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Introduction.

In order to extract useful information hidden in voluminous data, many methods in addition to classical logic have
been proposed. These include fuzzy set theory [16], rough set theory [35, 36], computing with words [17-19] and
computational theory for linguistic dynamic systems [12]. Rough set theory, proposed by Pawlak [35], is a hew
mathematical approach to deal with imprecision, vagueness and uncertainty in data analysis and information system.
Rough set theory has many applications in several fields (see [2-13, 19-27]). The classical rough set theory is based on
equivalence relations. However, the requirement of equivalence relations as the indiscernibility relation is too restrictive for
many applications. In light of this, many authors introduced some extensions (generalizations) on Pawlak’s original
concept (see [1-12, 19-27 and 29-34]). But most of them could not apply the properties of original rough set theory and
thus they put some conditions and restrictions.

In our work [20], we have introduced frame work to generalize Pawlak’s original concept. In fact, we have
introduced the generalized neighborhood space j — NS as a generalization to neighborhood space. Moreover, in our
approaches j — NS, we have introduced different approximations that satisfy all properties of original rough set theory
without any conditions or restrictions. In addition, we have introduced an important result as a new method to generate
general topology from any neighborhood space and then from any binary relation. This technique opens the way for more
topological applications in rough context and help in formalizing many applications from real-life data. Accordingly, our
work [21] introduced some of the important topological applications named “Near concepts” as easy tools to classify the
sets and help for measuring near exactness and near roughness of sets.

In the present paper, we introduce some new notions in j — NS such as “j-rough membership relations, j-rough
membership functions and j-fuzzy sets”. In addition, we apply near concepts on the above notions to define different tools
for modification the original operations. Many results, examples and counter examples are provided to illustrate the
properties and the connections of the introduced approaches.

Moreover, the introduced j-rough membership functions are more accurate than other rough member function
such as Lin [28]; Lemma 4.2 & 4.3, prove this result. For first time, we use the new topological application named “j-near
concepts” to define new different tools namely “j-near rough membership relations and j-near rough membership
functions” to classify the sets and help for measuring near exactness and near roughness of sets. Considering the j-near
rough membership functions, we introduce new different fuzzy sets in j — NS. The introduced techniques are very
interesting since it is give new connection between four important theories namely “rough set theory, fuzzy set theory and
the general topology”.

2 Preliminaries.
In this section, we introduce the fundamental concepts that were used through this paper.
Definition 2.1"Topological Space"[18]

A topological space is the pair (U,7) consisting of a set U and family 7 of subsets of U satisfying the following
conditions:

(TP eTandU E 7.
(T2) 7 is closed under finite intersection.
(T3) 7 is closed under arbitrary union.

The pair (U, 7) is called "space", the elements of U are called "points" of the space, the subsets of U that belonging to t
are called "open" sets in the space and the complement of the subsets of U belonging to t are called "closed" sets in the
space; the family 7 of open subsets of U is also called a "topology"” for U.

Definition 2.2 "Pawlak Approximation Space"[36, 37]

Let U be a finite set, the universe of discourse, and R be an equivalence relation on U, called an indiscernibility relation.
The pair A = (U,R) is called Pawlak approximation space. The relation R will generate a partition U/R = {[x]z:x € U}
on U, where[x] is the equivalence class with respect to R containing Xx.

For any, X € U the upper approximation Apr(X) and the lower approximation Apr(X) of a subset X are defined
respectively as follow [36, 37]:

Apr(X) =n{Y € U/R:Y N X # @ }and Apr(X) =U{Y € U/R:Y S X }.

Let @ be the empty set, X€ is the complement of X in U, we have the following properties of the Pawlak’s rough sets [36,
37]:

(L1) Apr(x0) = [Apr(x©)]". (U1) Apr(x) = [4pr(x)] "

(L2) Apr(U) = U. (U2) Apr(U) = U.
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(L3)Apr(X nY) = Apr(X) n Apr(Y). (U3) Apr(X U Y) = Apr(X) U Apr(Y).
(L4) Apr(X uY) 2 Apr(X) U Apr(Y). (U4) Apr(X nY) € Apr(X) n Apr(Y).
(L5) If X c Y, then Apr(X) < Apr(Y). (U5) If X € Y, then Apr(X) € Apr(Y).
(L6) Apr (@) = ©. (UB) Apr (@) = 0.

(L7) Apr(X) € X. (U7) X € Apr(X).

(L8) Apr (Apr(X)) = Apr(X). (U8) Apr(Apr(X)) = Apr(X).
(L9)4pr (Apr(X)) = Apr(X). (U9) Apr (4pr (X)) = Apr(X).

Definition 2.3[37] "Pawlak Membership function”
Rough sets can be also defined employing, instead of approximations, rough membership function as follow:
u%:U — [0,1], where

[[x]rNX]
[[x]r1

Lin [28] have defined new rough membership function in the case of Ris a general binary relation as the following
definition illustrates.

Definition 2.4[28] "Lin Membership function”

uB(x) = , and|X| denotes the cardinality of X.

Rough sets can be also defined employing, instead of approximations, rough membership function as follow: uf: U —
[0,1], where

R B |xRNX|
px (x) = IR

, and xR indicates to the after set of elementx € U.

3 Generalized Neighborhood Space and Near Concepts in Rough Sets.

In this section, we introduce the main ideas about the new j-neighborhood space (briefly j — NS) which represents
a generalized type of neighborhood spaces; that was given in [20]. Moreover, we introduce a comprehensive survey
about the near concepts in j — NS that were introduced in [21]. Different pairs of dual approximation operators were
investigated and their properties being discussed. Comparisons between different operators were discussed. Many
results, examples and counter examples were provided.

Definition 3.1 Let R be an arbitrary binary relation on a non-empty finite set U.The j-neighborhood of x €
U (I\G(x) ),Vj e {r,L(r),(l),u,i,(u), (i)}, can be defined as follows:

(i) r-neighborhood: N.(x) ={y € U | xRy},
(i) l-neighborhood: Ny(x) ={y € U | yRx},
(i) (r)-neighborhood: Ny (x) = Nyen, ) N (),
(iv) (l)-neighborhood : Nyy(x) = Nyen, ) M),
(v) i-neighborhood: N;(x) = N,.(x) n N;(x),
(vi) u-neighborhood: N, (x) = N,.(x) U N;(x),

(vii) (i)-neighborhood: Ny (x) = Nipy(x) N Ny (x),
(viii) (u)-neighborhood: Ny (x) = Npy(x) U Ny (x).

Definition 3.2 Let R be an arbitrary binary relation on a non-empty finite set U and &;: U — P(U) be a mapping
which assigns for each x in U its j-neighborhood in P(U). The triple (U, R, fj) is called j-neighborhood space, in
briefly j — NS.

The following theorem is interesting since by using it we can generate eight different topologies.

Theorem 3.1 If (U,R,fj ) is j — NS, then the collection
7, ={AcU|VpeA N() cA},
v j € {r,L,(r), (1), i, (u), (i)}, is a topology on U.
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Proof
(T1) Clearly, U and @ belong to 7;.

(T2) Let{A; | i €1} be a family of elements in 7; and p € U; 4;. Then there exists iy € I such that p € 4; . Thus
N;(p) € A, this implies N;(p) € U;A; andso U; 4; € 1;.

(T3) Let A,A, €E7; andp € Ay NA,. Thenp € A; and p € A, which implies N;(p) € 4; and N;(p) € A;. Thus
Ni(p) €A1 NA, andthen A; NA; €7;.

Accordingly 7; is atopologyon U. m
Example 3.1 Let U ={a,b,c,d} and
R ={(a,a),(a,d),(b,a),(b,c),(c,c),(c,d),(d, a)}. Thus we get
N,(a) = {a,d},N;(a) = {a,b,d},N;(a) = {a,d} and N,(a) ={a,b,d}.
N,(b) = {a,c},N;(b) = 0,N;(b) = @ and N,(b) = {a,c}.
N,(c) ={c,d},N,(c) = {b,c},N;(c) = {c} and N,(c) =1{b,c,d}.
N, (d) = {a}, N\(d) = {a,c}, N;(d) = {a} and N,(d) ={a,c}.
Nyy(a) = {a}, Nyy(a) = {a}, Nyy(a) = {a} and Ny,(a) = {a}.
Nyy(b) = @, Nyy(b) = {b}, N;y(b) = @ and N,y(b) = {b}.
Ngy(c) = {c}, Nyy(c) = {c}, Ny (c) = {c} and N, (c) = {c}.
Nyy(d) = {d}, Nyy(d) = {a, b, d}, Ny, (d) = {d} andN,,(d) = {a, b, d}.
Thus we get
7, ={U,8{a,d},{a,c,d}}, 7, = {U, 0, (b}, {b,c}}, 7, = (U, 0},
7 = (U,0, (b}, {c}, {a,d}, (b, ) {a,b, 3, {a,c,d}), 7,y = 75 = PU),
to = (U.8,{a}, (6, (), (@, b}, (@, ¢}, (b, ¢}, (@ b, €}, {a, b, d} = 74,

Remark 3.1 From the results that were given in [20], the implications between different topologies T; are given in the
following diagram (where — means C<).

Diagram 3.1

By using the above topologies, we introduce eight methods for approximation rough sets using the interior and closure of
the topologies 7; ,Vj € {r,L,(r), (1), u, i, u), (i)} .

Definition 3.4 Let (U,R,Ej) be j — NS. The subset A € U is said to be j-open set if A € 7;, the complement of j-open
setis called j-closed set. The family I[; of all j-closed sets of a j-neighborhood space is defined by

L={FCU|F e }.

Definition 3.5 Let (U,R, Ej) be j— NS and A< U. The j-lower and j-upper approximations of A are defined
respectively by

R;(A) =U{G €1;:G S A} = j-interior of 4,
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Ej(A) =n{H € [1AC H} = j-closure of A.

Definition 3.6 Let (U,R,fj) be j— NS and A € U. The j-boundary, j-positive and j-negative regions of A are
defined respectively by

B;(A) = R;(A) — R;(4),
POS; (A) = R;(A),and
NEG;(A) = U — R;(A).

Definition 3.7 Let (U,R,§;) be j — NS. Then subset A is called j-definable (exact) set if R;(4) = R;(A) = A.
Otherwise, it is called j-rough.

Definition 3.8 Let (U, R, fj) bej — NS. The j-accuracy of the approximations of A € U is defined by

,Where | Ej(A)| # 0.

Remarks 3.2 Itis clear that 0 < §;(A) <1 and A is j-exactif B;(A) = @ and &;(A) = 1. Otherwise, A is j-rough.

Remark 3.3 According to the above results, we can conclude that the using of T; in constructing the approximations of
sets is accurate than 7,,7; and 7. Also, the using of 7 in constructing the approximations of sets is accurate than
Tiry T(l) and Ty - Moreover, the topologies 7; and 7(;, are not necessarily comparable and consequently so are a; 4
and a;y(4).

Some properties of the approximation operators R;(A) and ﬁj (A) are imposed in the following proposition.

Proposition 3.1 Let (U,R,§;) be j — NS and A,B < U . Then

(1) R;(A) € A € R;(A). (7) R;(AU B) 2 R;(A) UR;(B).
)R, () = R(U) =U, (8) Ri(ANB) € R;(4) N R, (B).
R;(®) = R(9) = 0. (9 R, (4) = [R;A9)],

where A€ is the complement of A.
(10) R (4) = [R;(4")]'

(11) R, (R;(4)) = R;(4)

(3)R(AUB) = Ej(A) U R;(B).
(4 R;(AnB) = R;(4) NR;(B).
(5)If AS B then R;(A) < R;(B).
(6)If ASB then By(4) < R (B). (12) R (R@) = R (4.
Proof By using properties of interior and closure, the proof is obvious. m

Remark 3.4 The above proposition can be considered as one of the differences between our approaches and other
generalizations such as [12, 18, 21, 25, and 27]. Although they used general binary relation but they added some
conditions to satisfy the properties of Pawlak approximation operators. Our approaches satisfied most of the properties of
Pawlak approximations. So, we can say that our approaches are the actual generalizations of Pawlak approximation
space [36] and the other generalizations in [1, 4, 7, 9, 14, 16, 17, 27, 28 and 30-37].

The following table shows the comparisons between our approaches and some of other generalizations which
used general relation.
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Properties of Yao [35] and others [1, j—NS
4,7,9, 14, and 30]

Pawlak
approximations

(L1) * *

Table 3.1

The following example illustrates the comparison between our approaches and Yao's method [34].
Example 3.2 Let (U,R,§;) isaj— NS where U = {a,b,c,d}and
R ={(a,c),(b,b),(c,a),(d,a)}.
Then we compute the approximations of all subsets of U according to Yao method as follows:
Yao [35] defines the approximations of any subset X € U as follow:
apr(X) ={x € U:xR € X}and apr(X) = {x € U:xR N X * @}.

The following table gives the comparison between Yao approach and our approaches j — NS, in case of j = (r),(l), and
the other cases similarly.
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Yao's approach

apr(d) | apr)

Table 3.2: Exact Sets and Rough Set.
From the above table, we can notice that:

() apr(X) ¢ X & apr(X) e.g.{a} and {d}. But in our approaches
R;(X) € X S R;(X),forany X c U.

(ii) There are many subsets in U are rough in Yao's approach (except the shaded sets), but in our approaches j — NS
there are many subsets are j-exacts such as the sets that shaded in the above table. Also, if there is exact set in
Yao's approach, then it is exact in our approaches (but the converse is not true in general). Moreover, the boundary
region was reduced and became smaller than Yao approach.

Remark 3.5 In Yao's approach @(@) # @ and apr(U) # U in general, as the following example illustrates.
Example 3.3 Let (U,R, Ej) be j — NS where U ={a,b,c,d} and R = {(a,a), (b, b),(c,c),(c,d)}. Then we get
aR = {a},bR = {b},cR = {c,d} and dR = @.

Accordingly, we have %(Q)) ={d} # @and apr(U) ={a,b,c} # U

In what follows, we introduce one of the important topological concepts named “j-near open sets”. By using it, we
define new forty approximations as mathematical tools to modify the j-approximations in the j — NS. Properties of the
introduced approximation operators are investigated, and their connections are examined.

Definition 3.9 Let (U, R,¢;) be j — NS. Then, for each j € {r,,(r), (1), u, i, (u), (i)}, the subset A C U is called:
(i)  j-Regular-open (briefly R"-open) if A = int;(cl;(A)).
(i)  j-Pre-open (briefly P;-open) if A € int;(cl;(4)).
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(iiif)  j-Semi-open (briefly S;-open) if A € cl;(int;(A)).
(iv)  y;-openif A C int;(cl;(A)) U clj(int;(4)).

(V) a; -openif A € int;[cl;(int;(A))].

(vi)  B; -open (semi-pre-open) if A € clj[int;(cl;(A))].
Remarks 3.6

(i) The above sets are called j-near open sets and the families of j-near open sets of U denoted by K; 0 (U), for
each K =R*, P, S,y,a and .

(if) The complements of the j — near open sets are called j-near closed sets and the families of j-near closed sets
of U denoted by K; C(U), for each

K =R*,P,S,y,aand .

(iiif) According to [21], ;O (U) represent a topology on U, and then the j-near interior (resp. the j-near closure)
represent the j-interior (resp. the j-closure).

Remark 3.7 According to the results in [21], the implications between the topologies 7; and the above families of j-near
open sets (resp. j-near closed sets) are given in the following diagram (where — means <).

DD D, DD
<D

Diagram 3.2

By using the j-near open set, we can introduce new methods for approximation rough sets using the j-near
interior and the j-near closure for each topology of 7; as the following definitions illustrate.

Definition 3.10 Let (U,R,Ej) be j— NS and A< U . Then, for each j € {r,L{(r),(l),u,i{u),(i)} and k €
{R*,p,s,v,a, [} the j-near lower and j-near upper approximations of A are defined respectively by

Rf(A) =U {G € k;0(U): G € A} = j-near interior of 4,

—k

R; (A) =N {H EkCU):AC H} = j-near closure of A.
Definition 3.11 Let (U, R,¢;) be j— NS and A € U. Then, for each

je{r,L{r),{),u, i (u), (i)} and k € {R*,p,s,y,a, B}, thej-near boundary, j-near positive and j-near negative regions
of A are defined respectively by

Bf(4) = R (4) — RX(4),
POS/(A) = R (A) and
NEG}(A) =U — Ej" (4).
Definition 3.12 Let (U, R, Ej) be j— NS and A € U. Then, for each

jeE{r,L{r),{),ui(u),{i)}and k € {R*, D, S,7,Q, [3}, the j-near accuracy of the j-near approximations of AC U is
defined by
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R¥(A) —k
Sjk(A) = |:]k—| ,Where |R]- (A)| * 0.
[ @
Itis clear that 0 < 5}-" 4) < 1.
The following propositions give the fundamental properties of the j-near approximations.

Proposition 3.2 Let (U, R, fj) be j— NS and A € U. Then, for each
Je{r, L{r),{),uiu)({i)}and k =1"p,s,v,a,B

1) R¥(4) c A. B

(L Rj (A (8)4 € R (4).

@ RW) =R W)=v O RI®) =R @) = 0.
(3)If A B then Rf(A) S Rf(B). (10)If 4 € B then R, (4) R, (B).
(4) RF(ANB) S Rf(A)N RF(B). ~ —k —t

(1D R (ANB)SR; (A)NR; (B).
(5)Rf(AUB) 2 Rf(A)U Rf(B). 3 5 5
- . (12)R; (AUB) 2 R; (A) UR; (B).
(6) RE(4) = [Rj (AC)] , where A®
is the complement of A.

(7) RF( Rf(A)) = Rf(A).

(13) B (4) = [ RF(A%)]°, where A°
is the complement of A.

—k —k —k
(14) Rj (Rj (4) = Rj (4).

Remark 3.8 Since the topologies 7; are larger than the families of all regular open sets of U, R'O(U), (that
is, R]-*O(U) represents a special case of the topologies 7;) then we will not using it in our approaches.

The j-near approximations are very interesting in rough context since the use of the j-near structures can help for further
developments in the theoretical and applications of rough sets. Moreover, the j-near approximations can help in the
discovery of hidden information in data collected from real-life applications, since the boundary regions will decreased or
cancelled by increasing the lower and decreasing the upper approximations, as the following results illustrate.

Proposition 3.3 Let (U, R, Ej) be j— NS and A € U. Then, for each
j € {Tl ll (r)l (l>lul i; <u>1 <l>}and k € {R*, D, S,)/, a, B} such that k * R*
_k y
Ri(A) S Rf(A) SACSR; (A) SR (A)

Proof Since the families of j-near open sets k; O(U) (resp. j-near closed sets k; C(U)) are larger than the topologies 7;
(resp. the families of j-closed sets [;). Then we have

Ri(A) =u{G e 1:G S A} SU{G € kOU):G S A} = R (4).

By similar way, we can prove Ejk 4) c Ej (4).m
Corollary 3.1 Let (U,R,§;) be j — NSand A S U. Then, for each
je{r,L,(r),{),u,i,(u),(i)}land k € {R*,p,s,y,a, B} such that k + R*:

(1) B (4) < B (4). 2) 8(A) < 5 (A).

The aim of the following example is to show that, the above results and to illustrate the importance of using j-near
concepts in rough context.

Example 3.4 Letthej — NS (U, R, Ej), where U = {a, b, ¢, d} and

R ={(a,a),(a,b), (b,a),(b,b),(c,a),(c,a),(c,b),(cc)(ca),(d d}

Then, we get N, (a) = {a, b}, N.(b) = {a, b}, N.(c) = U, N, (d) = {d} this implies

17, ={U,0,{d},{a, b}, {a,b,d}} and I, = {U,9,{c},{c,d},{a,b,c}}.

We shall compute the j-near approximations for j = r and k = p,y, § and the other cases similarly as follow:

P.O(U) = {U,9,{a},{b},{d}, {a b}, {a,d},{b,d},{a b,d} {a,c d}{b,c d}},
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P.C(U) = {U,0,{a},{b},{c}, {a,c},{b,c},{c,d}{a,b,c}{a c d}{b,c d}},

¥,.0(U) = {U,8,{a}, {b},{d}, {a, b}, {a,d},{b,d},{c,d},{a, b,c}{a b,d},{a c,d} {b,c d}},

¥.C(U) ={U,®,{a},{b},{c}, {d},{a, b} {a,c},{b,c},{c,d},{a, b, c}{a,c,d}, {b,c d}},

B.0(U) ={U,®,{a}, {b},{d},{a, b}, {a,c},{a d},{b,c},{b,d},{c,d},{a b,c}{a b, d},
{a,c,d},{b,c,d}}and

B.C(U) = {U,8,{a}, {b},{c},{d},{a, b}, {a,c},{a,d},{b,c},{b,d},{c,d},{a, b,c} {a,c d},
{b,c,d}}.

The following table introduces comparisons between the j-approximations and the j-near approximations of the all
subsets of U as follow:

Table 3.3:[_] Exact Set

From the above table, we can notice that:

(i) Applying the j-near approximations is very interesting for removing the vagueness of rough sets, and this would helps
to extract and discovery of hidden information in data collected from real-life applications.

(ii) The best j-near approach is ﬁj (since ﬁj is more accurate than the other types of j-near open sets).
(iii) There are many rough sets in 7., but it isj-near exact such as the shaded sets.

4 j-Rough Membership Relations, j-Rough Membership Functions and j-Fuzzy Sets.

The present section is provided to introduce new definitions of “rough membership relations, rough membership
functions and fuzzy sets” in j — NS. Moreover, we introduce some differences between our approaches and some others
approaches such as Lin [28]. In addition, we give some solutions to accurate the approximations and exactness of rough
sets. In the last of the section we give some connections between rough set theory, fuzzy set theory and topology.

Definition 4.1 Let(U, R, &) be j — NS and A S U. Then we say that:

() xis"j-surely” belongs to A, written x €; A, ifx € BJ,(A).
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(ii) xis" j-possibly" belongs to X, written x €; A, if x € R; (4).

These two membership relations are called " j-strong” and " j -weak” membership relations respectively,V j €

{r, L,(r), (D, w, i, (u), (i)}

Lemma 4.1 Let the triple (U, R, fj) be j — NS and A € U . Then the following statements are true in general:
() Ifx €, A implies to x € A. (i) 1fx €A impliestox € A.

Proof Straight forward. m

Remark 4.1 The converse of the above lemma is not true in general, as the following example illustrates:

Example 4.1 Consider the triple (U,R,§) be j—NS , where U={ab,c,d} and ={(a ),
(b, b), (c, ), (c,b), (c,d), (d,a)}. Then we get

7, ={U,®,{a},{b},{a,b},{a,d}, {a,b,d}and
T, ={U,0,{c}{b c}{cd}{acc d},{bcd}

We show the above remark in case of j = r and the other cases similarly. Suppose that A = {a, b, c}, then we
get

R,(A) = {a,b}and R, (4) = U.

Clearlyc € Abutc €, Aandd €, Abutd & A.

g

Proposition 4.1 Let (U, R, Ej) be j— NS and A,B € U. Then by using the properties of the j-approximations we can
prove the following properties:

() IfACSBthen(x€ A =x€ Band x§ A= x € B).

(i) x€ (AUB) = x€ Aorx € B.

(i) x€ (AUB) ©x€ Aandx €; B.

(iv) Ifx€; Aorx€; B, thenx €; (AU B).

(v) Ifx€; (AUB),thenx €; Aandx €; B.

(Vi) x € A° = nonx € A.

(Vi) x € A° © nonx €; A.

Remarks 4.2 We can redefine the j-approximations by using €; and E] as follows, for any A, B € U:
R;j(A) ={x € U|x g Aland R;(A) = {x € U|x § A}.

The following proposition is very interesting since it is give the relations between different types of j-rough
membership relations €; and E] Accordingly, we will illustrate the importance of using these different types of
membership relations.

Proposition 4.2 Let (U,R,&;) be j — NS and A S U. Then
Dfxg A=>x€. A= x€, A

(iDlfxg A=x€ A=x€ A

(ii)lfix€, A =>x €, A= x € A.
(iv)Ifx€, A= x €, A= x € A

W Ifx €A =x € A= x €y A

(vi) Ifx§(1.>A:x§<DA=>xg<u> A.

(i) Ifx €y A = x €,y A= x €y A

(viii) If x €y A = x €y A = x € A.

Proof We will prove first statement and the others similarly:

1645 |Page May 23, 2014



ILLJJ ISSN 2347-1921

(DIfxg, A=x€R(A) =x€ER.(A) = xE, A

Also,ifx €, A= x€R.(A) = x€ER(A) = xE, A. m

Remark 4.3 The converse of the above proposition is not true in general as the following example illustrates.
Example 4.2 Let the triple (U,R,fj) be —NS , where U = {a, b, c,d} and

R ={(a,a),(a,b),(b,c),(b,d),(c,a),(d,a)}. Then we get

7y = {U, 8, {a}, {a, b}, {c,d},{a,c,d}}and I,y = {U, 8, {b}, {a, b}, {c,d}, {b, c,d}}.
Ty = {U,0,{a},{b},{a, b}, {a,c,d}}and I,y = {U, @, {b},{c,d},{a,c,d},{b,c,d}}.
T4y = {U,0,{a}, {b}.{a, b}, {c,d} {a,c,d},{b,c,d}} = T,.

Ty = {U,0,{a},{a, b}, {a, c,d}}and I,y = {U, ®, {b}, {c,d}, {b, c,d}}.

Suppose that A = {b, ¢, d}. Thus we get

Ry (A) = @, Ryy(A) = {c,d},R(A) = {b}andR;(4) = {b,c,d}.

Accordingly, ¢ €,y Aand b €y Abutbh &,y Aandc €., A.

Alsob € Aandc€ Abutb &, A andc & A.

By similar way, we can illustrate the others cases.

Definition 4.2 Let (U,R,¢;) be j —NSandA S U. ThenV j € {r,1,(r),(1),u,i,(u), (i)} and x € U we define the j-
rough membership functions of j — NS as follows:

The j- rough membership functions on Ufor subset A are yﬁl: U - [0,1], where

. [{n N; ()} n Al
J L Lol Kl
Ha(®) = |n N ()|

and |A|denotes the cardinality of A.

The rough j-membership function expresses conditional probability that x belongs to A given R and can be
interpreted as a degree that x belongs to Ain view of information about x expressed by R. Moreover, in case of infinite

universe, the above membership function uﬁ, can be use for spaces having locally finite minimal neighborhoods for each
point.

Remark 4.4 The rough j-membership functions can be used to define j-approximations of a set 4, as shown below:
R;(A) = {x € U] ui(x) =1} and
Ri(4) = {x € U] #,(x) >0},
The following results give the fundamental properties of the above j- rough membership functions.

Proposition 4.3 Let(U, R, §;) be j — NS and A,B S U. Then
() W) =1exg A
(i) wy(x) =0 < x €U —R;(4).
(iiiy 0 < @y (x) <1< x € B,(A).
(iv) u)_,(x) =1 — )y (x) forany x € U.
(V) Hhp(x) = max(u (x), wh (X)) for any x € U.
(vi) uf;mB(x) < min(ui(x),yé(x))for anyx € U.
Proof We will prove (i), and the others similarly.
xE Ao xeERAD SxEANK CAS () =10

Remark 4.5 The rough j-membership functions divides the universe U by using the j-boundary, j-positive and j-
negative regions of A € U, respectively as follow:
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Bi(A)={xeU| 0<p(x)<1},
POS;(A) = {x € U| ph(x) = 1} and
NEG; (4) = {x € U| w(x) = 0}.
Lemma 4.2 Let (U,R,§;) be j — NS and A € U. Then for every x € U
() i =1=21x) =1 =) =1.
(i) ) =1 =2wH) =1 = px) =1.
(i) 180 =1 =@ =1 =4’ =1.
W) 0 =1 =210 =1=uwx=1.
Proof
() fuy(x)=1=x, A=x€, A= u(x)=1.
Also,if uy(x) =1=x€, A= x € A= py(x) =1.
(iiy , (iii) and (iv) Similarly as (i).m
Lemma 4.3 Let (U,R,¢;) be j — NS and A € U. Then for every x € U
(i) wit) =0 = u(x) =0= uy(x)=0.
(i) pi() =0 = uy(x) =0 = pj(x) =0.

(i) 1§’ @) = 0 = p{’@) =0 = @) =0.

(iv) @) =0 = ') =0 = '@ =o0.
Proof
) fp) =1=N0NA=0=Nx)NA=0
= uy(x)=0.
Also, if 4y (x) =0=N.(x) NA=0=N,(x)NA=0
= 14 (x) = 0.
(i) , (iii) and (iv) Similarly as (i).m
Remarks 4.6

(i) According to the above results and by using Proposition 4.2, we can prove that 1 is more accurate than the
others types, this means that:

(DIfx € A = u¥(x) < py(x) < py(x) and
if x € A= pi(x) < py(x) < pp ().
Q)Ifx ¢ A= p4(x) < py(x) < pl(x) and
ifx g A= ph(x) < ph(x) < pi(x).
AIfxe A= ux) <ul (%) < 1l (x) and
ifx € 4= 100 < uf () < 1 .
WIfx ¢ A= p () <u () <l () and
ifx e 4= () < @) <ul .
(i) The converse of the above lemmas is not true in general.

The following example illustrates Remarks 4.6.

Example 4.3 According to Example 4.2, consider the subset A = {b, ¢, d}. Then we get
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(r) _ Ha3ndl _ D) _ lan4l _
a (@ =S =0 Ha (@) =)
) py = HabinAl _ 1 Wy — 1034l _
a () =S = e () =g =1
(r) _ HedinAl _ 0 _ Hacd}ndl _ 2
Ha () = Hedl 1 pa'(€) = Hacd) 3
(r) _ Hedindl _ ) _ Hacdinal _ 2
Ha'(d) = Hed}l L ' (d) = facd) 3
Wy  lanal _ Wy _ ladnal _
wa (@ =" =0 Ha (@) =57 =0
) _ linal _ (u) _ ltabynal _ 1
Ha (0) =S = 1. a (B) =S =7
(i) _ cd3na| _ (u) _ lacdinal _ 2
Ha () = ledyl L Ha (0) = Hacdll 3
(i) _ {ed3nd] (u) _ Hacd}ndl _ 2
Hy (d) = Hed}l pa'(d) = Macdl 3

Remark 4.7 Lin [28] have defined rough membership function for any binary relation, this membership function coincide

with our membership function yﬁin case of j = r(r-rough membership function ¢}) only. So, our approaches represent
generalization for Lin approach. Moreover, our membership functions are accurate more than Lin membership function.

One of the key issues in all fuzzy sets is how to determine fuzzy membership functions. The membership function
fully defines the fuzzy set, which represent the basic tool in fuzzy theory. A membership functions provides a measure of

the degree of similarity of element to fuzzy set. The following definition uses the j-rough membership functions uf;, to
define four different types of fuzzy setsin j — NS.

Definition 4.3 Let (U,R,&;) be j — NS and A € U. Then we define j-fuzzy sets in U is a set of ordered pairs:
& = {(x, 1y ())|x € U},
Example 4.4 According to Example 4.2, consider the subset A = {b, ¢, d}. Then we get

Ay = {(a,0,(5,3), (e, 1, (d, DY, Agy = {(@,0), (b, ), (e,3), (d, D},
Ay = {(a,0), (b,3),(6,2), (d, )}, and Ay, = {(a,0), (b,1), (¢, 1), (d, 1)}.

5 j -Near Rough Membership Relations, j -Near Rough Membership Functions and j-
Fuzzy Setsinj — NS .

By considering j-near concepts, we introduce the new concepts j-near rough membership relations (resp. j-near
rough membership functions) to modify and generalize the j-membership relations (resp. j-membership functions)
in j — NS. The near rough membership functions are considered as easy tools to classify the sets and help for measuring

near exactness and near roughness of sets. The existence of near rough membership functions made us to introduce the
concept of near fuzzy sets.

Definition 5.1 Let (U,R,&;) be j— NS and A € U. Then
vje{r Ly, ,ui )i}k €{ps,y, a B} we say that:

() xis"j-near surely"(briefly k;-surely) belongs to A, written x g}‘ A, ifx € B}’.‘(A).

(i) xis"j-near possibly"(briefly k;- possibly) belongs to A, written x E;‘ A ifx € Ejk (4).
These two membership relations are called " j-near strong” and " j-near weak" membership relations respectively.
Lemma5.1 Let (U,R,§;) be j—NSand A S U . Then
Vije{rL{r),d),uiu), i)}k €{ps,y a B} the following statements are true in general:
(i) Ifx E;-( A implies to x € A. (i) 1fx €A implies tox Ejk A.
Proof Straight forward. m
The converse of the above lemma is not true in general, as the following example illustrates:

Example 5.1 Let (U,R,§;) be j — NS , where U = {a,b,c,d} and R = {(a,a), (b,b),(b, ),
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(c,a),(c,d),(d,a),(d,c),(d,d)}.Thus we get
Nyy(a) ={a}, Nyy(b) ={a,b}, Nyy(c) ={a,c,d}, Nyy(d) ={d}.
We will show the above remark in case of (j = (r) and k = p) and the other cases similarly.
P,0U) = {U,®,{a},{d},{a, b},{a,d},{a,b,d},{a,c,d}} and
Py C(U) = {U, ®,{b},{c},{b, c},{c,d},{a,b,c},{b,c,d}}
Suppose that A = {b, d}, then we get
R?\(A) = {d}and R(,(4) = {b,c,d}. Clearlyb € A, but b &}, Aand c €, Abutc & A.

Remarks 5.1 We can redefine the j-near approximations by using gjl-‘ and E;{ as follows:
ForanyA,Bc U
—k _
Rf(A) ={x e Ulx g AJand R, (4) = {x € U|x e;‘ A}

The following proposition is very interesting since it is give the relations between the j- rough membership
relations and j-near rough membership relations. Accordingly, we will illustrate the importance of using these different
types of j-near rough membership relations.

Proposition 5.1 Let (U,R,&;) be j — NS and A S U. ThenV j € {r,1,(r), (1), u, i, (u), (i)},
k € {p,s,y,a, B}, the following statements are true in general:
W) Ifxg A= xgf A. (D) IfxE A = xFE A
Proof We will prove first statement and the other similarly:
(NIfxg, A= x€ER(A) =xER(A)=>xEf Am
Remark 5.2 The converse of the above proposition is not true in general as the following example illustrates.
Example 5.2 Consider Example 5.1, where U = {a, b, ¢,d} and
R ={(a,a),(b,b),(b,a),(c,a),(cd),(d a)(drc)(dd)} Thuswe get
Nyy(a) ={a}, Nyy(b) ={a, b}, Nyy(c) ={a,c,d}, Nyy(d) ={d}.
We will show the above remark in case of (j = (r) and k = s) and the other cases similarly.
Se0W) = {U,0,{a},{d},{a, b},{a,d},{a,c},{c,d},{a,b,c}, {a,b,d} {a,c,d}} and
SiyCW) = {U,®,{b},{c},{d},{a, b}, {b,c},{b,d},{c,d},{a,b,c},{b, c,d}}
Suppose that A = {a, ¢} and B = {a, b}, then we get Em(A) = {a} and &Sr)(A) = {a, c}. Clearly ¢ g(sr> A, butc &,y A
although c € A.
Also R,.(B) = {a, b, c} and R, (B) = {a, b}. Clearly ¢ &, B,butc €, B
although c ¢ B.

Definition 5.2 Let (U,R, fj) be j— NS and A S U. Then we define the j-near rough membership functions for
Jj — NS as follows:

Foreach j € {r,L,{r),{),u,i,(u),{i)},k € {p,s,y,a,B}and x € U:
The j-near rough membership functions on U for subset A are uﬁj: U - [0,1] where

k.
k. 1 if 1ew,’ (x).
”Al ('x) = . k] .
min (lPA (x)) Otherwise.
|k InA|
Jkej G0

And ‘P:j (x) = { x €k; (x)} such that k; (x) is a j-near open setin U.

Remark 5.3 The j-near rough membership functions can be used to define j-near approximations as shown below:
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RE(A) = (x € Ul uy (x) = 1}and

—k ki
R (A) ={x eU| p, (x)>0}.
The following results give the fundamental properties of the j-near rough membership functions.

Proposition 5.2 Let (U,R,§;) be j — NS and A,B S U. Then,Y j € {r,L,(r),(l),u,
Au), (i)} k€ {p,s,y,a f}and x € U:

) u/@=1oxea

i) 1) =0eoxeU-R (4).

(i) 0<uy(x)<1e xeBrA.

V) m) () =1—p (%) foranyx € U.

(V) iy @) 2 max(, (o), (0))for any x € U.

Nk .k k;
(Vi) pyp(0) <min(u,’ (x), uy (x))for any x € U.
Proof We will prove (i), and the others similarly.

First, x €f A & x € Rf(A). Since Rf (4) is j-near open set contained in A, then

= 1. Thus 1 € ¥ (x)and accordingly 1 (x) = 1. m

Remark 5.4 The j-rough membership functions can be divide the universe U by using the j-near boundary, j-near
positive and j-near negative regions of A € U, respectively as follow:

BE(A) = (x € U] 0 < (x) <1,
POSK(4) = {x € U| 1y (x) = 1} and
NEGK(A) = {x € U| i (x) = 0}.

The following result is very interesting since it is gives the relation between the j-rough membership functions
and j-near rough membership functions. Moreover, it is illustrates the importance of j-near rough membership functions.

Lemma 5.2 Let (U,R,¢) be j—NSand A,BSU. Then Vj € {rL(r),(D),u, i,(u),()}k€{p,sy ap} the
following is true in general:

() W) =1 = pu(x) =1vxeU.
(i) @) =0 = u(x) =0,vx e U.
Proof
i) fu)=1=x€g A =xe A= u(x)=1,vxeU.
(i) f () =0 = x € U= R,(4) = x € U — R, (4)
= yfl"(x) =0,vxeU.m
Remarks 5.5
(i) According to the above result and by using Proposition 5.1, we can prove that /,tflj is
(ii) More accurate than uﬁ, this means that:
(DIfx € 4= (@) < 1 (x).

@)Ifx ¢ A= 1) (x) < @ (x).

(iii) The converse of Lemma 5.2 is not true in general.
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The following example illustrates Remarks 5.5.
Example 5.3 Let (U, R, fj) be j — NS, where U = {a, b,c,d} and
R ={(a,a),(a,b),(b,a), (b, ), (c,a), (¢, b), (c,c), (c,d), (d, d)}.
We will show the above result in case of j = r and k = s the other cases similarly as follow:
The family of r-semi open sets is:
S,0U) ={U,0,{a},{d},{a, b}, {a, d},{a,c},{c d}{a b, c} {a b, d} {a, c d}}and
S,C(U) = {U,9,{b},{c}, {d},{a, b}, {b,d},{b,c}{c,d},{a,b,c},{b,c,d}.

Now consider the subset A = {a, c}, then the r-rough membership functions of 4,x € U are

K@ =1 = 3 K@) =t =
Wi b) = = 2, (@) =100 =
But the r-semi rough membership functions of A, x € U are

vy = {1 = Bl =2 =@ =1

i) = (G- Ll i Y ) =

W (c) = {'{T{Zf}f' -4 '{lc{f;‘;f' =2, } = 4 (c) = 1.

vy () = {105 = 0,0 = 2 N = wr(@ = 0.

k-
The j-near rough membership functions uAJ allow us to define forty different types of fuzzy sets in j — NS as the
following definition illustrates.

Definition 5.3 Let (U,R,§;) be j—NSand A S U. ThenV j € {r,1,(r),{1),u, i,(u), (i)} and k € {p,s,¥, a, B}, the j-
near fuzzy set in U is a set of ordered pairs:

A = {(x, ) ()lx € U}

Example 5.4 According to Example 5.3, the r-semi fuzzy set of a subset A = {a, c} is

A ={(a,1), (b, %) ,(c,1),(d, 0)}. But the r-fuzzy set of a subset A = {a, c}is

= (@), (). (c2) @)
Conclusion

In this paper, we have integrated some ideas in terms of concepts in topology. Topology is a branch of
mathematics, whose concepts exist not only in almost all branches of mathematics, but also in many real life applications.
We believe that topological structure will be an important base for modification of knowledge extraction and processing.

We have introduced some the important topological applications named “Near concepts” as easy tools to classify the sets
and help for measuring near exactness and near roughness of sets. Near rough membership functions allowed us to
introduce different types of near fuzzy sets. Accordingly, we introduced a useful connection between four important
theories namely “rough set theory, fuzzy set theory and the general topology” that will be useful in applications.

Finally, we introduced an important application to illustrate the importance of using near concepts. So, we can
say that the introduced structures are useful in the applications and thus these techniques open the way for more
topological applications in rough context and help in formalizing many applications from real-life data.
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