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ABSTRACT

In this work, we extend the notion of retractability to S- retractability. An R-module M is called s-retractable if
homg (M,U) =0 for all nonzero U = Z(M ). Also we extend coretractable modules to semi-coretractable modules. An

R-module M is called semi-coretractable if homg (M /K,M ) #0 for all maximal essential submodule K of M . We

investigate theseclasses of modules and extend some of main theorems on retractable and coretractable modules to s-
retractable and semi-coretractable modules, respectively.
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INTRODUCTION

Throughout this paper, all rings are associative with identity and all modules are unitary right modules unless stated
otherwise. Semisimple rings are in the sense of Wedderburn and Artin. By a right max ring, we mean aring R such that
every nonzero right R-module has a maximal submodule. For a module Mg we write soc(Mg), Z(Mg) and

rad (MR) for the socle, the singular and the Jacobson radical of My, respectively. Also J (R) denotes the Jacobson

radical of a ring R. The notaton K<M, K™ M, and K<™ M denote that K is a submodule, a small
submodule and an essential submodule of M , respectively. Following Khuri [7], an R-module M is said to be
retractable if homR(M ) N);t O for any nonzero submodule N of M . Retractable modules have been investigated by

some authors (see, for example, [2, 3, 4, 8, 9, 11]). In section 2 we define the concept of S-retractability of modules.
Coretractable modules are the dual notion of retractable modules and it defined by B. Amini, M. Ershad and H. Sharif in
the paper [1] as follows: An R-module M is called coretractable if, for any proper submodule K of M, there exists a

nonzero homomorphism f:M —M  with f(K)ZO, that is, homR(M /K,I\/I);to. In section 3, we
introduce the notion of semi-coretractability of a module Mpg. A module M is called semi-coretractable if
homg (M /K,M )0 for all maximal essential submodule K of M. We show thataring R is semi-coretractable as a
right R-module if and if only R is right Kasch ring.

Definition 1. An R-module Mg is called s-retractable (sssrad-retractable) if homR(M,U);tO for all nonzero
UcZ(M) (Ucrad(M)).

Example 1.
1. Every nonsingular right R-module is s-retractable.
2. Every right R-module with zero radical is rad-retractable.
3. Every retractable right R-module is s-retractable.
4. Since Q is nonsingular Z-module so Q is s-retractable.

We have hom; (Q,Z) =0, then Q is not retractable.

Lemma 1. If the R-module M is uniform with Z (M ) #0 and hom, (M , K);ﬁ 0 forall K< Z(M ) then M is

retractable.

Proof. Take 0= K Z(M) then there exist a nonzero homomorphism f :M — K. Since M is uniform so

Kc™ M and for any submodule L of M,L(VK #0. Hence, there exist a nonzero homomorphism
g:M — LNK — L. Therefore, M is retractable.

Corollary 1. If Z (M ) ** M, then M is retractable if and if only M is s-retractable

Proof. Let M be an s-retractable and K be a nonzero submodule of M . Then, K[\ Z (M ) # 0 and there exist a

nonzero homomorphism g : M — K(1Z (|\/| ) — K . Therefore, M is retractable.

Recall that an R-module M is Goldie torsion if M =2, (l\/l ) where Z, (l\/l )is the second singular submodule of
M .

Corollary 2. Let M be Goldie torsion. Then M is retractable if and if only M is s-retractable.

Proof. Let M be an s-retractable and K be a nonzero submodule of M . Then, K(1Z (|\/| ) # 0 and there exist a
nonzero homomorphism g : M — K[ Z (I\/I ) — K. Therefore, M is retractable.

Recall that an R-module M is semi-hollow if every finitely generated submodule of M is small.

Corollary 3. Let M be semi-hollow. Then M is retractable if and only if M is rad-retractable.

Corollary 4. If M is semi-hollow and every cyclic submodule of M is injective, then homy (|\/| , K) #0 forall
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Kcrad(M).

Proof. Let K crad (l\/l) be a nonzero submodule. If 0 MR < K , then MR is injective and it is a summand of

M . Thus, there exist a nonzero homomorphism .M — MR . Hence, we have nonzero homomorphism M — K,
Definition 2. Aring R is called right SC-ring if every singular right R-module is semisimple.
Corollary 5. Let R be aright SC-ring. If M is an R-module such thathom, (l\/l , K) #0 forall K < SOC(M ) , then

M is s-retractable. In particular, R is s-retractable.

S-retractability for group modules

Tamer Kosan and Jan Zemlicka [9], showed that if M is an R-module and G is finite group, then the group module

MG is a retractable RG-module if and if only M is retractable. In the following we show that MG is s-retractable as R-
module if and if only M r is s-retractable. Throughout this section G isagroup and M is a module over aring R . Let

MG denote the set all formal linear combinations of the form dee m,g where M, € Mand m; =0 almost for

every g. For elements dee m,g and dee n,g in MG, by writing dee m,g :dee Nyg we mean that

m, =n, foral g €G.

We define the sum in MG component wise: dee m,g + deG n,g= dee (m,g+n,g).

For dee rge RG, the scalar product of zgee m,g by dee I‘g g is defined by

(deG mgg)(zgeG rgg)zzgee K49 where K, :Zhh’:g My Ty

It is routineto check that, with these operations, MG becomes a right module over the group ring RG . Note that M is
an R-submodule of MG such that m=m-1, where 1 here denotes the identity element of G . It is well known that the
identity element in G is also the identity element of RG .

Lemma 2. [9] If MG is the group module, then MG =, M ®, RG.

Lemma 3. [9] Let MG be the group module of G by M over RG . Then for any X € MG and any € RG,
Em (Xa) =&y (X)e(a). In particular, &,, is an R-homomorphism and &g is a ring homomorphism.

Proposition 1. Let M be an R-module. MG is s-retractable R-module if and if only M is s-retractable.

Proof. If > m, g, €Zz(MG), then r[ngigijge“R. But XGr(ngigi) implies  that
i i=1

i=1 i=1

(ngigin:Ozmgix:O for al i=12...,n and Xer(my)or al i=12,...,n, tus

i=1

r[imgigijgﬁr(mgi) and r(mgi)geSSR for all i=12,....,n. Hence, mgieZ(M) and
i=1

Z, (MG) cZ; (M )G . Also the other inclusion is true, therefore Z (MG) =7 (l\/l )G )

Now suppose that MG is s-retractable, so for every nonzero singular submodule K of M there exist a nonzero R-
homomorphism & : MG — KG . Then, there exist a nonzero R-homomorphism £ =g, aly, :M — K where i, is

the inclusion I, : M — MG.. For the converse if M is s-retractable, so for every nonzero singular submodule K of

M there exist a nonzero R-homomorphism a.M — K. Then, there exist a nonzero R-homomorphism
p=iar,, MG —-> KGwhere i, is the inclusion I, :K —>KGand 7, is natural epimorphism
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7y MG —> M.
Proposition 2. Let G be a group and M be an R-module. Then Z (l\/l )G cZy (MG).

Proof. Firstly we show that if K is essential submodule of M , then KG is essential in MG . Suppose

0= dee M, g € MG such that KG H(dee mgg) RG =0 but,
(B )R8 ={(Z,0m8)(Z,10) 0 10) <Re -
{de@ l,9 21, :Zhlhzzg my, r,,and (dee I’gg)eRG}:
{deelgg g ezgeeng}:(zgeGng)G'

so KG ﬂ(zgee m, R)G =0 and K ﬂngG m, R = 0 which is a contradiction. Now if O # Zn:aigi ez, (M )G ,

i=1
n

then I’(ai)gessR for every 1. Thus I’(ai)Ggess RG for every iand ﬂr(ai)G ™ RG. But

{ngg eRG:) k,g =0k, = ¥ ahlrhz}:

geG geG hih,=g
{Z Lg: Y, an, :0}
geG hh, =g
and so : r(ai )G C g (Zn:aigij. Hence Zg (M )G = (MG).
i=1 i=1

The next example shows that the Z (|\/| )G Al (MG) in the general case.

Example 2. Let R be the field Z, and G = {e, a, b, C} =7, . Then RG is local Kaschring Z, =0 and the proper
ideals of RG are:

I,=(e +a)RG ={0,e +a,e+b,e +c,a+b,a+c,b +c,e +a+b+c}

l,=(e+c)RG ={0,e +c,a+b,e +a+b +c}

I, =(e+a+b+c)RG ={0,e +a+b +c}

We see that each of them is essential in R and Zqq (RG) =l,=J (RG). Also we see that SOC(RG) = l,.
Corollary 6. Let M be an R-module. If MG is s-retractable RG-module, then M is s-retractable.

Proof. Suppose that MG s s-retractable RG-module and K is a nonzero singular submodule of M . By above

Proposition KGis a singular RG-submodule of MG and homRG(MG,KG);tO. Then by [9, Corollary 2.5]
hom, (M , K) # 0.Hence M is s-retractable.

Definition 3. Aring R is called (finitely) s-mod-retractable if all (finitely gener-ated) right R-modules are s-retractable.
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Example 3.

1. Semisimple rings are s-mod-retractable.

2. Let R be aright (left) Sl ring (every singular right (left) R-module is injective). Then, for any right R-module M
every singular submodule of M is a summand of M . Hence R is s-mod-retractable ring.

3. Let R be a right (left) V-ring (every right (left) R-module has a zero radical). Then, every right R-module is rad-
retractable. Hence R is rad-mod-retractable ring.

Theorem 1. (Finite) s-mod-retractability is Morita invariant.

Proof. Let Rand S be Morita equivalent rings. Assume that f:Mod—-R — Mod —S and
g:Mod —S — Mod —Rare two category equivalences. Let M be an s-retractable R-module. Then, M is an s-

retractable objectin Mod —R. Let 0 # N be a singular submodule of f (l\/l ) . Then, hom, (l\/l .0 ( N )) # 0 since

g ( N ) is isomorphic to a singular submodule of M . Thus, we have 0= homg ( f(M), fg(N )) = homg ( f(M),N )
This follows that M is an s-retractable objectin Mod —S.

Let R be aring, N a positive integer and the ring M | (R) of all NX N matrices with entriesin R ..

Corollary 7. If R is (finitely) s-mod-retractable, then M | (R) is (finitely) s-mod-retractable.

Proof. By above Theorem.

Proposition 3. The class of (finite) s-mod-retractable rings is closed under taking homomorphic images.

Proof. Suppose Ris a (finite) s-mod-retractable ring. It is well-known that homy (l\/l : N)z homg,, (I\/l , N) for
eachideal | of R and M, N € Mod — R/ | . Now the proof is clear.

Proposition 4. Ris a right s-mod-retractable ring if and if only for every non-zero module M and every
meZ (M )such that MR <**° M there exists a non-zero homomorphism M — mR.

Proof. The direct implication is clear. For the converse, assume that M is a nonzero module and N is a nonzero

submodule. Let N GZ(N) be a nonzero. Then the identity map id,; :NR —NRonNRmay be extended to a
homomorphism @ :M — E(nR). Note that R =*° OC(M ) o E(nR). Hence, by the hypothesis there is a non-
zero homomorphism a(M ) —>nRc N.

Recall that, a ring is called right max provided every non-zero right module contains a maximal submodule.

Proposition 5. If R is a right s-mod-retractable ring, then R is right max.

Proof. If M is semisimple, then M has a maximal submodule. Now assume that O # M is not semisimple and
contains no maximal submodule, fix 0 #me M \SOC(M )and an arbitrary maximal essential submodule N of MR ..
Then, M / N contains no maximal submodule and so there exist no non-zero homomorphism M / Ninto a simple
MR /N ,ie. M /N is not s-retractable.

Recall that a torsion theory 7T Z(T ,F) is a pair of classes of modules closed under isomorphic images such that
T ﬂ F =0, T is closed under taking factors, F is closed under submodules and for every module M there exists a

submodule T(M ) for which T(M ) eT and M/ T(M ) € F . Moreover, a torsion theory is hereditary if T is closed

under submodules.

We extend the hereditary torsion theory to s-hereditary, where a torsion theory 7 = (T, F) is called s-hereditary if T is

closed under singular submodules.

For a class of right R-modules C , we consider the following annihilator classes:
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'C ={M eMod —R |hom, (M ,C ) =0} and
C*={M eMod —R |hom, (C,M ) =0

We notice that the annihilator classes of the form°C  for some C < Mod —R coincide with the torsion classes of

modules, and C ° coincide with the torsionfree classes of modules.

Theorem 2. Aring R is s-mod-retractable if and if only every torsion theory on Mod —R is s-hereditary.

Proof. Suppose that R is s-mod-retractable and TI(T, F)is a torsion theory. For M €T and N < Z (l\/l ) )
let T(N )be the torsion part of N .Then, M /T(N )eT . while N /T(N )EF. Then,
hom, (l\/l I7(N),N /z(N ))20. since N /7(N) is a submodule of M /7(N ) and M /7(N )is s-

retractable, it follows that N /T(N )=0. Hence, N €T . Conversely, suppose that M is an R-module and

0N cZ (M ) It hom, (M N )=O,then N ¢ °(M ) This implies that the torsion theory ((M °),M )
is not s-hereditary.
Proposition 6. Let M be s-retractable with S = End, (I\/I ) If f €S with Kerf <Z (l\/l ) then f isa

monomorphism if and if only fis right regularin S .

Proof. This follows from the s-retractable condition on M  and the fact that I' -ann (f )z hom, (M , Kerf )

Proposition 7. The ring HRi is right s-mod-retractable if and if only each R; is a right s-mod-retractable ring for
iel

each | €l , where | is an arbitrary finite set.

Proof. Assume that H Ri is right s-mod-retractable. Since Ri is a homomorphic image of HRi , SO the result
iel iel
follows from Proposition 3. Now Let each €; denote the unit element of R, for alli €1 . A module M over HRi
iel
may be written as set direct product H M i » Where M R = Mei and external operation defined as
iel
(I‘i )i 4 (mi )iel :(I’i m, )iel . Thus, s-retractability of M is given by s-retractability of each M, 1 €. But, since
each R, is s-mod-retractable, this condition is satisfied.
Corollary 8. The class of s-mod-retractable rings is closed under taking finite direct products.

Proof. By above Proposition.

If Risaring, R [X ]denotes the polynomial ring with X a set of commuting indeterminate over R . If X = {X },

then we use R [X ]in place of R [{X }]

Proposition 8. If R [X ] is s-mod-retractable ring, then R is s-mod-retractable ring.

Proof. Since R =R [X ]/R [X ]X , the result is clear from Proposition 3.

Semi-coretractable Modules

Definition 4. A right R-module M is called semi-coretractable if homg (|\/| /K, M );t O for every maximal and
essential submodule K of M.
Example 4. The Z-module Q is semi-coretractable but not coretractable.

Corollary 9. Let M is finitely generated R-module. If M is uniform R-module and semi-coretractable, then M is
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coretractable.

Proof. Let L be a nonzero submodule of M . Then, there exist a maximal submodule K of M suchthat L — K
(M is finitely generated). Thus, there exist a nonzero homomorphism f e End (l\/l )such that f (K )= 0. Hence

f (L ) =0 and M s coretractable.

Corollary 10. If M is semi-coretractable and M has an essential maximal submodule, then

soc(M)NZ(M)=0.

Proof. Let K be maximal essential submodule of M .Then, hom, (|\/| /K, M );tO. Since M /K is simple
singular so SOC(M )ﬂZ (l\/l );tO.

Proposition 9. Foraring R, the following statements are equivalent:

(1) R is aright Kasch ring;
(2) RR is a coretractable module;
(3) RR is a semi-coretractable module.

Proof. (1) = (2) Let K be a right ideal. There exist a maximal right ideal M such that K < M . Then, there exist
a nonzero homomorphism & :R/M — R. Thus, there a nonzero map f#=@a :R/K — R where ¢ is natural
epimorphism R/K — R/M . Hence, R is coretractable.

(2) = (3) Clear.

(3) = (1) If L is a nonessential maximal right ideal, then L (JaR =0 for some 02a€R and L ®aR =R.
Thus, L =€R where e® =¢ and | (L): R (1—6) # 0. Now, if L is an essential maximal right ideal, then by

®3) hom(R /L,R ) # 0. Hence, there exist an nonzero homomorphism

f :R/L—>R andif f (1+L)=a¢0 soael (L) Therefore, R is right Kasch.

The following Proposition shows that if the ring R is right Kasch, then all free right R -module are semi-coretractable
without any extra conditions.

Proposition 10. For a ring R the following statements are equivalent:
(1) R is right Kasch
2) All free right R-modules are semi-coretractable.

Proof. (1) = (2). Let F be a nonzero free right R-module and K be a maximal essential submodule of F .
Then, F /K is singular simple right R-module and homR(F /K, R);t 0. Hence, homR(F /K, F);t 0.

(2) = (1). Above Proposition.

Proposition 11. LetR be a ring. If all cyclic right R-modules are semi-coretractable, then R is a left perfect ring.

Proof. Suppose that every cyclic right R-module is semi-coretractable, so R/J is semi-coretractable as a right R-
module. Thus, R/J is semi-coretractable as a right R/J-module and R/J is right Kasch ring (Proposition 9). But
J(R/J)zO so R/J is semisimple ring. Now if M be a nonzero cyclic right R-module then by the fact

rad(M );t M, M has a maximal submodule. If M has no essential submodule, then M is semisimple. If M has an
essential submodule L, then L contained in a maximal submodule of M and SOC(I\/I);t 0. Hence, R is right semi-

artinian and J is left T-nilpotent [12, Corollary VIII 2.7]. Therefore, R is left perfect ring.
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