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1. Introduction:

Fixed point theory is a very useful tool in solving a variety of problems in control theory, economic theory, nonlinear
analysis and global analysis. The Banach contraction principle is the most famous, simplest and one of the most versatile
elementary results in fixed point theory. A huge amount of literature is witnessed on applications, generalizations and
extensions of this principle carried out by several authors in different directions, e.g., by weakening the hypothesis, using
different setups, considering different mappings.

In [20], Bhaskar and Lakshmikantham introduced the notions of mixed monotone property and coupled fixed point for the
contractive mapping F : X xX—X, where X is a partially ordered metric space and proved some coupled fixed point
theorems for a mixed monotone operator. As an application of the coupled fixed point theorems, they determined the
existence and uniqueness of the solution of a periodic boundary value problems. It is very natural to extend the definition
of 2-dimensional fixed point (coupled fixed point), 3-dimensional fixed point (tripled fixed point) and so on to
multidimensional fixed point (n-tuple fixed point). Recently, Berinde and Borcut [7] and E.Karapinar et.al [5] introduced the
concept of tripled and quadrupled fixed points respectively and proved some related theorems (see also [2,26,1,5]). The
last remarkable result of this trend was given by M.Imdad et al. [16] by introducing the notion of multidimensional fixed
points.(see also[27,18,24,14,4].

In this paper, we have developed a method of reducing coupled, tripled and multidimensional results in partially ordered
metric spaces to respective results with one variable, even obtaining more general theorems. Our results generalize,
extend, unify and extend results of [2,3,7,8,18,19].

2. Defintions and preliminaries:
We consider the following definitions and results which shall be required in the sequel.

Definition 2.1 [6] Let (X, <) be a partially ordered set and F: X x X — X then F enjoys the mixed monotone property if F(x,
y) is monotonically non-decreasing in X and monotonically non-increasing in y, that is, for any x, y €X,

X1, 26X, %1 X x5 = F(xq,¥)=X F(x2,¥) and y;,y,€X,y1 2y, = F(x,y1)= F(x, 7).

Definition 2.2 [6] Let (X, <) be a partially ordered set and F: X X X - X, then (x, y) € X X X is called a coupled fixed
point of the mapping F if F(x,y) = x and F(y,x) = y.

Definition 2.3 [6] Let (X, <) be a partially ordered set and F:X XX - X and g: X > X then F enjoys the mixed g-
monotone property if F(x,y) is monotonically g-non-decreasing in x and monotonically g-non-increasing in y, that is ,for
any x,y € X,

X1,%2 € X,9(x1) < g(xy) > F(x,¥)< F(x,,y),forany y € X,

Y1,¥2 €X,9(0n1) = g(02) = F(x,y1)= F(x,y,), forany x € X.

Definition 2.4 [6] Let (X,<) be a partially ordered setand F: X XX - X and g: X - X ,then (x,y) € X X X is called
a coupled coincidence point of the maps F and g if F(x,y) = gx and F(y,x) = gy.

Definition 2.5 [6] Let (X,<) be a partially ordered set, then (x,y) € X x X is called a coupled fixed point of the maps
F: XxX > X and g: X->X ifgx=F(x,y)=x and gy =F(y,x) = y.

Berimde and Borcut [2] studied tripled coincidence points as follows.

Definition 2.6 [7]. Let F: X3 — X be a given map, we say that (x,y,z) € X3 is a tripled fixed point of F if

F(x,y,z) =x, F(iy,x,y)=y and F(z,x,y) =z

Definition 2.7 [7] Let (X, <) be a partially ordered set and F: X3 — X. We say that F has the mixed monotone property if
F(x,y,z) is monotone non-decreasing in x and z, and it is monotone non-increasing iny, thatis, forany x,y,z € X
X, %1 €EX, % L x> F(x1,y,2) X F(xy,9,2),

yuY2 EX,y1 X ¥, 2 F(x,y1,2) = F(x,y,,2z) and

21,2, €X,21 X 2,2 F(x,v,21) S F(x,y,23).
Karpinar and Loung [5] studied the quadruple case as follows:

Definition 2.8 [19] An element (x,y,z,w) € X* is called a quadruple fixed point of F:X* —» X if F(x,y,z,w) = x,
F(y,zw,x)=y,F(zw,x,y) =z and F(w,x,y,z) =w.

Definition 2.9 [19] Let (X, <) be a partially ordered set and F: X* - X. We say that F has the mixed monotone property
if F(x,y,z w) is monotone non-decreasing in x and z, and it is monotone non-increasing iny and w , that is , for any
x,y,Z,w€X

X, %1 €EX,%1 x> F(xy,y,z,w) L F(xy,y,2,w),
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Y2 €X,y1 2 ¥ =2 Flo,y,z,w) = F(x,y,z,w),
Z1,2) EXIZI =< Zy =>F(x.y;21.W) =< F(nyIZZIW) and

wi,wy EX,wy X wy 2 F(x,y,z,wy) = F(x,y,2z,wy).
Definition 2.10 [19] An element (x,y,z,w) € X* is called a quadruple fixed point of F:X* — X and g: X - X if
F(x,y,zzw)=gx=x, Fly,zzw,x) =gy =y ,F(zw,x,y) =gz=z and F(w,x,y,2z) =gw = w.

Definition 2.11 [19] Let (X, <) be a partially ordered set and F: X* —» X and g: X — X be two maps. We say that F has the
mixed monotone property if F(x,y,z w) is monotone non-decreasing in x and z, and it is monotone non-increasing iny
and w, thatis , forany x,y,z,w € X

X1, %1 €X,9x1 L gxy, = F(x1,y,2,w) X F(x3,y,z,w),
Yu,Y2 €X,gy1 = gy2 = F(x,y1,2,w) = F(x,y;,2,w),
21,23 € X,gzl =< 9z :>F(x;y,21;W) =< F(x,y;Zz;W) and

wy, Wy €EX,gw; X gw, = F(x,y,2,wy) = F(x,y,2,w,).

M.Imdad et.al [12] introduced the notion of n-tupled coincidence and n-tupled fixed point ( assuming n as even natural
number) as follows:

Definition 2.12 [14] Let ( X, <) be a partially ordered set and F:[]{_; X’ - X then F is said to have the mixed monotone
property if F is non-decreasing in its odd position arguments and non-increasing in its even positions arguments , that is,

if,
0] For all x},x3 € X, x} < x} = F(xf,x?%,x3, ..., x") < F(x3,x%,x3,...,x"),
(i) For all x?,x% € X,x? < x5 = F(x, 2%, x3, . x") = F(x',x3,x53, ..., x7),
(iii) Forall x3,x3 € X,x} < x3 = F(xb, 2%, x3, x4, .., x") < F(x', x%, %3, x%, ..., x7),

For all x7, x5 € X, x] < x} = F(x', x2,x3, ..., x]) = F(x!,x2,x3, ...,x}).

Definition 2.13 [14] Let ( X, <) be a partially ordered set and F:[['_; X' > X and g: X—X be two maps. Then F is said to
have the mixed g-monotone property if F is g-non-decreasing in its odd position arguments and g-non-increasing in its
even positions arguments , that is, if ,

0] For all x},x) € X, gx{ < gxd = F(x},x?,x3, ...,x") < F(xd,x%,%3, ..., x7),
(ii) For all x?,x% € X, gx? < gx% = F(,x', x},x3,...,x") = F(x', x3,x3, ...,x7),
(iii) For all x3,x3 € X, gx3 < gx3 = F(x', x%,x3, ...,x") < F(x}, x%,%x3, .., x"),

For all x, x5 € X, gx] < gx5 = F(x!, x%,x3, ..., x]) = F(x!,x2, ..., x5).

Definition 2.14 [14] Let X be a nonempty set. An element (x!,x%,x3, ........,x™) € [T'_, X! is called an r-tupled fixed point
of the mapping F: [T/, X! - X if

3, ..,x7),

xt = F(x x%, x
x% = F(x%,x3,...,x",x1),
x3 =F(x3, ..., x",x1,x?),

x"=F(x",xtx?, ., x" ).

Definition 2.15 [14] Let X be a nonempty set. An element (x!,x2,x3,..,x") € [T'; X! is called an r-tupled coincidence
point of the maps F:[[/_; X! > X and g: X > Xif

gxl = F(x',x?%,x3, ..., x7),
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gx? = F(x%,x3, ..., x",x1),
gx3 = F(x3,...,x",x1,x2),

gx" =F(x",x%,x3, ..., x" 7).

Definition 2.16 [14] Let X be a nonempty set. An element (x?,x%,x3, ... ....,x™) € [T'_; X! is called an r-tupled fixed point
of the maps F:[T/.; X! > X and g: X > Xif

xl = gx' = F(x1,x%,x3,...,x"),

x? = gx? = F(x%x3,...,x",xb)

x" =gx" =F(x",x,x%, ..., x" D).
G.Bhaskar and V. Lakshmikantham [26] proved the following:
Theorem 1[6] Let (X, <) be a partially ordered set equipped with a metric d such that (X, d) is a complete metric space.
Assume that there is a function @ [O,oo) —)[O,oo) with go(t) <t and lim,_.+@(t) < tfor each t> 0. Further let

F:XxX - X and g: X—>X be two maps such that F has the mixed g-monotone property satisfying the following
conditions:

(1) FX xX) cgX),
g is continuous and monotonically increasing,
2)gi i d ically i i
(3) the pair (g, F) is commuting,
d((g(x),g W)+d((g (3.9 ()
@ d(FG ), Fun) < o : ).

forall x,y,u,v € X, with g(x) < g(w), and g(y) = g(v) . Also, suppose that either

(a) F is continuous or

(b) X has the following properties:

@) If a non-decreasing sequence {x,,} = x then x,, < x foralln = 0.
(i) If a non-inecreasing sequence {y,} - y then y <y, foralln = 0.

If there exist x;, y, € X such that
(5) 9(xo) < F(xo,¥0), g(x0) = F(xq,¥0)-
Then F and g have a coupled coincidence point, i. e there exist x,y € X such that
gt = F(x,y),9(y) = F(y, ).

Many generalizations and extensions of Theorem 1 exist in the literature, see [1-9,13,17,19-23,25,28]. Recently, M. Imdad
et. al [14] introduced the concept of n- tupled fixed point and established fixed point results for mappings having a mixed
monotone property and satisfying a contractive condition in ordered metric spaces.

M. Imdad et. al [14] proved the following:
Theorem 2 [14] Let ( X, <) be a partially ordered set equipped with a metric d such that (X, d) is a complete metric
space. Assume that there is a function qDZ[O,oO) —)[0,00) with Q)(t) <t and lim,,+@(t) <tfor each t > 0.

Further let F:T]'—; X! > X and g: X—X be two maps such that F has the mixed g-monotone property satisfying the
following conditions:

(D) FATi=1 XY < g(X),

(2) g is continuous and monotonically increasing,

(3) the pair (g, F) is commuting,

@) d(FGt 2% 2%, 2, FOL Y253, 0v)) < 9 (3201 d(g ), gom)),

forall x1,x2,x3,..,x7, ¥, 92,93, ...,y" € X, with gx! < gy?, gx® = gy?, gx3 < gy3, ..., gx" = gy™. Also, suppose that either

(c) F is continuous or
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(d) X has the following properties:
0] If a non-decreasing sequence {x,,} = x then x,, < x foralln > 0.
(i) If a non-inecreasing sequence {y,} - y theny <y, foralln = 0.

If there exist x3, x5, x3, ..., xJ € X such that
(5) gxd < F(xd, x3,x3, ..., x%),
gxt = F(x¢, %3, .., x5, x}),

gx3 < F(x3, .., x§, x5, x3),

gx§ = F(xd, xd,x3,x3, ..., x5 1).
Then F and g have a r-tupled coincidence point, i. e there exist x%, x?,x3, ..., x™ € X such that

3,..,x7),

gxl = F(x', x%,x
gx% = F(x%x3, ..., x7,x1),

gx® = F(x3, .., x", x1, x2),

gx" = F(Qx7,x', x%,x3, .., x" 7).
3. Main Results:
Now, we prove our main result as follows:
Remarkl Thorem 2 in [14] is not valid if n is odd.
Proof. For the sake of simplicity, we consider the case for n=3 which is very illustrative and can be identically
extrapolated to the case in which n is odd. Using the initial points x4, x4, x§ € X, it is possible to construct three sequences
{x}}, {x#} and {x}} recursively defined by :
gxi; = F(xl%—l'xlz—lrxlg—l)v
gxi = F(xlg—lrxli—l’x%—l)v
gxp = F(xp_y, xj_,xf_,) forallk € N,k > 1.
By assumption, we have
gx) < F(xg,x5,x3) = g1,
gxé = F(x§,x3,x}) = gx?,
gx8 < F(x§,x},x8) = gx3.
Then the authors affirmed that these sequences verify, for all k > 1,
gXi—1 = g%,
gXi1 = gxi,
gxi < gxi.
2

However, it is impossible to prove that gx? > gx? because the mixed g-monotone property leads to contrary inequalities.
At most, we can deduce the following properties

2 2 2 1 2 1N o2
gxt = gxi= F(x},x3,x}) < F(x¢, x3,x}) = gxb.
Moreover,

3 3 2 .3 .1 2 .3 .1
gxy = gxi = F(xi,x5,%x5) = F(xf,x7,%x5).

Above two inequalities gives,

2 .3 .1 2 .3 .1 2.3 1y — a2

F(xi, xi,%x5) =X F(xf,x5,%x5) 2 F(x§,x5,x5) = gxi.

However, in the third component, the inequality is on the contrary

gxp = gxi = F(xt,x3,x5) < F(xf, xf,xl) = gx3.
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Then we get
F(x?,x3,x3) < gx? and F(x?,x3,x3) < gx3.
Since other possibilities gives to similar incomparable cases, we cannot get the inequality gx? > gx3.
Remark 2 Also, we notice that, in the case n=3, definition (2.15)
gx! = F(x', x?,x3),
gx? = F(x% x3,x1),
gx3 = F(x3,xt,x2),

do not extend the notion of tripled coincidence point by Brinde and Borcut. Therefore their results are not extensions of
well known results in tripled case and hence we can say that the odd case is not well posed.

Remark 3. Also, we see that the system of equations defined in (2.14) is not suitable to work with the classical mixed
monotone property when r is odd . For example, if r =5 and F is monotone non-decreasing in its odd arguments and
monotone non-increasing in its even arguments, then the equations

x! = F(x!, x2,x3,x% x%) (x! and x° are placed in non-decreasing arguments of F) and
x? = F(x%,x3,x* x% x) (x* and x>are placed in arguments of different monotone type of F)
Do not let us to show the existence of fixed points using the classical mixed monotone property.

To make the paper free from these flaws, we recall here the concept of multidimensional fixed point/ coincidence point
introduced by Roldan et. al [27], which is an extension of Berzig and Samet’s notion given in [4].

Throughout the paper , we will abbreviate MS for metric space. Let n be a positive integer. Henceforth, X will denote a
non-empty set and X" will denote the product space X x X X ....x X. Throughout this manuscript, m and k will denote
non-negative integers and i,j,s € {1,2, ...,n}. Unless otherwise stated, “for all m” will mean “forallm >0 “and “forall i “
will mean “foralli € {1,2,...,n} “.

Henceforth, fix a partion {4,B}of A, ={1,2,...,n}, thatis A4, = AuBand AnB =@ where A and B are non-empty sets.
We will denote:

Qup ={0:4, > A,:0(4) S Aand o(B) € B } and
Q‘.{l,B ={0:4, > A,:6(A) SBand o(B) S A}.
If (X,<) is a partially ordered space, X,V € Xand i€ A,, we will use the following notation:

<.
% —ly‘:’{xzy,if ieB.}

Consider on the product space X", the following partial order:

X = (x1:x2r ---:xn):y = (YLYZ' ""yn) S Xn'

XCYse X 51' Vi for all i.
We say that two points X and Y are comparable if X C Y orY c X.

Definition 3.1 [27] Let (X, <) be a patrtially ordered space with the maps F: X" - X and g:X - X. We say that F has
the mixed g-monotone property (w.r.t {A,B}) if F is monotone g- nondecreasing in arguments of A and monotone g-
nonincreasing in arguments of B, i.e, for all xq,x,, ...,x,,y,z € X for all i,

gy =< g9z = F(Xl, e Xi— LYo Xig1, ...,xn) 5[ F(yl, o YVi—1,Z, Vit 1 ...,yn) .

Henceforth, let oy, 05, ..., 0,: A,, = A,, be n mappings from A4,, into itself and let y be the n-tupple (o4, 93, ..., d,). The main
aim of this paper is to study the following class of multidimensional fixed points.

Definition 3.2 [27] A point (x, x5, ...,X,) € X™ is called a y-fixed point of the mapping F if
F(Xgi(l),xai(z), ...,x[,[(n)) =X; for all i.

Definition 3.3 [27] A point (x4, x5, ...,x,) € X" is called a y-coincidence point of the mappings F: X" - X and g:X - X if
F(Xai(l),xai(z), ...,x,,i(n)) = gXx; for all i.

Definition 3.4 [27] A point (x, x5, ..., x,) € X" is called a y-fixed point of the mappings F: X™ - X and g:X - X if
F(Xai(l),xgi(z), ...,x,,i(n)) =gx; = X; for all i.

Remark 4 If one represent a mapping o : A, — A, throughout its order image, that is, o = (a(1),0(2), ...,a(r)), then

0] G-Bhaskar and Lakshmikantham'’s electionin n =2 isg; =7 =(1,2) and g, = (2,1)
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(i) Berinde and Borcut’s electionin n=3 iso; =7 =(1,2,3),0, =(2,1,2) and g3 = (3,2,1)
(iii) Karapinar's electionin n=4 iso; =7=(1,2,34),0, = (2,341), 03 = (34,1,2) and g, = (4,1,2,3).

These cases consider A as the odd numbers in {1,2, ...,n} and B as its even numbers. However, for Berzig and Samet
[14],use A={12,..,m},B ={m+ 1,...,n} and arbitrary mappings.

Definition 3.5 An ordered MS {X, d, <} is said to have the sequential g-monotone property if it saitisfies:
d
0] If {x,,}is a non-decreasing sequence and {x,,} - x, then gx,, < gx for all m.
d
(i) If {x,,}is a non-increasing sequence and {x,,} - x, then gx,, > gx for all m.
If g is the identity mapping, then X is said to have sequential monotone property.
Proposition 3.1. If X €Y, it follows that
(xa(l)'xa(Z)'"-lxa(n)) S (%(1):}’0(2), "-rya(n)) if € Qap,

(oy Xa@y -~ %em) 2 Yoy Yo@y -+ Yom) 0 € Qyp.

Proof. Suppose that x; <; y; for all i. Hence x5y <, Vo) foralli. Fix o € Q,p.1fi € A, then g(i) €A , so
Xo (i) 50‘(1') Yo (i) implies that Xo (i) =< Yo (i) which means that Xo (i) <i Vo (i) If

i €B, then o(i) € B, SO X,(y =40) Yoq) iIMplies that x,(;y = y5¢), Which means that x,;) =<; y,(). In any case, if
0 € Qup ,then x,y =; ysfor alli. It follows that

(%o @y Xo @2y s Xom)) € Vo) Ya@y = Vo))

Now fix a € QQ}B. Ifi € A, then o(i) € B, SO X;(;y =,) Yoq) IMplies that x;y = ys) , Which means that x, ;) >=; Y-
Ifi € B, then a(i) € 4, SO X,(;y =5x) Yo() IMplies that x, ) =< y, ) which mean that x, ;) >; ¥o¢)

Lemma 1 Let (X,d) be a MS and define D,, : X" X X" — [0,), forall A= (aq,ay, .., a,),
B = (bl,bz,...,bn) EXn, by Dn(A,B) = ?=1d(ai,bi).
Then D, is a complete metric on X™.

Theorem 3 Let (X,d, <) be a partially ordered MS and F: X" —» X and g:X — X be mappings. Let y = (01,03, ..., 0,,) be
a n-tuple of mappings from (1,2, ...,n) into itself satisfying o; € Qupifi€ Aand o € wa if i € B. Define

E,gy,: X" - X" by
F (%5, (1) %0, 200 1 Xoy(m) )

F(XJZ(l), XJZ(Z), omo ) xUz(n))'
E, (1, X ey X)) = . , - and g, (g, %2, %3, ..., %) = (g(o1%1), 9(02%2), .., g(0,%)).

F(Xg, (1) X0, @) o1 Xy (n)
(1) If F has the mixed g-monotone property, then F, is g, non-decreasing w.r.t the partial order € on X™.
(2) IfFandg are continuous w.r.t D,, then F, and g, are also continuous w.7.t D,.

(3) A point (x, x5, ..., x,) € X" is a y-coincidence point of Fand g if and only if (x, x5, ..., x,,) is @ coincidence point
of K, and g, .

Proof: Suppose that (gxi, gxs, ..., 9%,) < (gy1, 92, -, g¥,), that is gx; <; gy; for all i. Since F has the mixed g-
monotone property, it is not difficult to prove that, for all a;, ay, ...,a, € X

F(ayaz o @1,xP, 0141, ,0,) < F (ar,0z, 00,61, 0141, 00, ), i j € Aorij €B,
7

F (al,az, ...,a-_l,xi(j),ajﬂ, ...,an) >F (al,az, ...,aj_l,yi(j), a1, ...,an), ifieAjeBori€B,jeEA.

Suppose that i € A. Therefore g; € Q4 5, that is 0;(A) € A and o0;(B) € B. Therefore j € Aif and only if o;(j) € A and the
same holds if we replace A by B. In this case ,
F(xgi(l),xgi(z), ...,xgi(n)) < (either 1, 0;(1) € Aor 1, 0;(1) EB)

< F(y,,i(l),y,,i(z), ...,yai(n)) < (either 2, 0;(2) € Aor 2, 6;(2) €B)
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= F(¥o,(1 You2)r ++» Yo,tn))»

that is, F(x,,1)%0,2)r X)) =i F(Yo,00) Vo2 -+ Yoycy)) NOW  suppose that i € B. Therefore o; EQQ'B, that is
0;(A) € B and 0;(B) < A. Therefore j € A if and only if ¢;(j) € B and the same

holds if we replace A by B. In this case,

F(x5,01) %5,2)r - Xo,m)) = (either 1€ A, 0;(1)€Bor1€B, g;,(1) €A)

= F(¥o,(1) Yoi2)r -+ » Vo)) (either 2€ A, 6;(2) EBor2€B, 0;(2) €A)

= F(Yo,1 You@yr - Yoy(n) )
Thatiis, F(x5,1), X6, - Xo,)) =i F(Yo,1) Yo,2)» 1 Yorny) @S0 holds. Hence,
F (4,010 X5,2)r -+ » Xo,(0)) i F(Vo,000 Yoy 20 0 Yoyy)  fOr all i, and , consequently,
F,(x1,%2, -, %) € E, (1, Y2, -, ).
(2) ltis an straightforward exercise.

(3) (x1,xz, ..., x,) € X" is a y-coincidence point of F and g if and only if gx; = F(xs, 1), X5, 2), ~» X5, (y) fOr all i, that is
F,(x1, X2, o, %) = (gX1, 9%, ) G%n)-

The following lemma is crucial for the proof of our main theorem

Lemmaz2 [18] Let (X, d) be a MS and let {x,,} be a sequence in X such that lim,_.d(x,,x,4+1) = 0. If {x,} is not a Cauchy
sequence in (X, d), then there exist e > 0 and two sequences {m,;} and {n;} of positive integers such that the following
four sequences tends to e* when k — o

d(xmk'xnk)' d(xmernk—l)' d(xmk+1; xnk); d(xmk+1; xnkfl)-

Theorem 4 Let (X, d, <) be a partially ordered metric space and f, g: X = X be mappings satisfying the following

0] f is g-non-decreasing with respectto < and f(X) € g(X)
(i) g is continuous and the commutes with f,
(iii) There exist x, € X such that gxy < fx,,

(iv) d(fx fy) < p(d(gx,gy)), for all x,y € X for which gx < gy or gx > gy.
Also, suppose that either
(&) f is continuous or
(b) X has the sequential monotone property.
Then f and g have a coincidence point.
Proof : If gxo = fx, then x, is a coincidence point of f and g. Therefore, gx, < fx,. Since

f(X) € g(X) we obtain sequence y, = fx, = gx,41 for all n=0,1,2,.. where x, € X and by induction we get that
YV =X Vna1- If v, = yn4q for some n € N then x,, is a coincidence point of f and g.

Therefore, suppose that y, # y,.1 for each n. Now, we shall prove the following :

(1) d(Yn'Yn+1) - 0asn— oo

2) {v,}is a Cauchy Sequence.
By putting x = x,,,¥ = x, 41 in (iv) we get

d(yn’yn+1) = d(fxn'fxn+1) =< @(d(gxnrgxn+1)) = (p(d(yn—lr:)}n)) < d(yn—lryn)
This gives {y,} is decreasing and consequently there exists ‘d ‘ such that
limy, 5o AW, Y1) =d = 0.1f d > 0, we get from previous relation

d= limn—»oo d(ynryn+1) = limnﬁm(p(d(yn—lryn)) <d,

which is a contradiction and hence lim,_. d(y,, Vns1) =d = 0.
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Further using Lemma 2, we shall prove that {y,} is a Cauchy sequence. Suppose that is not true. Then by Lemma 2,
there exist € > 0 and two sequences {m,} and {n,} of positive integers such that the following sequences tend to €™
when k — oo,

d(xmk’xnk)’ d(xmk' x"k—l)' d(xmk+1'x”k)' d(xnk—l'xmk+1)

Putting x = x,,,,, ¥ = Xy, in (iv)

d(ymk+1’ynk) = d(fxmk+1‘fxnk) = ¢ (d(gxmk+1'gxnk)) =9 (d(ymk'ynk—l)) < d(ymk’ynk—l)

Letting k - o , we get ¢ < ¢(€) < ¢, which is a contradiction with € > 0.Hence we have proved that {y,} is a Cauchy
sequence in (X,d). Since (X, d) is complete there exists z € X such that y, — z. Then

d(fx,,z) > 0and d(gx,,z) - 0asn — o. As g is continuous so ggx,, gfx, — gz and (f, g) is commuting so we have
limn—)ood(fgxn' gfxn) =0
Now, consider the case (a) when f is continuous, using triangle inequality we get

d(fz,gz) < d(fz, fgx,) + d(fgx,, g2) < d(fz, fgx,) + d(fgx,, gfx,) + d(gfx,, gz) = 0.
This gives gz = fz.

If case (b) holds. Since f is g-non-decreasing and gx, — z so gx, < z. Also, gfx, - gz as g is continuous.
d(gz,fz) < d(gz,gfx,) + d(gfxn, f2)
< limy,0d (92, gfxy) + limy 0, d (g f 2, f2)
= limy, 0 d(g2, gf x,) + limy 0o d(f gy, f2)
< limy e, d(92, 9f %) + limyy 0 9(d (9 g%, g2)) = 0
Thus gz = fz and hence the theorem follows completely.

For all i, the mapping o; is a permutation of {1,2, ...,n} and so for all i and all 4,B € X",

n n

Z d(ag,G), bo) = Z d(a,b) = Dy (4, B)
i=1

i=1
Theorem 3 Theorem 2 follows from Theorems 3 and 4.

Proof: Consider the product space Y = X™ provided with the metric D,, and the partial order 2 on Y. Then (Y,D,,<) isa
complete ordered MS. Since F has mixed monotone property, item 1 of theorem 1 shows that FE,:Y - 7Y is non-
decreasing w.r.t.C. By item 2 of theorem 1. If F is continuous, then F, is also continuous. If xq = (x§,x§,..,x}) €Y,
then condition (5) is equivalent to x, € F,,,. By Proposition 1.2, given X = (x1,%, ..., X,), Y = (y1,¥2, ..., ¥,) such that
X c Y, the points

(X0 %o @) - Xomy) AN (Yo(1) Yo(2) - Yony) are comparable by €. Therefore, (4) can be applied to these points, and
it follows that

Dn (Fi/(X)va(Y)) = Dn (P;/(xl'xb ---'xn);P;/(yller "'!Yn))

F(x01(1)'x61(2)' ""xzﬁ(n))' F(y61(1)'y¢71(2)'""3’01(71))' \
[ | F(Xo,00 Xo,@p s Xay))s | | Fop@) Vor@yrs ¥Yorimy), | |
|

=D1’l

||
\F(xanm'xan(zy ---'xan(n))/ \F(J’anmr}’an(zw e Vo (m)
=Xin (F(xa[u)'xoi(z)' ...,x(,[(n))) - (F(ym(l)'ym(Z)' ""ytn(n)))J

<310 (35 d (9. 9(03))) = ¢ (D (90,9, 0))

Theorems 1 and 2 imply that F, and g, have a coincidence point, which is a y-coincidence point of F and g by item 3 of
Theorem 1.
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