyers-Ulam stability.
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