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1. Introduction.

The notion of dislocated metric spaces (d-metric spaces) was introduced by Pascal Hitzler in [8]. The study of common
fixed point mapping in dislocated metric space satisfying certain contractive conditions has been at the center of vigorous
research activity..

Weakly contractive mappings in Hilbert spaces setting was first introduced by Alber and Guerr-Delabriere [1] in 1997.
Rhoades showed that most results of [1] arew still true for any Banach spaces and Bae considered these type of multi-
valued mappings [2]. Kammran [13], Zhang and Song [17], Beg and Abbas [3], Bose and Roychowdhury considered some
generalized versions of these mappings and proved some fixed point theorems.

After Jungck has introduced the notion of compatible and weakly compatible mappings for single valued maps [6] many
authors have immediately extended the concepts to multi-valued maps.

The purpose of the present paper is to contribute in this field. We have considered a family of generalized y-¢ weakly
contractive mappings, which contains the class of generalized ¢-weakly contractive mappings and have proved a fixed
point theorem for them when they are weakly compatible maps on dislocated metric spaces, which extends the work of
several authors ([ 7], [4],[16],[12], [5])

2. Preliminaries.
For convenience we start with the following definitions, lemmas, and theorems.

Definition 2.1.[9] Let X be a non-empty and let d:XxX—[0,+o[ be a function, called a distance function if for all x,y,zeX
satisfies:

d1: d(x,x)=0

d2: d(x,y)=d(y,x)=0 =x=y
d3: d(x,y)=d(y,x)

d4: d(x,y)<d(x,2)+d(z,y)

If d satisfies the condition d1 [ [d4 , then d is called a metric on X. If it satisfies the conditions d1, d2 and d4 it is called a
quasi-metric space. If d satisfies conditions d2, d3 and d4 it is called a dislocated metric (or simply d-metric).

A nonempty set X with d-metric d, i. e., [ [X,d [] [1is called a dislocated metric space.

Example. Let be X= R*[J and the functiond : XxX0 0 [ [ [edll) [ [ whera [ (x, yO1 0 0 x 00y . Then 0 (X, d 0 Ois a
dislocated metric space.

Definition 2.2 [9] A sequence {Xn}nen in @ d -metric space [1X,d [1]is called aCauchy sequence if for all (1110
,[1 [nolIN such that [Im,n(] [he , we have d(Xm ,Xn) [ [ [ .

Definition 2.3 [9] A sequence in d -metric space converges with respect to d , if there exists XX such that lim d(xn,x)=
nN—o0

0.

In this case x is called a d-limit of {Xn}n.n and we write x, —x.

Definition 2.4 [9] A d -metric space [1X,d [1 [1is called complete if every Cauchy sequence in it is convergent with respect
tod.

Lemma 2.5 [9] Limits in a d-metric space are unique.
Lemma 2.6. [12] Let (X,d) be a d-metric space. Then
(A) if d(x,y)=0, then d(x,x)=d(y,y)=0

(B) if {Xn}nen is @ sequence such that lim d(xn,xn+1)= 0, then lim d(xn,xn) = liM d(Xn+1,Xn+1)= 0
n—oo n—oo nN—oo

(C) if x=y, then d(x,y)>0

n
(D) d(x,x) < EZd(x, X;) holds for all x, xjeX, where 1<i<n.
Nz
Let (X,d) be a d-metric space. We denote the family of all nonempty, bounded subset of X by B(X)
Definition 2.7. Let A, B € B(X), then

H(AB) = max{supd (x,B), supd(y, A)}
xeA yeB
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d(AB)=inf{d(x,y):xe Ay B}
5(AB) =sup{d(x,y): xe Ay € B}
Definition 2.8. A sequence {A]} of nonempty subset of X is said to be convergent towards a subset A of X if

i) each point a € Ais a limit of a convergent sequence {an} ,a, €A, forneN.

ii) for arbitrary & >0, there is an integer m such that for n>m, A, < A., where A, ={xe X :Jae A/d(x,a) < &}
Ais then said to be the limit of the sequence {A,} .

Lemma 2.9. Let {An} , {Bn} be sequences in B(X) converging respectively to A and B in B(X). Then the sequences of
numbers {H(A,,B,)}, {d(A,,B,)} and {5(A,.B,)} convergeto H(AB), d(A B)and 5(A B), respectively.

Lemma 2.10. Let {A,} be sequences in B(X)and ye X such that §(A,,y) 0. Then the sequence {A,} converges to
the set {y}in B(X).

Definition 2.11. [10] The self maps f, g of X are compatible iff lim d(fgx,,gfx,) =0, whenever {xn} is a sequence in X
nN—o0

such that lim fx, = lim gx, =t for some te X .
n—o0 n—o0

Several authors ([11], [15]) extend the Definition 2.3 by introducing the compatibility of set-valued mappings as below.

Definition 2.12. The mappings F: X — B(X) and f : X — X are d-compatible iff lim 5(fFx,,Ffx,) =0,

n—
whenever {x,} is a sequence in X such that fFx, e B(X), lim Fx, ={t}and lim fx, =t for some te X .
n—o0 n—oo

Definition 2.13 [10] The mappings F: X —B(X) and f:X — X are weakly compatible (or sub compatible) if they
commute at coincidence points thatis {t e X / Ft ={ft}} < {t e X / Fft = fFt}.

Definition 2.14. Two set-valued mappings F,G: X — B(X), are called generalized ¢-weak contractions if there exist a
map

@ [0, 4+00[— [0, +oc with ¢(t) > 0 for all t>0 and ¢(0) =0, such that

H(Fx,Gy) < M (X, y)—p(M(x,y)) for all x,y e X, where

d(x,Gy)+d(y, Fx)}

M(x,y) = max{d(x, y), d(x, Fx), d(y,Gy), 3

Definition 2.15. Two set-valued mappings F,G: X — B(X), are called generalized y-@-weak contractions if for all x, y X,

y(H(FX,GY)) <y (M(xY)) - p(M(x.Y)) ,

d(x,Gy) +d(y, Fx)
2
continuous, ¢ is lower semi continuous function such that, y(t) >0, ¢(t) > 0for all t>0 and y(0) = ¢(0) =0.

where M(x,y) = max{d(x, y), d(x, Fx), d(y,Gy), }and v, @:[0,+0[— [0,+0[, w is non-decreasing and

The aim of this work is to prove a theorem on the common fixed point for two multi-valued and two single valued mappings
not necessary continuous, where the multi-valued mappings are generalized y-¢-weak contractions on dislocated metric
spaces.

3. MAIN RESULTS.

Theorem 3.1. Let F,G:X — B(X) be mappings, where (X,d) is a complete dislocated metric space and let
1,J: X — X be self mappings. Suppose that

D) w(HFX,GY) <w(N(x,Y)) —@(N(X,Y)) , where

d(Ix,Gy) +d(Jy, Fx)}
a

N(X,y) = max {d(lx, Jy),d(Ix, Fx),d(Jy,Gy),
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for all x,ye X, 3<a<4 and v, ¢:[0,+[—[0,+o[, Wy is non-decreasing and continuous, ¢ is lower semi continuous
function, w(t) >0, ¢(t) > 0for all t>0 and y(0) = ¢(0) =0.

(2) UG(X) < I(X), UF(X) < J(X) and either I(X) or J(X) is closed
(3) the pairs of mappings {F, I} and {G, J} are weakly compatible,
then F, G, I, J have a uniqgue common fixed point u € X . Moreover, Fu = Gu = {u}.

Proof. Let xo be an arbitrary point of X. By the condition (2) there exists x1 € X such that Jx; € Fxo. Furthermore, for this
point x; we can choose Xz € X such that Ixz € Gxi and d(Jx;, I, ) < H(Fxy,Gx;)

By the condition (1) of Theorem 3.1 we have y/(d (Jxl, Ixz)) <y (H(FX0,Gx)) £ w(N(Xg, %)) — (N (Xg, %)) < (N(Xg, %) -
Continuing this process, we can define inductively the sequence {xn} as follows:
Mons1 € FXon,  1Xgn € GXong for neN and d(1xy, Konyg ) < H(FXgy, GXop q) -

Hence as v is monotonically increasing and (1) we have
y(d(IX2n, Xon41)) < v (H (Fxan, GXan 1)) < W (N(Xan, Xan-1)) = (N (Xan, Xon-1)) < ¥ (N(Xzn, Xon-1)) (4)

and d ( |X2n,JX2n+1) < N(XZn—l’ X2n) .

d(IX,, GXon_q1) + d(IXon_q, FX
N<x2n_1,x2n)=max{d(len,Jx2n_1>,d(lxzn,FXZn),d(szn_l,GXZn_l), (PXon: Gion) +d(Pon1 2“)}

a

(®)

= mex {d (Xan, IXan 1), d (IXan, IXan 1), A (IXan_1, IXan);s AW Fin) 0 8 F0on 12 om) }

a

On the ather hand, from lemma 2.6 (D) we have
d(Ixn, IXon) < d (X, Xon 1) +d (1Xpq, IXon41)

and by definition 2.1 (d4) we have ,
A (Ian1, Kons1) < d(IXzn, IXon 1) +d (IXpn, HKon41)
So,

d(IXan, 1Xon) +d (Xon 1, Xonsa) _ 2 [d(Xpn, IXon 1) +d(1Xpn, IXpn41)]
a a

and for 3<a<4 we have

N (Xpn_1:Xon) < max{d(lx2n,Jx2n,1),d(lx2n,Jx2n+l)} \

Now, if max{d (IXy, 3o 1), d (IXp, Hons1)} = A (1Xon, HXan ), DY (4) we have

w(d(Ixzn, MXans1)) < W (N(Xan, Xon-1)) = @(N (Xon, Xan1)) < w(d (X2, IXan41)) — (A (X, IXzn41)) » @ contradiction.
Hence, we have

N (Xan_1, X2n) < Max{d (1Xpn, Xop 1), d(1Xan, Ko 1)} = d (1Xpn, o 1) ,
So,

d(Xan, MXons1) < N(Xoq_1.%on) < d(IXon, Xon 1) (6)
Also

d (IXons2: Xoni1) < H(FXon,2,GXpny4)  and

w(d(IXon42, Xon 1)) < W (H(FXon,GXoni1)) < (N(Xans Xons1)) — (N (Xon, Xon11)) < W (N(Xon, Xon1)) (7)

50 d(Poni2: Mons1) < NOoni Xon) -

35| Page Nov 9, 2013



()

In the same way, we have
d (IXZn-¢—2l ‘]X2n+1) < N(Xan X2n+1) < max {d(IXZn' JX2n+1)ad(‘]X2n+1l |X2n+2)} = d(IXZn’ ‘]X2n+1) . (8)

Let put for convenience,

| Ixop k=2n
Y= Mopy  k=2n-1.

By (6) and (8), we conclude that d (Y1, Yk) < N(Y. Yk-1) <d(Yi. Yk-1) . for keN .
It implies that the sequence {d (yk, ykﬂ)} is monotone non-increasing and bounded below. So there exists | > 0 such that
lim d(yi, Yisa) = M N(yi, Vi) =1
k—o0 k—o0
Since y is continuous and ¢ is lower semi-continuous,
w(1) = lim y(N(Yk, Yis1) @(1) < lim inf (N (Y, Yiia) -
k—>o0 k—>o0
By (4), (7) and the property of the function w and ¢ we conclude that
w()<y()-p() ie o) =0and1=0, and so lim d(yyi.) = lim N(¥. Ys2) =0 - )
Next we show that {y,} is a Cauchy sequence.
Let, C =sup{d(y;,y;):i,j>k}.

Obviously {C,} is decreasing. So there exists C > 0 such that kIim C,=C.
—®©
For every p € N, there exist k(p), s(p) € N such that k(p), s(p) >p and

1
Cp e d(Yk(p): Ys(p)) <Cp -

So. lim d¥i(p): Ys(py) =C -
Let us to prove that C = 0.
Case 1: If k(p) is even and s(p) is odd, so k(p) = 2g and s(p) = 2t — 1, then
d(Yi(py+2s Ys(pyst) = d(Vagan Yor) = d(Ioqua, Xr) < H(Fxoq, GXor )
By (1), we have
(A (Yi(pysa Ys(pyr) = ¥ (A (Vogen, Yar)) = w(d (Kagug, ar)) < (H (FXog, Gy 1)) < (N (Xpq, Xor1)) — (N (Xoq: Xat 1)) (10)
So,
d(Yi(py+1: Ys(py+1) < N(Xaq: X2t 1) = N(Yie(py: Ys(p))

d(IXoq,GXp_1) +d (IXpy 1, FXoq) }

N (Xaq, Xpr—1) = max {d (IXaq, Mot 1), d (IXaq, FXoq), d (It 1, GXor 1), a

d(IXaq, IXy) + d (IXpq_1, JX2q+1)}
a

< max{d (X2 Mot 1), d (IXaq, Mo 41), d (IXpe 1, IXat)s

d(Y(p): Ys(pye) + 4 (Ys(p). yk(p)+1)} (11)

= max{d(yk(p)vYS(p))vd(yk(p)x Yie(py+1) A Ys(p) Yspyan): "

C+C}:C . (12)

As p—+woin inequality (11), we have  1im N(Xpq, Xpt—1) = M N(Yi(py, Ys(p)) = Max{C,0,0,
p—oo p—®

Taking p—+o in inequality (10), since y is continuous and ¢ is lower semi-continuous and (9) and (12) hold, we have
w(C) <y (C)—¢(C) . Hence ¢p(C) =0and so C =0.
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So, lim d(Yi(p), Ys(p)) =0, for k(p) is even and s(p) is odd. (13)
p—

Similarly, if k(p) is odd and s(p) is even.
Case 2: If k(p) and s(p) is even, so k(p) = 2g and s(p) = 2t, then

d(Yie(pys Ys(p)) = d(Yag: Yar) = d(1Xaq, 1Xpr) < d((IXaq, IXaq 1) +d(Waga1, Xar) = d (Vi) Yie(py2) + A Vo)t Ys(p)) »
Taking p—+« in this inequality, since (9) and (13) hold, we have lim d(Yi(p): Ys(p)) =0
p—
Similarly, if k(p) and s(p) is odd.
Therefore, {y«} is a Cauchy sequence.
Since (X, d) is d-complete, there exists u e X such that kIim Y =U.
—0
This implies  lim Ixy, = lim Jx;,_; =u and sequences {Fx,,},{GXyn,1} converge at {u} . 14)
n—o0 n—o0

Suppose now that the set J(X) is closed. Then there is, by condition (2), a point v e X such that Jv = u.

Using (1) we obtain

y (d(Fxan, GV)) <y (H(Fxpn, GV)) <@ (N(xpn,v)) = (N (¥gn, V) - (15)

N (Xpp,V) = max{d(len,Jv),d(IXZn, P ), d(3v, Gy), Sen: GV + AV, FXZ")}

a
d(IXZn,Gv)+d(u,Fx2n)}
a

= max{d (IXyp,,u),d (X9, FX9p,), d (U, GV),
Letting n — o in the above inequality and by (14) we get

lim N (xn,V) = max{d (u,u),d(u,{u}),d(u,GV),w} -

2
: (16)
max{d(u,u),d(u,Gv), d(”'G"”d(”f")*d(”'G")} = max {d(u,u),d (u,Gv)}
Taking n —» w0 in (5) and by (14), we have 0= max{d(u,u),d(u,u)}=d(u,u) and by (16) we have
lim N(x5,v) =d(u,Gv) , a7)

Letting n —o0 in (15) and by (17) we get, so ¢(d(u,Gv)) =0 and d(u,Gv)=0.
Hence Gv ={u}={Jv}. But the pair of maps {G, J} are weakly compatible, thus GJv=JGy, i.e. Gu={Ju}. (18)

Now we show that u is a fixed point for G and for J.

N (Xpn,U) = max{d(IXZn, 30),d (I, Fop),d (Ju, G, 3 en: W + A (U, FXZH)} .

a

Letting n — oo in the above inequality and by (14), (18) and equality 0=d(u,u) we get

=d(u,Gu) . (29)

lim N (X, u1) = max{d(u,Gu),d(u,{u}),d(Ju,{Ju}), d(”’G“);d(”’G“)}

By (1) we have y(d(Ixzn,1,GU)) <y (H(Fxgn, Gu)) <y (N(Xzn,u)) — (N (%2, ))

Letting n — oo in this inequality and by (19) we get w(d(u,Gu)) <w(H(u,Gu) <w(d(u,Gu)) —p(d(u,Gu)), so ¢(d(u,Gu)) =0
and d(u,Gu)=0.

Thus we have Gu ={u}={Ju} and u is a fixed point for G and J.

Now, WG(X)c I(X) implies that exists w e X such that Gu={lw}. Hence {u}=Gu={Ju}={Iw}and
H(Fw,u) = H(Fw,Gu)

Using (1) we get
w(H(Fw,u)) = yw(H(Fw,Gu)) <y (N(w,u)) —o(N(w,u))

347 |Page Nov 9, 2013



d(lw,Gu)+d(Ju,Fw)}
a

and N(w,u) = max{d(lw, Ju),d(lw, Fw),d (Ju,Gu), =d(u,Fw).

So, w(H(Fw,u)) <w(d(Fw,u))—¢(d(Fw,u)) and ¢(d(Fw,u)) =0 and d(Fw,u) =0 and {u}= Fw={lw}.
Hence,

{u}=Gu ={Ju} = Fw={Iw}.

But the pair of maps {F,I} are weakly compatible, thus Flw = IFw, i.e. Fu ={lu}.

Moreover,

y(d(Fu,u)) <y (H(Fu,u)) =y (H(Fu,Gu)) <y(N(u,u)) —e(N(u,u)

d(lu,Gu)+d(Ju,Fu)}
a

and N(u,u) = max{d(lu,Ju),d(lu,Fu),d(Ju,Gu), =d(u,Fu).

So, w(d(Fu,u)) <w(H(Fu,u)) <w(d(Fu,u)) —e(d(Fu,u)) and ¢(d(Fu,u))=0 and d(Fu,u)=0 and
{u}=Gu ={Ju}=Fu ={lu} i.e. uis e common fixed point for F, G, I, J.
Similarly, one can reach the above fact by assuming that I(X) is closed.

Furthermore, we can prove that u is unique. In fact, if u and v are two common fixed points for F, G, I, J, then by (1) we
have

w(d(u,v)) <y (HuV)) =y (H(Fu,Gv) <w(N(u,Vv)) - o(N(u,v))

d(lu,Gv) +d(Jv, Fu)}
a

and N(u,v) = max{d(lu,Jv),d(Iu, Fu),d(Jv,Gv), =d(u,v)

So, w(d(u,v)) <w(d(u,v))—e(d(u,v)) and ¢(d(u,v)) =0 and d(u,v) =0 and u=v. The proof is complete.

Remark. The above theorem extends Theorem 3.1 of [7]. If we take y(t)=t for all >0 then the above theorem reduces to
theorem 3.1. of [7].

Theorem 3.2. Let F,G: X — B(X) be mappings, where (X,d) is a complete dislocated metric space and let J: X — X
be self mappings. Suppose that

D) w(HFEX,GY) <w(N(x, ) —@(N(x,y)) , where

d(Ix,Gy) +d(Jy, Fx)}
a

N(x,y) = max{d(.]x, Jy),d(Ix, Fx),d (Jy,Gy),

for all x,ye X, 3<a<4 and v, ¢:[0,+[—[0,+o[, vy is non-decreasing and continuous, ¢ is lower semi continuous
function, w(t) >0, ¢(t) > 0for all t>0 and y(0) = ¢(0) =0.

2) UG(X) < J(X), UF(X) < J(X) and J(X) is closed

(3) the pairs of mappings {F, J} and {G, J} are weakly compatible,

then F, G, J have a unique common fixed point u e X .

Proof. F, G, J complete the condition in Theorem 3.1 by taking | =J . Hence F, G, J have a common fixed point u e X
Remark. This theorem extends the Ciric and Ume theorem (Theorem 2.1.[5]

Theorem 3.3. Let(X,d) be a complete d-metric space, and let F,G: X — B(X) be two multi-valued mappings such that
forall x,y e X

(1) w(H(FxX,Gy)) <w(M(x,y)) —p(M(x,y)
where M(x,y) = maX{d(x, y),d(x, FX),d(y,Gy),W}

for all x,ye X, 3<a<4 and v, ¢:[0,+[—[0,+o[, y is non-decreasing and continuous, ¢ is lower semi continuous
function, w(t) >0, ¢(t) > 0for all t>0 and w(0) = ¢(0) =0.

then F, G, have a unique common fixed point u € X . Moreover, Fu = Gu = {u}.
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Proof. By taking I =J =1y we have UG(X)cIl(X)=X , UF(X)cJ(X)=X and X is closed. Hence F, G, I, J
complete the condition in Theorem 3.1 and F, G, have a common fixed point ue X .

Remark. This theorem extends the Bose and Roychowdhury theorem (Theorem 51. [4]).

Theorem 3.4. Let (X,d) be a complete d-metric space, and let F,G,1,J : X — X four mappings such that for all x,y € X

(1) w(H(FX.GY)) <w(N(x¥)) —p(N(xy)

where N(x,y) = max{d(lx, Jy), d(Ix, Fx),d (Jy, Gy), d('x’Gy);d(Jy’ FX)}

for all x,ye X, 3<a<4 and vy, ¢:[0,+[—[0,+o[, vy is non-decreasing and continuous, ¢ is lower semi continuous
function, w(t) >0, ¢(t) > 0for all t>0 and y(0) = ¢(0) =0.

2) G(X) < I(X), F(X)<J(X) and either I(X) or J(X) is closed
(3) the pairs of mappings {F, I} and {G, J} are weakly compatible,
then F, G,l, J have a unique common fixed point ue X .

Proof. The proof of this theorem is similar to the Theorem 3.1 for Gx ={Gx} Fx ={Fx}.

Remark. If we take y(t)=t and ¢(t)=(1-a)t for all t=0 then the above theorem reduces to theorem 3.1. of Kumari and Kumar
and Sarma theorem (Theorem 3.1. [14]).

Theorem 3.5. Let (X,d) be a complete d-metric space, and let F,G: X — X two mappings such that for all x,y € X

(1) w(H(FX,GY)) = (M(X,Y)) — (M (X, )
where M (x,y) = max {d (x,y),d(x, Fx), d(y,ey),wad(yﬂ)}

for all x,ye X, 3<a<4 and vy, ¢:[0,+[—[0,+o[, vy is non-decreasing and continuous, ¢ is lower semi continuous
function, w(t) >0, ¢(t) > 0for all t>0 and y(0) = ¢(0) =0.

then F, G have a unigue common fixed point u e X .
Proof. The proof of this theorem is similar to the Theorem 3.1 for Gx ={Gx}’ Fx={Pdand I =J =y
Remark. This theorem extends the Shrivastava and Ansari and Sharma theorem (Theorem 3.7.[16])

Theorem 3.6. Let (X,d) be a complete d-metric spaces and F: X — X a self-map, such that for all X,y € X
1) w(HFEXFY) < (M(X ) —p(M(x,Y)

where M(x,y) = max{d(x, y).d(x, Fx),d(y, Fy),w}

for all x,ye X, 3<a<4 and vy, ¢:[0,+[—[0,+o[, y iS non-decreasing and continuous, ¢ is lower semi continuous
function, w(t) >0, ¢(t) > 0for all t>0 and w/(0) = ¢(0) =0.

then F have a unique common fixed point ue X .

Proof. The proof of this theorem is similar to the Theorem 3.1 for Fx=CGx={Fx} and | =J =1y.
Remark. Theorem 3.5 extends the Karapinar and Salimi theorem (Theorem1.9. [12]).
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