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Abstract

New characterizations of doubly truncated exponential, Pareto and power function distributions are presented
by using the s th conditional expectation in terms of their failure rate and reversed failure rate. These results

may serve as generalization of several other results in the literature. This characterization generalizes a result of
Nofal(2010).
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1. Introduction

Characterizations of distributions have always played an important role in statistical theory and are widely
published in the literature. Several functions are defined related to the residual life. The failure rate function,

defined by: h(x) = 15(—:())0 represents the failure rate of X (or F) at agex and 7(x) = & represents the

F(x)

inversed failure rate of X (or F) at agex where F(x) = P(X < x), and f(x) is the density function when
X is continuous, or f(x) = P(X = x) when X is discrete. Another interesting function is the mean residual
life function, defined byE(X — x| X = x), and it represents the expected additional life length for a unit which
is alive at age x. This function is equivalent to the left censored mean function, also called vitality function (see
Gupta (1975)), defined byE(X | X = x).Applications of hazard functions are quite well known in the statistical
literature. Another interesting function is the mean inactivity time, defined by E(x — X | X < x)and it is
equivalent to the left censored lifetimes .it become quite popular among the statisticians, see for example Gupta
and Han (2001). Anderson et al. (1993) show that the reversed hazard function plays the same role in the
analysis of left-censored data as the hazard function plays in the analysis of right-censored data. Interestingly,
The properties of the mean inactivity time have been considered by many authors, see, eg., Kayid and Ahmad
(2004), and Ahmad , Kayid and Pellery (2005). Several characterizations of probability models have been
obtained in the last 30 years based on the univariate failure rate or mean residual life functions. The problems of
characterization of distributions are today a substantial part of probability theory and mathematical statistics.
The mean inactivity time and mean residual life are applicable in biostatistics and many other actuarial science,
engineering, economics, biometry and applied probability areas. They also are useful in survival analysis studies
when we take are faced with left or right censored data.

2. Preliminaries

In this section we shall introduce notation, definitions and basic facts used throughout.

2.1. Definition

Let X be a non-negative random variable with probability density function(or probability mass function) f(x),
cdf F(x), survivalF(x) = 1 — F(x).

2.2. Definition
We define the doubly truncated trimmed conditional r th moment of X, by E(X"|x < X < y), where

y
B x <X <) = | W fGdu/(FG) = F)

3. Main Results

In this section we introduce some new results about some distributions as exponential, Pareto and power
function.

3.1. Characterization of the doubly truncated exponential distribution.

In this section we shall characterize the trimmed exponential distribution in terms of their failure rate and
reversed failure rate. This is contained in the following.

Theorem 3.1

Let we have a nonnegative continuous random variable with cdf, F(x), pdf, f(x); then X has Exponential
distribution with:

fx)=22"*, x>0 , A1>0
If and only if

r _rt rlgh()Tx) —rlg(y) —gIr)z()] - r'g(NrE)T()
EXTx=X<y)=-+ [t()R(B) — h() ()]

(3.1)

where
r—1

tr—i
gt) =r! Z =0l
i=0
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We prove Theorem 2.1 through a series of lemmas (2.2, 2.3 and 2.4 of Nofal, 2010)

Proof of Theorem
1. Necessity
Observe that
1 y
EX'|x<X<y)= mfx u” f(w)du

1
“Fo) —FI v

where
y y
A = f u f(uw)du = J- u"le M du.
X X
Now integrating by parts, gives
y
A =—yTe™ +xTe ™™ +rf ule M dy.
X

A second integrating by parts leads to

%xr—le—/lx a8 Mfyur—Ze—Au du

r
Al - _yre—/ly +xre—ﬂx _Zyr—le—ly +

Using recursive integration by parts, one gets

r r(r—1) r!
A =—e M|y +-y T+ YT —
B | o reeD e B
+e [x W B oo T (3.2)

One Equation (1.2), after doing the necessary manipulations can be rewritten as

= 1 [Z B il [Z A = z)'l

= _T'F(y)[ i= Oll(r l)'] + ! F@) [Zl 07— l)']

3 _T'F(y) [Zl 0 Al(r D! .z Ar] ¥ T'F(X) [Zl =0 ll(r it +ir]

x"”

= —A—r[F(y) F(x)] - T'F(y) [ZL =0 AL(T L)v] + T'F(X) [ i= 0 Al(r il)']

= —Z[F») - F@)l - Fo)g) + ! F)g(x)

Summing up, it follows that

EXIx <X <) [FO) = FGO) - 1 FGIg() + 1 Fog (o)

[F (y) F(0)] [ r

_ 1t T FOgO)+rIF()g(x)
AT [F(y)—F(X)]

Using Lemma (2.3) in Nofal (2010), one gets

LA gOr(T(x) —rtg(y) —gIr()T(] = rlg(hE)T(y)
[TG)R(Y) — h()T(V)]

EX'|x<X<y)= (3.3)

2. Sufficiency

Equation 3.3 can be written as
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y |
[ v faodu = =2 1FG) - Fel =t F0)g ) + 1 Fg (o).

X

By differentiating both sides with respect to, one finds

a (v d = r! | = r! |

@L u" f(uw)du = o —F(y) [A_r + r.g(y)] + F(x) [/17 + 7! g(x)]
This implies that

! _
YO =) [/% + 7! g(y)] -1 F(4)

Where,
1 yri-1
g@) = Z m,
i=0
then

Y i) =) -1 F»gW») (3.4)

rl r—1 rl yr—i

A LA =1i)!
i=0

We can rewrite Equation (3.4) as

_ e yt r! I
NFOI0) = O |5+ ) g5~ | = 7/ 00D,
i=0

This implies that

1 —
~f) = FG)

We can write it as

f» _1

F(y) 4

By integrating both sides with respect to y, one finds that
Fy)=e™

This is the survival function of exponential distribution
Lemma3.2

In Theorem 3.1 if one puts r = 7, then one can get the result of (Nofal (2010)) as

- 1 xh()) = by — M) (3)] ~ yh()TG)
BT [EhG)=RE) ()] '

which g(t) = t.
Lemma 3.3
In Theorem 3.1 if one puts x = 0, then one can get the result of (Zakria (2013)) as

r—1 .
i

r! t"
E(Xrlx SXS)/) :F—T'T(y)Zm
i=0

Lemma 3.4

In Theorem 3.1 if one putsx~ oo, then one can get the result of (Zakria (2013)) as

rl o7l =
i=0
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3.2 Characterization of the doubly truncated Pareto distribution.

In this section we shall characterize the trimmed Pareto distribution in terms of their failure rate and reversed
failure rate .This is contained in the following.

Theorem 3.5

Let we have a nonnegative continuous random variable with cdfF (x), pdff (x); then Xhas Pareto distribution with:
0 ,x~\—(0+1)
f=-() x>aao>0.
If and only if,
bx"h(y)t(x) — by"h(x)T(y) — [by" — bx"][z(x)7(y)]
[r()R(Y) — h()T()]

We prove Theorem 3.5 through a series of Lemmas (2.2, 2.3 and 2.4 of Nofal , 2010).

EX'|x<X<y)=

Proof of Theorem
1. Necessity
Observe that
1 y
EX"|x<X< =7Jur (w)du
( N =Fm—rool), v
= . A (3.5)
[FO) - F01™” '
where
y y 0 u\—O+D)
A = I d = Tl—(— d .
2 fxuf(u)u Lua(a) u
We rewrite A, as
y
Ay =f a’u=?+"1qu. (3.6)
X
Now integrating Equation (3.6) by parts, one gets
a’0 y
L —0+r
A2 = -0 + ru x’
a’0
— oy [y—0+r . x—9+r]’
) 37)
-1 \a 0-r \a g !

Equation (3.7) can be written as
Ay = bx"F(x) — by"F(y),

where

One can rewrite Equation (3.7) as
bx"F(x) — by"F(y)

EX'|x<X<y)= HOM

Using Lemmas (2.2, 2.3 and 2.4 of Nofal, 2010), one obtains

bx"h(y)t(x) — by" h(x)t(y) — [by" — bx"][r(x)T(y)]
[t()h(y) — h(x)T(¥)] ’

EX"|x<X<y)= (3.8)
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2. Sufficiency

Equation (3.8) can be written as
y
J- u” f(w)du = bx"F(x) — by" F(y).
X

By differentiating both sides with respect to y, one gets
Y f() = by"f(x) — bry" ' F(¥). (3.9

One can rewrite Equation (3.9) as

) _ —br
FO») ~ ya-by

integrating both sides with respect to y, one gets

InF(y) = lny~®,

then

This completes the proof.
3.3 Characterization of the doubly truncated power function distribution.

In this section we shall characterize the trimmed power function distribution in terms of their failure rate and
reversed failure rate .This is contained in The following.

Theorem 3.6
Let we have a nonnegative continuous random variable with cdf F(x), pdf f(x); then X has
Power function distribution with:
fx) =a(l-x)*L0<x<1,a>0
If and only if,

rtal Wh()t(x) —rla! W()h()T(y) —rlal [W(y) - WE)I[r()(y)]

EX"|x<X<y)= [t()h() — h(x) ()]

(3.10)

Proof of Theorem
1. Necessity

One can notice that

y
EX'|x<X<y)= f u’ f(u)du

1
FO) —FG]

1
[F(y) = F(x)]

where
y y
A = f u" f(u)du = f u [a(1 —uw)*1du.
X X
Now integrating by parts, gives
y
Az =x"(1—-x)—y"(1—y)* + rJ- u (1 —w)*du.
X

A second integrating by parts, one gets
Txr_l(l _ x)a+1 ryr—l(l _ y)a+1

Ar = xT(1 = 202 — v (1 — )%
=X (=) =y (=) —
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L

T(T—l) g r—2 a
0!—+1 u (1 u) du.

X

Using recursive integration by parts, one gets

o . . . T.xr—l(l _ x)oc+1 ryr—l(l _ y)a+1 T(T _ 1)xr—2(1 _ x)a+2

Ag =x' (1= =y A=)+ a+1 - a+1 (a+D(a+2)
r(r—1y (1 —y)**?

T (@a+D(@+2)
rr—1D@r —2) ...(r—(r— 1)) y

— at+r—1
(@+D@+2)..(a+ @ -1) fx - du. (3.11)

Equation (3.11) can be written as

PR «“ s rx" M1 =) r(r = Dx" (1 — x)4F? rlal (1 —x)**" (1= )
3=x"(1=%) a+1 (a+D(a+2) (a +1)! Y Y
ryr—l(l _ y)a+1 T(T‘ _ 1)yr—2 (1 _ y)a+2 N
a+1 (a+1D(a+2)
rlal (1 —y)*t
one can rewrite Equation (3.12) as
Srlalxm (1 — x)%H ! aly" i1 — y)ett
Az = - ,
L -Dle+D! L (-t
or
i Ui~ L(l _ )L rlal r—i e i
ly™Q -y
= rlal
A F(x)Z(r—l)'(a+l)' 1§17 Of )Z -Di@+ti!’ (3.13)
one can write Equation (3.13) as
A =11al F(x)W(x) — ' al Fiy)W (v), (3.14)

where

7l al (1 —t)!

w® = L =i D!

One can rewrite Equation (3.13) as
rta FOW(x) —rlal F()W (y)

EX'|x<X<y)= [F(y) = F(x)]

using Lemmas (2.2, 2.3 and 2.4 of Nofal,, 2010), one obtains

rtalW@h()t(x) —rta! W(h()z(y) —rlal [W(y) - W(X)][T(X)T(}f)]_

EX'x<X<y)= [t(x)h(y) — h(x)T()]

(3.15)

2. Sufficiency

Equation (3.15) can be written as

y
J ufdu =rlal FOW(x) —rla! F(y)W (y).
X
By differentiating both sides with respect to y, one gets
Y f@du=rlal fOWH) —rtal F)W' (), (3.16)

where
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=0y "' —-y) =iy (1 - y)
W(y)_z r—D!'(a+10) ’

oyt =)y A=) =y !

T rlal r—-D!'(a+ 1)
L=y -yt -2y -y)
r—D!'(a+ 1) (317)
we can rewrite (3.17) as,
W =[P ! LJe=Dya-y 2yt -y
V)= Tra (r—l)'(a+1)' r—D!(a+ 1) r—=2)!(a+2)!
r-=2)y"70A-y* 3y PA-y)°
r—=2)!(a+2)! (r—=3)!(a+3)!
@+ Dry =y (@4 2)0 = 1y 21— y) - 20 = Dy (1 - y)
- r! (a+ 1)! r—D!'(a+2)!
L@+ -2y A=y =3 -2y -y)*
(r—2)!(a+ 3)!
This implies that
eyt a(r =Dy (1 -y)  a(r—2)y (1 -y)?
WO = DT eoD@+2 T c-oi@+3) T
_ [ bt y 20y | ¥y ]
r—D!(a+1)! (-2 (a+2)!  (@-=3)!(a+3)!
Z r l(l—y)l -1
r—=—)'(a+D
One can rewrite Equation (3.16) as
K r—i 7 = i—1
rla! F(y)a 2, % =fO)[rtaW(y) —y"l. (3.18)
But

yr—i(1 - y)i—l
S (r =Dt (a + DY

e w@) =yl=rlal(1-y)

Then Equation (3.18) can be written as

r L(l_y)l 1
rla! F(y)a [Z( D@+ )]

r i e i—1
=rlal(1-y)f(y) [Z =TI E), (ayi Y

This implies that
aF(y) =1 =»fQ). (3.19)

One can rewrite Equation (3.19) as

»_, [ -1 ]

F(y) 1-y
Integrating both sides with respect to y, one gets

F) =Qa-»-

This completes the proof.
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