ILL@JA\ ISSN 2347-1921

A Note on the sums of Reciprocal k=Fibonacci Numbers of Subscript 2"a

Sergio Falcon
Department of Mathematics
University of Las Palmas de Gran Canaria
Las Palmas. Spain

ABSTRACT

In this article we find the finite sum of reciprocal k—Fibonacci numbers of subscript 2" a, then we find the infinite sum of
these numbers. Special cases of these sums for the classical Fibonacci sequence and the Pells equence are indicated.

Finally we propose a new way to find the infinite sum of the reciprocal k—Fibonacci humbers with odd subscripts and,
consequently, the sum of all reciprocal k—Fibonacci numbers, but without finding the answer to this problem (Erdés).
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1 INTRODUCTION

Classical Fibonacci numbers have been very used in as different Sciences as the Biology, Demographyor Economy [6].
Recently they have been applied even in the high-energy physics [8,9]. But there exist generalizations of these numbers
given by researches as Horadam [7] and recently by Weoursef [3-5].

1.1 k=Fibonacci Numbers

For any positive real number k, the k—Fibonacci sequence, say Fk = {Fk n} N is defined by the recurrence relation
' ne
I:k,n+l = k I:k,n + I:k,n—l (1)

With the initial conditions Fxo=0and F1 = 1.

For k = 1, classical Fibonacci sequence is obtained and for k = 2, Pell sequence appears.

In similar form, the k—Lucas numbers are defined as Lk el = k Lk n T Lk ng With the initial conditions Lo =2 and Lk1 = K
(see [1,2)).

The well-known Binet formula in the Fibonacci numbers theory [3,7,10] allows us to express the k—Fibonacci numbers and
the k—Lucas numbers by mean of the rootso: and o, of the characteristic equation, associated to the recurrence
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Among other properties, g1 and o2 verify:
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Even subscript:
I:k,2m & I:k,mll—k,m (4)
2 FINITE SUM OF RECIPROCAL k-FIBONACCI NUMBERS OF SUBSCRIPT 2"a

In this section we study both the finite and infinite sum of reciprocal k—Fibonacci numbers of subscript 2"a. As
consequence, a new form of calculating the infinite sum of the k—Fibonacci numbers is given.

2.1 Theorem 1

The finite sum of reciprocal k—=Fibonacci numbers of subscript 2"a is given by the formula

Z”: 1 _ 1 Lk,z"a_Lk,(Z’LZ)a 5)
o F F Ly 0 —2

k,2la k,2"a

Proof : by induction.
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For n = 1, the Left Hand Side (LHS) of (5) is (LHS) = ZF— = while the Right Hand Side (RHS) is
j=1

k,2ia k,2a

(RHS) — 1 Lk,2a - Lk,O — 1

I:k,Za Lk,Za -2 I:k,2a

Let us suppose Formula (5) is true for n > 1. Then

| g 1 i O 1
Z_: n _ k,2"a k,(2"-2)a n
i= I:k,2ja = Fk,zja Fk,Z"*la I:k,2“a Lk,2a =2 Fk,2”*1a
2
_ (Lk,Z”a) - Lk,(2"—2)aLk,2”a + Lk,2a -2
Fk’2n+1a(Lk'23 - 2)
Because from Equation (4) Fk,z"*la = Fk,2-2“a = Fk,z"a'Lk,zna

The numerator of this last relation, from Binet Identity, is
n n 2 n_ n_ n n
A=(o-12 *+o7; a) —(0'1(2 22 ol Z)a)(af *+o7; a)+((7fa +022a)—2

n+l n+l n+l_ n+l ! _
(612 *+ol® +2)—(0'1(2 2+ 03 4o +<)'22"")+(0'1Za +o2° —2)

2a 2a
o, +o.
_ Y 2 " v s 2a 2a _o- -
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(0:0,)

S 1 Lk,z"*la T Lk,(z"*l—Z)a
because 0;'0,, = —1. Then Z =
e - F Ly 2
1= Yy oig k,2"™a k,2a

2.1.1 Particular Case
Ifa=1:

i 1 1 Lk‘zn—Lkvzn_z_ 1 kLk,z”—l_lF +F

1k k2"

ZFHF B, -2 "R, K\ k F

k,2" k,2"
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2.2 Theorem 2

6
j=1 F 0_12a _1 ( )

Proof: From Equation (5)
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0_2 a +O'2 a__ Y1 _ Y2
=1 1 Lk n _Lk n o, — 0 ! ? ol o7
Z _ lim 2'a (2"-2)a | _ 2 lim 1 1
=t Fk,zia Lk,2a —2noe Fk,z"a kaZa —2ne k.2"a
0,— O 1 (0,-0,)(c*-1) (0,-0,)(c-1)
_ 1 2 1— _\9% 2/\91 _\Y9% 2/\91
ol +of -2\ oa ot +1-207 (ot —1)?
_0,—0, _ k?+4
cl-1 o*-1
o ) =1 k*+4
If a =1, and taking into accounto” = K o +1, Formula (6) becomes z =
= Ty i k 0
. k> A 5t | 1++/5
Moreover, if a = k = 1, for the classical Fibonacci numbers it is Z— =— being ® the Golden Ratio, @ = >
j=1 2]

Finally, the sum of reciprocal Fibonacci numbers with odd subscriptsis

< S | 2 3
SESS 'S, =ZZF—=Z - )
k

p=0 p=0n=1 Ty on (241 m=1 Tk 2m

The exact answer has not been found so far.

If the sum of Equation (6) begins in j = 0, the last sum is the sum of reciprocal

< il
k—Fibonacci numbers S = Z—
= Yk, j

Formula (6) can also be written more compactly as

=—— ®)

a
because, as 0,0, =—land ais odd, then 0'12211 -1= ()'12a +(O'l(72) = O'la (O'la +O'§) = O'ka’a

Consequently, S, = Jk? +422;

p+1
00 Ly, p+l
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