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Abstract

This work provides a criterion for a binary strictly upper triangle matrices to be a matrix of inversions for a permutation. It
admits an invariant matrices for permutations to being well recognizable. Then it provides a complete algorithmic
classification of elements in the symmetric group Sn . Also it gives an algorithm for generating and writing a permutation in

a unigue canonical form, as a word of transpositions.
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Introduction:

Symmetric groups are important to many studies in mathematics such as group theory, representation theory,
combinatorics and invariant theory [1]. Also they are powerful in classifying chemicals and spectral properties of molecules
[2], [3], as well as quantum mechanics [4].

For a permutation 7r:{1,2,...,n}—>{1,2,...,n}, let us denote by 7; for (i) and 72'2(7[172'2...72'”) in S,. An

inversion of a permutation 7z isapair (i, j) with 1< j and 7; > 7r;, theinversion number of 77 is the total number
of its inversions, i.e. Inv(z) = H L)i<jm>rx, ,}‘ [5 ] The notion called matrix of inversions for a permutation

72':(72'172'2...7Z'n) in S is introduced in [6]. That any permutation 77 in S has a unique matrix |\/| —(m of

u)nxn

its inversions, where mij =1if i< J and 7; > 7T otherwise mij = 0. Then any matrix of inversions is a binary

strictly upper triangular matrix. As an example, consider the permutation 77 = (6713254) in S, which has inversions

{@0,3),(1,4),1,5),(1,6),(1,7),(2,3).(2,4),(2,5),(2,6).(2.7),(4,5),(6,7)}, then
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We can, directly, extract the matrix |\/|7r of 7 by considering the permutation as 7 a function

1 2 .n ) . e .
, then look to each restriction of T to {I, j} forall 1< J, and find m;. For

7, 72N . BN, T T

3 6)(4 5
the permutation 7z = (6713254) , the restrictions [1 5),(3 2) give My =0,m,; =1, respectively.

A binary operaton on M (F)= {M” reS,,m ek = {0,1}} is defined in [6], as
M,+M, =M, + a_l(Mﬂ) foreach «, in S, andif M, =(m;), then,

mod2
U =)
B(M,) = B(my;) = M 3(:)8(5) J, B() < B()
Mg ;)8(4) ; 7 < _} 3{2} 3|.rj

Theset M, (F) with the above operation is a group which is isomorphic to S,. Where F = {O,l} is the field with the
addition +,,4,, While the associative operatons + , . on F ={0,1} are defined as: 0+0=1+1=0,
1+0=0+1=1, 0. 0=1. 0=0. 1=0, 1. 1=1.

In section two we provide a criterion for a binary strictly upper triangle matrices to be a matrix of inversions for a
permutation. It admits an invariant matrix for permutations to being well recognizable. Then it provides a complete

algorithmic classification of elements in the symmetric group Sn . In section three we give an algorithm for generating and

writing a unique canonical word for a permutation as a word of transpositions. We hope that this work will be useful for the
representation of braid groups of Hecke algebra.

2 Recognition of matrices of inversions for permutations
Binary matrices are of interest in combinatorics, information theory, cryptology, and graph theory [7], [8]. For each natural

2
number N, there are 2" binary NxX N matrices. But not every such matrix is a matrix of inversions for a permutation in
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Sn for some natural number N . e.g. for N = 2 we have sixteen binary matrices, where there are only two matrices of
2
inversions , and for N = 3 we have 23 =512 binary matrices, where there are only six matrices of inversions.

As above, every permutation 77 € Sn has a unique matrix of inversions M” = (mij) which is N XN binary

strictly upper triangular matrix. In fact, each binary strictly upper triangular N XN matrix has n(n —1)/2 entries in the

upper triangle, then there are 2n(”_1)/2 of such these matrices, but not every such matrix is a matrix of inversions of a

permutation. For N = 3 there are eight binary strictly upper triangular matrices, but we have only 6 matrices of inversions

. The following example gives a binary strictly upper triangular matrix which does not a matrix of inversions of any
permutation .

Example 1 Consider the binary strictly upper triangular 4 x4 matrix

011

o O O O
o O O

0
0
0

o R K

it can not be a matrix of inversions of any permutationin S, . To see that take 77 = (7,77,7,7,) in S,, the first row in
A implies that 7, < 7,, 7, > 7y, 71, > 7T, while the second row gives 7, < 775, 7, > 7,, then 7, <7, < I,

which contradicts 7; > 775, hence A does not a matrix of inversions.

Now we are going to give a necessary and sufficient condition for a binary strictly upper triangle matrix to be a
matrix of inversions of a permutation, then we can recognize matrix of inversions. We are going to establish the

(n+1)x(n+1) matrices of inversions from NxN matrices of inversions. Given an NXN matrix of inversions A _,

we can enlarge it by (N+1) x1 columnand 1x(N+1) row vectors.

Definition 2 For each N in N and for a permutation ﬂ:(ﬂ'lﬂz...ﬂ'n) in S,, define the lifting operator
T:S,-S,,, T(n)= (17Z'1+l72'2 +1..7, +1) . Also for r=12,..,n+1, define the (r,n) inserting
I, (7)=T(x)oC,, where

permutation | (7) of 7 in S ;. by I,:S, —>S

n+l: n+l’
1d. .or=1
C, = (r123. r—1r+1l.nn+1l) , 2<r <n
(n+1123.n) , r=n+1
In fact the lifting operator T is the inserting (1,n), ie. T = |r11. A geometric representation of the permutations

7, T(7),C,,and | () isillustrated in Figure 1.

1 n I 1 1 2 n+1

1 n 1 n+1 1 r n#l 1 r n#l

1\

Figure 1: From left to right, a geometric representation of the permutations T in Sn and 'T[TI’JI; Cr and I;; [TI’}

H [ &
N Gt
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Lemma 3 For a permutation 77 in S, the (r,n) inserting permutation & =1} (z) of 7 in S_,; is

r =1
g, = T o merl<r<n+4+l1
ma+1l | mErl<r<n4l

Proof. From the definition above & =1 (7) =T (x)oC,, then & =(T(7)~C,),=C,(T(x),)=C,(1)=r.

Now for ie{2,3,...,n} and for 7z; with 7z; <TI, then 6 = ;, butfor 7; >, wehave 6 =, ; +1. Sothat,

Ir Ez; =r ; 1=1 1
I:;[Tr} — Tl'r?"_] o GJ' == Ei = Wi , Wi < T, 1€ {‘,} :5: sy J‘}
;i =mia1+1 | >rie {23 ... n+1}

Proposition 4 For a permutation 77 in Sn with matrix permutation inversion M” = (mij), the I —th embedding

I () =T(x)oC, of 7 in S

has matrix of inversions

nl
f mi_1j—1  , 2 H?_.I =n+1l ]
[ ny=1 | ﬁj:r ]

Proof. Let 7 be a permutation in S with matrix of inversions M = (m;), then the (1,Nn) inserting permutation
I:() of win S,,, is I:(7)= (l7r1+f|.72'2 +1..7, +1), see second graph in Figure1. Then (13(7)),=1 <(

|rf(7r) ), forall i >1, so that the entries in the first row of its matrix of inversions M | will be zeros. Then
n

O o O
0
M, =
Ih() . Mﬂ
0
Now, for 7, , <TI, then 6’j :ﬂifl,ie{2,3,...,n+1} and for the pair (1,i) where 1<i, we have
6, =r> 0, so we have inversion, hence N; =1. Also, for 77, ;, 2T, then 6, =7, ,+1,i€ {2,3,..., n+1} and
for the pair (l, i) where 1< J, we have 6, =r <r+1< 7z, , +1= 6, so we have no inversion, hence n; =0.

Therefore the first row of l\/lIl has I ones, where 7, <I, otherwise zeros

nﬂ'

Example 5 Consider the permutation 7z = (6713254) in S,, then for r =5, we have 7; <5,i=3,4,5,7 and
7 >5,i=1,2,6. Let 12(7)=60=(00,..6,), then 6, =r=5, 6 =x,_ for i=456,8 and 6, =7, +1

for 1 =2,3,7. Then the first row in the matrix M 50 has exactly F —1=4 ones, and 6 =(57813264) in S,.
8 s

Figure 2 illustrates a geometric representation of permutations 77 = (6713254) and |:(7Z') = 0 =(57813264).

The associated matrices of inversions |\/| and |\/|I ( ) are,
V1
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] _ 00011101
0011111
00011111
0011111
00011111
00000O0O0O
0000O00O0GO0O
M.=/0 00010 O0O/M, =
5@ |00 00 0100
00000O0O0O
0000O00O0GO0O
0000O0O01
000000O01
00000O0O0O
- - 0000O00O0GO0O
6 7 B 12 31 45 & 1 B8
[/ /
/

’

/
/ WAy

/ / / SR
1 5 % 1 3T 3 45 & 1T & L F FA4&S B 78
Figure 2: A geometric representation of the permutations ™ = (6T713254) in
S, T(w) = Ij(w) = (17824365) and I3(w) = (57813264) in Sg

Definition 6 A submatrix of a matrix M is the matrix obtained from M = (mij) by deleting rows and columns but

without permuting the remaining rows and columns. The submatrix obtained froma NxN matrix M by deleting the first
N—K rows and columns, k =1,2,...,n—1 iscalled the K—th lower right submatrix, LR(M),, of the matrix M .

Theorem 7 A binary strictly upper triangle NxN matrix M is a matrix of inversions of a permutation 77 in Sn for
some positive integer N if and only if for every 1<K <Nn—1 there exists 1<r<k such that LR(M), =

" forsome @ in S, ;.
n

Proof. For the necessity, let 77 be a permutation in S, and M _ = (mij) be its matrix of inversions. Then take K
suchthat 1<k <n—1, sobydeletingthe strands (i 7z;), from i =1, then i =2, upto 1 =K from the permutation
7z, then we have a new permutation 6@ = (6,6,...0, ) in S, , , where its matrix of inversions willbe LR(M ), , as
in proposition above. For the converse, let M be a binary strictly upper triangle NxN matrix such that LR(M), =

gy fOF SOMeE 6 in S, for every 1<k <n—1 and for some r with 1<r <K. If so we apply the process
n

lemma above and use induction, which ends the proof.

Example 8 For 7 = (68237541)6 Sg, starting from M;; =0 where M _ is a strictly upper triangle matrix, then
compare the value 77, =6 with the next values of 7;,1=2,3,...,8, then m; =0 for 7, <z; and M; =1 for
7, > ;. The first row of the matrix M _ will be (0,0,1,1,0,1,1,1). For the second row M, =Mm,, =0, then
compare the value 77, =8 with the next values of 7;,i =3,4,...,8, then m,, =1 forall 1 >3. Then the second row

of the matrix M _ will be (0,0,1,1,1,1,1,1). Following this process, we have M _ as,
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Then

LR(M ), =

<
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with associated permutations & = (4321) and 1;(8) = (25431), and with matrix of inversions

15(0)

o O O O

0

0
0

o O+ O

0

0

1
1
0
0

1
1
1
1

0

3 Generating and writing a unique canonical word for a permutation

The most common way for writing a permutation in a unique form is by decomposing it into combinations of cycles [1].
Here we give an algorithm for generating and writing a permutation in a standard canonical form as a composition of

transpositions.

Algorithm 9 Generating and writing down a permutation from its matrix of inversions in a unique canonical form:

1. Forapermutation 7 in S,, find its matrix of inversions M _.

2. Each row will be producing a word as a product of transpositions.

3. The row that all its entries are zeros will contribute by the identity word, id..

4. If the number of ones in the entries of the i rowis K, then the corresponding word willbe W, = 7,7, 1...T;, -

5. Thenwrites 77 = W,W, W, .

n*'n-1"""

Consider the permutation 77 = (531642), then its matrix of inversions is

O O O o o

O O O o o

O O O O -

o O O O o

1

0
0
1
0
0

Then W, = 7,7,7,7,,W, = 7,7, W, =id.,W, = 7,7, W, = 7, W,
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T=WeWe.. W, =id..75.7,7.10..7,7,.7,7,7,7, = 7:.7,75.T,T5.7,7,7,7,. Notice that the arrangement of the words

W. is according to the tower of the associated lower right corner submatrices of the matrix Mﬁ , Where the associated

k—th lower right submatrices, LR(M),, k=0,1,...,5, are

LR(M,)s | LR(M,). | LR(M,); | LR(M,), LR(M,), LR(M,)o
- S|Jo1 1011
0000 | [2EVY L1501 001
011 00000
- 0 1 0011 00000O0TU
0] 00 1 00011
. 0 0 0o ol 19001y o o ] l[000011
0000/| |5 0000lll000001
- 4110 000 0 0]
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