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ABSTRACT

The paper examines functional and operator variants of Jensen's, chord's, and Mercer's inequality with a convex function
on the interval of real numbers. In this research we relied on general functional and operator forms of Jensen's inequality.
Among others, corresponding means are also observed. The inequalities for operators are observed without operator
convexity.
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1. INTRODUCTION

Through this paper | < R will be a non-degenerate interval, [@,0] — R will be a non-degenerate closed segment, and

<a,b>c R will be a non-degenerate open segment. If X, € | are numbers, and p, € [O,l] are coefficients such that
n n
Zizlpi =1, then the sum Zizlpi X; belongs to | , and it is called the convex combination on | . For a continuous
n
function f :1 — R the convex combination Zizlpi f(x) belongs to f(I). A convex hull of a set X will be
denoted by COX .

If f:1 — R isafunction, then the chord line joining the points A(a, f(a)) and B(b, f (D)) of the graph of f with
a < b will be denoted by f[:g] , that is,

cho b—x X—a
faey (X) = P f(a) A f (b). 1.1)

n
Theorem A. 1 (The Jensen-chord-Mercer inequality) Let Zizlpi X; be a convex combination on [a,D].

Then every convex function T :[a,b] — R verifies the series of inequalities

f(a+b—zn1:pixij < an"pif(aer—xi)
< fa)+ f(b)—gpi 9%): 12

< f@ﬂf@—igﬂm
U _
A,

O™

N

fla)+ f(b) = 1 pif () 0 4

J{@)+ §0) = i pilili e ¢ / |
Z:[:I I‘II(” + b - .l'.) ¢ ;
fla+b=31, pizi) ‘: Z—/

a a+b-Y i pa; b z

Figure 1. Graphical presentation of the inequality in (1.2)

The inequality in (1.2) is possible because the expression
n n n n
a+b_zpi i = zpi(aer)—Zpi — Zpi(a+b—xi)
i=1 i=1 i=1 i=1

is the convex combination on [&,D]. Namely, since X. €[a,b], then a+b—x, €[a,b]. Our aim is to expand the
series of inequalities in (1.2) with more points. The third inequality in (1.2) is Mercer's inequality which was derived in [4]
by using Jensen's inequality. It can be derived using only the chord line. If f :[a,b] — R is a convex function, and
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Zin:lpi X; is a convex combination on [&, D], then using the chord as the affine function h(X) = f[gjg] (X) =ax+ 2,

it follows
f (a+b—zn:pixiJ < h(a+b—zn:pixij = h(a)+h(b)—zn:pih(xi)
< f(a)+ 1 (0) -0, (%),

Lemma1.1.2 Let X;, Y, € R benumbers,and P, € R be coefficients such that zin:lpi =1
Then every affine function h: IR — R verifies the equality
m+1 m+1
| Sy =D b, Zh(yk) >3 PG (1.3)
k=1 j=li=1 j=li=1
The equality in (1.3) can be adapted to a convex function f : 1 — R as the inequality

(ivk Y hx J if(yk) 330 f(x) (1.4)

j=li=1 j=li=1
with coefficients p; €[0,1], numbers X;, Yy, €1 so that Y, €l\<a,b> where [a,b] =co{X;}, and with the
1
requirement that the number Z::rlyk —ernzlzin:lpi X belongs to [a, b]. This inequality can be easily verified using
cho

the chord line h(X) = f,(X) = aX+ B, and applying the equality in (1.3).

The inequality in (1.4) with a convex continuous function f was obtained as the main result in [7, Theorem 2.1] using the
majorization assumptions

(Xil""’ Xim+1) < (yl!"" ym+1) foreveryi :11"" n

m+1

1
where X, = Zk Ve ZTzlxij , instead of requires that Y, € | \<a,b> and z::yk —ZTzlzin:lpi X; €[a,b].

Using the Jensen inequality and the chord line, the inequality in (1.4) can be refined to the series of inequalities as it
follows:

Theorem 1.2. 3 Let X;,Y, €| be numbers so that Yy, € 1\<a,b> where [a,b]=co{x;}. Let the numbers

X = Z::llyk_zr,llxij belong to [&,b]. Let p, €[0,1] be coefficients such that zin:lpi =1.

Then every convex function f : 1 — R verifies the series of inequalities

j=1i=1
m+1
= Zf[;ht?](yk) Zzp. f[;hk?](xij)' (1.5)
j=1i=1
m+1
= zf(yk) zzplf(xu)
j=1i=1

Proof. The proof can be done by applying Jensen's inequality to the convex combination
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IS HITES RIS HATESYY [Zy ZX.,J

k=1 j=li=1 k=1i=1 j=li=1 i=1

(L

which belongs to [@, D], and then using the chord line h(X) = f[;hg’](x). i

2. FUNCTIONAL VARIANTS OF INEQUALITIES

Let X be a non-empty set, and X be a real vector space of functions g : X — IR. Alinear functional P: X > R is
positive (non-negative) or monotone if P(g) >0 for every non-negative function ge X . If aspace X contains a unit

function 1, by definition 1(X) =1 for every X € X , and P(1) =1, we say that the functional P is unital or normalized.

Let P: X —>R be a positive linear functional, We X' be a non-negative function such that P(w)=1, and
g: X — | be a function where | is a closed interval. If Wg € X', then P(WQ) € | . If the interval | is not closed,

then it can happen that P(Wg) & | . The following example shows such an undesirable situation:

Example 2.1. 4 Let X =1 =<0,1] and
X = {g 1 > R|limg(x) isfinite}.
X—>0+

If P: X — R is defined by
P(9) = limg(x),

x—0+

then P is a positive linear functional. The functional P is also unital because 1 € X’ and P(1) =1. If we take W=1,
and g(X) =X for Xxe |l ,then g € X’ andits imageisin | ,but P(Wg)=P(g)=0¢1.

n
Let P.: X — R be positive linear functionals, W, € X' be non-negative functions such that Zi:lpi (w,) =1, and
0, : X = | be functions where | is a closed interval. If the functions W,J; belong to X", then the functional sum

Z. » I(W g ) belongs to | , and the sum itself can be called a functional convex combination on | .

The backbone of this section is the next functional form of Jensen's inequality (the part of [6, Theorem 4.3)):
Theorem B. 5 Let P,: X =R be positive linear functionals, W, € X' be non-negative functions such that

Zin:lpi (W) =1,and g, : X = | be functions where | is a closed interval.

Then every convex continuous function f 1 — IR verifies the inequality

f(ZPi(Wigi)jSZPi(Wif(gi)) (2.1)
= =
provided that the functions W, g, and W, f (0;) belongto X.

Corollary 2.2. 6 Let P.: A — R be positive linear functionals, W, € X be non-negative functions such that

Z. -1 I(W) 1, and g;: X —[a,b] be functions.

Then every convex continuous function f :[a,b] — R verifies the series of inequalities

171|Page Oct 21, 2013



LLLJA\ ISSN 2347-1921

f[a""b_ipi(wigi)j < _Zn:Pi(Wif(a+b_gi))
< f(a)+f(b)—iP( w, v (9))) 2.2)
< f(a)+ f(b)—iPi (W, f(g,))

provided that the functions W,g,, W, f(g;) and W, f (a+b—Q;) belongto X .
Proof. First is the use of the inequality in (2.1) with the functional convex combination
n n
a+b_zpi(vvigi) = zpi (Wi (a+b_gi))'
i=1 i=1
After that we apply f[:?g] with its affinity, and thus obtain the inequality in (2.2). m|

The special case of the inequality in (2.2) for N =1 was obtained in [1, Theorem 2.1] as the main result. The next is the
generalization of Corollary (2.2) as well as the functional variant of Theorem 1.2.

Theorem 23. 7 Let P :X —> R be positive linear functionals, W, € X be non-negative functions such that

Z _P(w)=1 g;:X —1 be functions where | is a closed interval, and Y, € | \<a,b> be numbers where

[a,b] = cofg;; (X)}. Let the images of the functions g; = zm+1yk z 0;; are contained in [a,b].

Then every convex continuous function f:1 = R verifies the series of inequalities

f [ijiyk _an:ia (Wigij)J = ZP W f (fyk Zgljj
E zf[;hlg](yk) ZZP ( f[;ht?](gij)) (2.3)
< Si00-337(wi)

provided that the functions W,g;;, W; f(g;;) and W, f (g;) belongto X’

Proof. Similarly as the proof of Corollary (2.2) because the expression

WIS HLITRE w(mz“yk zg.,J

j=1i=1

is the functional convex combination on [a, b].

Now we will use the third inequality in (2.2) to functional means. In the functional case quasi-arithmetic means are formed
by the application of strictly monotone continuous functions to functional convex combinations. Thus, let | be a closed

interval, @1 — R be a strictly monotone continuous function, and z (W g ) be a functional convex combination

i=1 i
on | . The discrete functional @ -quasi-arithmetic mean of functions {J; with weighted functions W, with respect to

functionals P, is the number

M, (g;,w,P) = w‘l(ZP(Wco(g ))j (2.4)
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provided that the functions Wi(p(gi) belong to X . This number belongs to | because the functional convex

n
combination Zi:lpi (W.¢(g;)) belongs to @(l). Functional quasi-arithmetic means are invariant with respect to affine

mappings, that is, they verify the equality
M,,.z (9, W, P) =M, (g;,W,P)
for every strictly monotone continuous function ¢, and every pair of real numbers & # 0 and ﬂ .

If @:[a,b]— R is a strictly monotone continuous function, and g; : X —[a,b] are functions, then we can define the
functional mean

N,(@Db,g;,w,P)= co‘l(co(a) +o(b)-> P, (Wi(p(gi))j (2.5)
i=1
provided that the functions vvigo(gi) belong to X" . The functional convex combination
o(@) +p(b) — > P (Wie(9) = 2 P (W (2(2) + 0(0) ()
i=1 i=1

belongs to ¢([a,b]) because the images of the functions ¢(a)+@(D)—¢(Q;) are contained in @([a,b]).

Therefore the number N, = N_(@,b, g;,W;,P,) belongs to [a,b]. The functional means N, are also invariant with

y-p4
(04

respect to affine mappings. If we take Y = w/(X) = a@(X) + S, then X =y *(y) = ¢_1( . Thus, it follows

N, w‘l(w(a)w(b)—iﬂ (W (9,)

[ag(a) + S]+[ap(b) + 51— Zn:Pi (Wlap(g)+B1)-B
= 7 1 i=1

a

o™ ((p(a) +¢(b) —iPi (Wico(gi))J =N,,

which shows the invariant property of the observed functional means.
In applications of convexity we often use strictly monotone continuous functions @,/ . I > R such that Y is convex

with respectto @ (¥ is @ -convex), that is, o= l,//<>(p_1 is convex (this terminology is taken from [8, Definition 1.19]).
A similar notation is used for concavity.

Corollary 2.4. 8 Let @, :[a,b] > R be strictly monotone continuous functions. Let P, : X — R be positive linear

functionals, W, € X’ be non-negative functions such that Zin:lpi (W) =1,and g, : X —[a,b] be functions.

If Y/ is either @ -convex and increasing or ¢ -concave and decreasing, then the inequality
N,(a,b,g,w,P)<N,(ab,g,w,P) (2.6)

holds provided that the functions W.¢>(g;) and W.(g.) belongto X .

If ¥ is either @ -convex and decreasing or ¢ -concave and increasing, then the reverse inequality is valid in (2.6).
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Proof. Suppose that { is @ -convex and increasing. Put f :l//oga_l. Using the third inequality in (2.2) with
J = ¢(I) and convex function f :J — R, it follows

(L

Wp-l[(p(eo +pO) 3P (w«p(ga)j <y (@) +y(B)- Y P (wy (g)

After applying the increasing function l//_l on the above inequality, we have the inequality in (2.6).

If we use the functions ¢, (X) = X, ¢,(X) =InX, and ¢,(X) = X in the inequality in (2.6), we have the following

harmonic-geometric-arithmetic inequality for functional means N(ﬂ :

Corollary 25. 9 Let P.: X — R be positive linear functionals, W, € X be non-negative functions such that

Z. _P(W)=1and g;: X —[a,b] =<0,0c> be functions.

i
1 1 W,
— | —— Pl —

a b ;l(gij

Then the double inequality

IA

exp ZP[ Ing—]

a+b—Zn:Pi (w,
i=1

(2.7)

IA

W,
holds if provided that the functions —, W, In @, and W,g; belongto X .

i
Proof. The left side of the inequality in (2.7) follows from the inequality in (2.6) with functions (D(X) =x" and
w(X) =InX, soin this case i is @ -convex ( 0@ ~(X) = —In X) and increasing.

The right side of the inequality in (2.7) follows from the inequality in (2.6) with functions @(X) =InX and y(X) = X,

and as in the previous case |/ is @ -convex (/o (p_l(X) = €XpP X) and increasing. |
3. OPERATOR VARIANTS OF INEQUALITIES

Recall some notations and definitions. Let 7{ be a Hilbert space,and B(H) be a C*-algebra of all bounded linear
operators A:H —> HH . The bounds of a self-adjoint operator A € I3(7H) are defined by

a, = inf(Ax,x) and b, =sup(Ax,x),

[IxII=1 lIXII=1
and if SP(A) denotes its spectrum, then SP(A) =[a,,b,]. If 1,; denotes the identity operator on H , then
al, <A<b,1,.
Let H and K be two Hilbert spaces. Let @, : 3(H) — B(K) be positive linear mappings, W, € B(H) be positive
operators such that Zin:l(Di(Wi) =1, and A € B(H) be self-adjoint operators with spectra in | . Then the

n
spectrum of the operator sum Zi:l(Di (VVIA) is contained in | , and the sum itself may be called an operator convex

combination on | . For a continuous function f :l —>IR the spectrum of the operator convex combination

Z:in:l(I)i (W, f(A)) is containedin f(I).
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-
A continuous function f :1 — R is said to be operator increasing on | if A< B implies f(A)< f(B) for every
pair of self-adjoint operators A, B € B('H) with spectra in | . A function f is said to be operator decreasing if the

function — f is operator increasing.

The most commonly used the operator form of Jensen's inequality for operator convex functions can be found in [2] where
V\/i = 1H . Next is the operator form of Jensen's inequality for generally convex functions (the part of [6, Theorem 5.1] or
[5, Theorem 1]):

Theorem C. 10 Let @, : B(H) — B(K) be positive linear mappings, W, € B(H) be positive operators such that

Zin:l(l)i(\/\/i) =1, and A € B(H) be self-adjoint operators with spectra in | . Let a,, <, be bounds of the

operator convex combination M = zin:l(l)i W.A).

Then every convex continuous function f:l >R verifies the inequality

f (iq)i (W.A)j < iq)i (W| f (A)) (3.1

if provided that [a,,,0, ]NSP(A) =G or {endpoint} forail A .

Corollary 3.1. 11 Let @, : B(H) — B(K) be positive linear mappings, W. € 3(H) be positive operators such that
Zin:l(Di(Wi) =1,, and A € B(H) be self-adjoint operators with spectra in | . Let @, <b,, be bounds of the
operator convex combination M = zin:lq)i(WiA)- Let the spectra of the operators B, =a,,1, +b,,1, — A are
contained in | .

Then every convex continuous function f ;1 — R verifies the inequalities

f (ale +b,, 1, —icpi(vvip,)js Zn:q)i (W, f (ay 1, +by 1, —A)) (3.2)

and

n

Z(I)i (Wi f (aM 1H +bM lH _A ))

i=1

\%

f @)L B0, (WS 1) )

. (3.3)
e f(aM )1K+f (bM )1K_Zq)i(vvi f(A))
if provided that [a,,,b,, ]"SP(A) =< or {endpoint} for all A .

Proof. Let N =a,1, +b,1, —M . Then [a,,b,]c[a,.b,]. and therefore [a,,by]NSP(B)=Y or
{endpoint} for all B, because the same is true for [a,,,0,,] and SpP(B,) . We can apply the inequality in (3.1) on the

n
operator convex combination N = Zi:l(l)i (W.B,), thatis,

ay 1 +byl¢ _Zn:q)i(\NiA) = Zn:(Di (Wi(aMlH +by, 1, _A)):

and so get the inequality in (3.2).

The inequality in (3.3) is a consequence of inequalities

175 | Page Oct 21, 2013



(L

JJ ISSN 2347-1921

f(ayly +by1, —A) > faCh0 (@l +byL, ~A)
= f@)L,+ 1oL - 1 J(A)
2 f(aM)lH+f(bM)1H_f(A1)
forall i =1,...,N. O

The result related to the inequalities in (3.2) and (3.3) with operator convex functions was obtained in [3, Theorem 1] as
the main result.

Theorem 3.2. 12 Let @, : B(H) — B(K) be positive linear mappings, W, € 3(H) be positive operators such that

Z_n: ®;(W,) =1, and A; € B(H) be self-adjoint operators with spectrain | . Let Y, € | be numbers so that the

m+1
k=1 Yi

m+1 m n
convex combination N = z e Vil z,—:lzi:lq)i(\NiAj)'
Then every convex continuous function f:l >R verifies the inequality

(| Sna-T5mmn|<Sowi( S, -$a) »

j=li=1

m
spectra of the operators B, = Z 1 _ijlAj are contained in | . Let @, <by be bounds of the operator

if provided that [a,, by ] F\Sp( B ) = or {endpoint} for all B,, as it verifies the inequality
n m+1 m
Zq)i Wi f(zyle _ZAJ}
=1

>ZfCh ](yk)l ZZ@ (WfCh ](A,)j (3.5)

2 ij:f (yk)lK _iiq)i (\Ni f (A] ))

if additionally provided that all Y, € [ay,by], and [ay,b,]NSP(A;) =D forall A;.
Proof. Since
m+1 m+1 m
S350 wa)=Fo(w{ Sua-54 |
k=1 j=li=1 k=1 j=1

thus N = Zin:l(l)i (W;B,). Considering the spectral conditions [ay,by]1"Sp(B;) =< or {endpoint} for ail B;,

we are in a position to apply the inequality in (3.1) on the operator N , and so get the inequality in (3.4).

Considering all spectral conditions and using f h% ] we obtain the inequality in(3.5). m|
aN y

We also want to use Theorem C to operator means. In the operator case quasi-arithmetic means are introduced by the
application of strictly monotone continuous functions to operator convex combinations. Thus, let ¢ : I > R be a strictly

n
monotone continuous function, and M = Zilei (W.A) be an operator convex combination on | . The discrete
operator @ -quasi-arithmetic mean of self-adjoint operators A S B('H) with weighted operators Wi with respect to

positive linear mappings E is the operator
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M, (AW, D)) :(D_l(il:i (VVSD(A))] (3.6)

The spectrum of this operator is contained in | because the spectrum of the operator convex combination

zin:lFi (W.@(A)) is contained in ¢(l). The operator quasi-arithmetic means M, (A,W;,®;) are invariant with

respect to affine mappings, that is, they verify the equality
Moy s (AW, F) =M, (AW, F)
for every strictly monotone continuous function ¢, and every pair of real numbers o # 0 and ﬂ .
If the spectra of all A are contained in [a,b], we can define the operator mean
N, (al, bl , AW, F) =al, +bl, —M, (AW, ®,). (3.7)

Since the spectrum of the operator M (A,W,, ®;) is contained in [a,b], the same is true for the spectrum of the
operator N_(al,,bl, A,W,,F).
Another operator mean can also be defined, using bounds @, < b(p of the operator mean M(p(A W, ®.), with the
expression

N,(@,L.b,1 AW, F)=a1 +b 1 —M (A W,D) (3.8)
The operator means N (al,,bl, , A,W,,F) and N (a,1,,b,1 A,W,,F) are also invariant with respect to affine
mappings.
Corollary 3.3. 13 Let ¢, :[a,b] > R be strictly monotone continuous functions. Let @, : B(H) — B(K) be
positive linear mappings, W, € B(H) be positive operators such that Zin:l(Di W.)=1,,and A € B(H) be self-

adjoint operators with spectrain [a,b]. Let &, <b, be bounds of the operator mean M (AW, ;).

If Y is either @ -convex with operator increasing l//_l or @ -concave with operator decreasing l//_l , then the inequality
N, (aLc bl AW, F) >N, (al b, AW, F) 3.9)

holds provided that [a,,b,]MSp(A) =< or {endpoint} forall A .

If Y is either @ -concave with operator increasing w_l or @ -convex with operator decreasing l//_l, then the reverse
inequality is valid in (3.9).

Proof. Suppose I is ¢ -convex with operator increasing l//_l. put f = l//O(p_l. Using the inequality in (3.1) with

J = ¢(l) and convex continuous function f :J — R, it follows
1 n n
Yoo (ZE (Wico(A))j <D F(Wy(A)).
i=1 i=1
After applying the operator increasing function lp_l on the above inequality, multiplying by —1, and adding alK —I—blK ,

we have the inequality in (3.9).

The consequence of the inequality in Error! Reference source not found. is the following version of harmonic-geometric-
arithmetic inequality for the operator means N (al, ,bl,, A,W,,F):
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Corollary 3.4. 14 Let @, : B(H) — B(K)) be positive linear mappings, W, € B(H) be strictly positive operators
such that Zin:lq)i(\/\/i) =1., and A € B(H) be strictly positive operators with spectra in [a,b] =<0,00>. Let
a, <D, be bounds of the operator mean M, (A ,W,, ®,).

Then the double inequality

v

(a+b)1K—exp(Zn:cDi (W,In A )j

i=1

(@bt Do, (W, Al)j

(3.10)

\%

@)1 -Y @, (WA)

holds if provided that [a,,0,] SP(A) =& or {endpoint} for all A .

Proof. The right side of the inequality in (3.10) follows from the inequality in (3.9) with functions @(X) =InX and
w(X) =X, s0 y is @-convex (o "(X) =expX)and i ~(X) = X is operator increasing.

The left side of the inequality in (3.10) follows from the reverse of the inequality in (3.9) with functions
p(X)=Inx"==InX and w(X) = X", so in this case ¥ is ¢ -convex (0@ "(X) = expX)and y (X) = X

is operator decreasing. Invariant property of the observed means provides N_In =N m|

In -
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