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ABSTRACT

In this paper, synchronization of heart follower oscillator which has lower frequency AV with heart leader oscillator which
has dominant frequency SA will be studied. It can be seen if two nodes SA and AV are not synchronized, different types of
cardiac blocking arrhythmias occur. Thus, in this paper, beside putting voltage to node SA, by applying time delay 7 in bi-
oscillator model of heart system and designing appropriate controller via linear and adaptive methods, we try to prevent
blocking arrhythmias of heart. Finally, we apply Lyapanuv stability theorem for ensuring convergence.
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INTRODUCTION

Synchronization problem is an important problem in nonlinear systems, in the control engineering. In general, the meaning
of synchronization is to harmonize signal fluctuations of state in two or more systems or to harmonize some of their

properties such as frequency. If without input control (U =0) and by changing the coupling coefficients, systems do not
synchronize then we encounter the problem of setting control law for synchronization. In this paper, we will study one of
applications of synchronization problem in heart. Synchronization means that all the cardiac oscillators, which have
different inherent frequencies, oscillate together with a unit frequency, and this is important, because arrhythmias of
cardiac blocking occur in the absence of synchronization between SA and AV nodes. For example, when the frequency
of the sinus node increases, AV node can't withstand the frequency imposed by the SA and this causes creation of
atrioventricular blocking arrhythmia and gradually, it leads to complete blocking. Our main purpose in this paper is to
synchronize heart follower oscillator which has lower frequency ( AV ), with leading oscillator which has the predominant

frequency (SA), by using linear and adaptive methods [4,8].To reach this goal, in this paper synchronization of two
systems of oscillators of Van der Pol type will be studied, by considering two-side coupling [1,2] and to prevent

arrhythmias, as it is specified in the models, at first we add a voltage with the range d,; and frequency @ to SA node.

Furthermore, because even the small delays may change the dynamic of the system, therefore letting time-delay in
differential equations can prevent arrhythmias [6,10].80, with assumptionX; =X;(t) and X" =X (t—7), in
which 7 denotes time delay we examine two-oscillator model of the heart system with time delay and design a proper
controller [5] .Then regarding to results of synchronization of the two oscillators, we compare the heart oscillator systems

before and after the synchronization, and in order to ensure convergence, Lyapunov stability theorem will be used [7] .To
clarify the problem of synchronization, consider the below systems of Van der Pol model

X =X,

SA

(5A) X, ==d, (X * —1)X, —C,X, +3, Cosawt+ Ry, (X, —X;)

) (€]
X3 =X,

AV

(AV) Xy =—d,(x * =1)X, —C,X; +a,C0s ot + Ry, (X, —X,)

In which the first system is considered as leader system and second system as a follower system [9,10] and pairs
(xl,xz) and (x,,x, ), respectively show SA and AV oscillators Table 1. Now, with applying a proper control on AV
node, the state variables of pursuant system will converge to the state variables of leader system after a transient
time [3,1112]. In fact, the second oscillator has to follow the behavior of the first oscillator, which has dominant frequency.

Hence the error of synchronization is considered as follow [4] :

EL=X—X
@
€, =X, =X,
The purpose of synchronization is to vanish the error.

To choose appropriate parameters from the Van der Pol system which are close to the system of the heart, we use trying
and error test[ 7] .Consider two properties of the cardiac conduction system.

1. To the form of potential in action of SA and AV nodes which depend ond;andd,. 2. To the period of T, and T, of

two oscillators, when they are not coupled. Which depends on C;andC, .

According to above remarks, the appropriate parameters are as follow Table 1.
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Table 1. Appropriate parameters to synchronize bi-oscillator system

Assumptions | Definition Bi-oscillator system
C, SA frequency 1

c, AV frequency 1

a, SA Voltage range 3

a, AV Voltage range 40

d, SA Damping Coefficient 1

d, AV Damping Coefficient 1

w frequency 22<w<23
Rij Coupling coefficients between x, and X

Rz 1

R24 10

Xy SA membrane flow

X, SA membrane voltage

Xy AV membrane flow

X, AV membrane voltage

Also, in this paper for two non-equal Van der Pol systems with known parameters, we use the linearization method and in
the case that parameters are unknown we apply adaptive method. The most important criterions to select above methods
for synchronization of oscillators are simplicity, accuracy of synchronization method and computations amount in
calculating an appropriate control signal.

Synchronization of model with time delay by the linearization method

Feedback linearization is a method for designing nonlinear control in which dynamics of nonlinear system becomes linear
completely or partially. Generally, in this method the original system model is transformed to the equivalent model, which
has a simpler form, finally, the asymptotic stability of the system is also checked. Since even small delays may change the
dynamics of the system, including of time-delay in differential equations can cause drastic changes and chaos in a system
that has regular behavior [6, 10]. Therefore, in this section we discuss on the behavior of the system according to intensity
of different couples and different values of the time delay. For this purpose first the system equations are divided into
linear and nonlinear parts appropriately, finally by adding delay to the coupling new equations of system obtain and then

we discuss on the synchronization. Thus, the system (1) is changed as below in which 7 represents time delay and

XiT:Xi(t_T)
X, =X
SA:dt T? 2 B
X, =—d,(x " =1)x, —C;X, +a, coswt + R ; (X, —%X;*)
&)
Xy =X
AV ‘
X, =—d,(x." -1)x, —C,X; +a,coswt+R,, (X, =X, )

By substituting we will have
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X, =X,
SA < . )
%, =—d; (X * =1)X, —¢,X, +a, cosat + R (X, — X, (t—7,))
. 4
X, =X
AV
Xy = =0, (X * —1) X, —C,X; +a, Cos at + Ry, (X, — X, (t—17,) )
Now with applying the appropriate controller on it which is as below
X, =X
SA <. o )
X, = =0, (X * =1)X, —C,X, +8, COswt + Ry; (X, — X,(t — 7))
. (5)
Xg =X,
AV < . 2
X, =—d,(X " =1)X, —C,X, +@, COswt + Ry, (X, =X, (t—7,)) +u

The state variables of slave systems will be converged to state variables of master system, after a transient time. So
synchronization error is considered as below [4].

el(t)= Xl(t)_ Xs(t _71)
ez(t)z Xz(t)_ X4(t _72)

The purpose of the synchronization is to annihilate errors. So chosen control functions to vanish errors as
€. =0, 1=12,34 that are measured as below

él(t): Xl(t)_ Xs(t _71)

6

. ] ] ™
ez(t): Xz(t)_ X4(t _72)
By substituting we will have
él(t) = Xl(t)_ X3(t i 71)
. . ) 2
&(t) = % (t)— %, (t - 7,)==d, (" ~D)%, — ¢, +2, cos ot @)
2
+Ri(% = X3(t B Z'1)) +0d, (X" —1)X, +C,X; —a, Cos ot — R, (X, = X4(t — 14 )) —u
With adding and subtracting terms, d,X, and C;X; to €, we have
e =6,
e, =—d,x X, +a, coswt +d,x, x, —a, coswt —c,e, + R.e, +(c, —¢, ), ©)
+ (dl - dz )X4 + dleZ = R24ez —u
Thus by choosing control rules as below
(10)
U =—d, %X, + &, cos wt +d,X,"x, —a, cos awt +(C, — ¢, )X,
+(d, —d,)x, + ke +ke,
we have
g =€
1 2 (11)

€, = (R13 —C - kl)el + (d1 —Ry— kz)ez
Matrix form of error equations is as € = Ae which is a linear system. Necessary and sufficient condition for asymptotic

stability of the error is that the matrix of coefficients was Horvytz (it means that the coefficients of the characteristic
We have polynomial of second degree exist and have similar sign).
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0 1
R13_C1_k1 dl_R24_k2
A-Al1 =0
X _(dl_R24_k2)/1_(R13_C1_k1):O
d,-R,,—k,<0,k,>d, -R,, for 4,4, <0
R;-¢ -k <0,k >c,—R;,

(12)

in which /11 and /12 are the eigenvalues of the matrix A . With changing eigenvalues so that the dynamic of the error still

is stable one can change speed of synchronization. However how much the eigenvalues are selected larger, the
synchronous speed may be higher and synchronization is done on lesser time, but eigenvalues have to be selected such

that control signal needs less range for synchronization. By applying control U and the results of simulations we will see

that Xy, X3 and X, , X, track each other[9], and have

lim [e]| =0
t

—0

(13)

The result of this section is that two-side coupling, physiologically, means that oscillator AV effects on oscillator SA |,
but the this effect is low. At first R1 was selected about 0.01 times of value of R2 , then we increased it. Calculations and

simulation results showed that two-side coupling and increasing R1 do not effect on time synchronization. These results
according to adaption with heart physiology which states that oscillator AV has little effect on oscillator SA are correct.

Simulation diagrams related to synchronization of oscillators with time delay by linearization method is as below
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Figurel. Synchronization of curves X; and X; and error curve X; and X; with time delay before controller
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Figure 2. Synchronization of curves X; and X; and error curve X; and X; with time delay after controller
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Figure 3. Synchronization of curves X, and X, and error curve X, and X, with time delay before controller
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Figure 4. Synchronization of curves X, and X, and error curve X, and X, with time delay after controller

Synchronization in case of time delay with adaptive control (AC) method

During the synchronization of the two systems, it is possible that the system parameters be unknown. Therefore in this
case for synchronization of two systems, we use adaptive methods. Generally, in this method, the aim is to find a
controller and also a law for updating the parameters, so that the states of follower and leader systems are synchronized
with each other globally and asymptotically. In this method the controller is designed and is added to the follower system
such that non-linear parts of error dynamic between leader and follower systems are eliminated. Also the Lyapunov
stability theorem is used to check system stability. In what follows, we study synchronization of oscillator SA and AV with

different initial conditions in case of time delay and that one of its parameters is unknown [6,13,14,15]. Oscillators of SA
and Av nodes define as below
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X, =X,
SA I 2 2]
X, ==d; (X " 1) X, —C% +a,c0swt+ Ry (X —X;")
. (14)
Xy = X
AVt 3
X, =—d,(X " =1 X, —C,X; +3, C0swt+R,, (X, =X, )
Assume that all parameters are known and d2 is unknown, in this cases by applying U we have
X, =X,
SA < . 2 7
X, =—d; (X " =1) X, —C;X +a, Cosat + Ry3 (X —X; ™)
. (15)
Xy =X
AV PR o
X, =—d,(X " —1)x, —CX; +a, Cosat + R,, (X, —X,*)+U
We consider parameter error and the synchronization error as below
d,=d,-d,
el(t): Xl(t)_ Xs(t _Tl)
(16)
ez(t): Xz(t)_ X4(t _72)
el(t) = Xl(t)_ Xs(t T z'1)
&,(t)=%,(t)-x,(t—7,)=—d,(x,” =1)x, —¢,x, +a, cos t
+ R, (X, = X5 (t —7,)) +d, (X,* —1)X, +C,X; —a, COswt — Ry, (X, =X, (t—7,)) —u
Control signal with using estimation of parameter d2 is determined as
2 Ay 2
u=—d,x X, +a, cos wt + d,x,°x, —a, cos wt +(c, — ¢, )X, -
17
+ (d1 - d2)><4 +k.e +k,e,
To obtain the lows for updating parameter dz , the Lyapunov function method is used.
Consider Positive definite Lyapunov function as
2 T2
e,”+d
V=2 2
2
. T T 7 -
V=6,6, + dzdz . (d2X3 X4 — d2X4 = (R13 -G - kl)el + (dl - R24 > kz)ez)ez + dzdz (18)
Thus by choosing
T 2
d,=(X,—%;"%,)e, , kk>R;—¢, ,k,>d;, —R,, (19)
v<0 (20)

Where V is negative definite. Now, according to the Lyapunov stability theorem, one can conclude that two systems SA
and AV which have an unknown parameter will be synchronized asymptotically with definite control function, and
synchronization error approaches to zero asymptotically. Generally, in case of time delay one can obtain these results.

1. With reducing the coupling coefficients in oscillator SA, synchronization frequency increases that may cause
sinus tachycardia disease.

2. Different delays cause system switching to different frequencies and as a result of increasing frequency, heart
rate increases and this may cause tachycardia arrhythmia.

3. Too much delay may cause arrhythmias blocks of grade 1 in the heart.
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Simulation diagrams related to synchronization of oscillators with time delay by adaptive method is as below
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Figure 8. Synchronization of curves X, and X, and error curve X, and X, with time delay after AC controller

By choosing parameters as shown in table 1, we designed controller to the Model of two -oscillator system of the heart in
case of time delay via linear and adaptive methods. Simulation result related to synchronization given in Table 2.

Table 2. Simulation results the Model of two -oscillator system of the heart in case of time delay

Two- oscillator in | Two-oscillator in Two- oscillator in
case of time case of time delay | case of time delay
delay with linear | with adaptive with adaptive
Definition method after method befor method after
control control control
Synchronization time of X; and X,
0.5 (s)
0.5(s) 0.3(s)
Synchronization time of X, and X, 0.4(s)
0.6(s) 0.3(s)

Conclusion

In this paper we saw that if two heart oscillator systems don't synchronize by changing parameters and coupling
coefficients, it may cause different kinds of blocking arrhythmias and in order to prevent arrhythmia, from beginning, we

added a voltage with the range @, and frequency @ ,to node SA, then we used time delay factor in oscillators and in order

to design a proper controller for two non-equal Van der Pol systems, we applied the linearization method with known
parameters and the adaptive method in case that the parameters are unknown. At last we applied Lyapanuv stability
theorem to guaranty convergence of methods. Also regarding to the results of synchronization of two oscillators, we
compared heart oscillator systems before and after the synchronization. It was seen that in adaptive control,
synchronization is done in fewer time and dynamic of error converges to zero in about Less than 0.3 seconds where as in
linearization method, dynamic of error converges to zero in about 0.5 seconds.
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