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ABSTRACT

In this paper we extend the usual concept of Pettis integration to a statistical form. In order to achieve this, we prove some
necessary statements such as Vitali theorem and use the statistically compactness. We obtain some properties of
statistical Pettis integration which are well known for the Pettis integration.
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INTRODUCTION

In recent years, statistical convergence has increasingly become an attractive area of research. The idea of statistical
convergence was initially described by Zigmund [19]. The concept was further formalized by Steinhaus[14] and Fast [6]. A
few years later, the concept was reintroduced by Schoenberg [16]. In this paper we follow the notions about the
convergence of sequences introduced by Fridy [9],[8] as well as the approach of Schoenberg about integration.

The base line concept is the statistical Cauchy convergence of Fridy[7]. On the Banach space, we adopted the approach
from the work of Connor et al.[4](1989).

2. Terminology

A

Let be A a subset of ordered natural set N. It said to have density 8(A) if O(A) =lim___ —— , where A = {k<n : keA}
n

and with |A| denotes the cardinality of this one. It is clear that the finite sets have the density zero and &(A’)= 1-5(A) if
A'=N-A. If a property P(k)={k : keA} holds for all keA with 8(A)=1, we say that property P holds for almost all k, that is

a.a.k. The vectorial sequence x is statistically convergent to the vector(element) p of a vectorial normed space X if for
each >0

Iim%|{k <n:|x, - pl=e}=0

in short form ||xx —p||<e a.a.k.

We write st-limxx =p. In same way, the sequence x is a statistical Cauchy sequence if for every €>0, there exists a number
N=N(¢) such that

||Xk— XN||<8 a.a.k.
Now, we deals with generalization of pointwise statistical convergence of functions on normed space.

The sequence {fi} contains the functions with values in one vectorial normed space. For each x of the domain, we
consider the functional sequence {fk(x)}.

A sequence of functions {f«(x)} is said to be pointwise statistically convergent to f if for every >0
.1
lim=|{k<n:||If. (x)— f(X)|> &, VxeS}=0,
nN—o0 n

i.e. for every xeS, ||f k(X)-f(x)||[<e a.a.k.

st
We write st-limfi(x)=f(x) or fk —>f ons.

This means that for every >0, there exists integer N such that

.1

Iim=|{k<n:|f,(X)-f(X)|[>& VxeS}<d

n—o0 n

For all n>N = (N(g,0,x)) and for every £>0.

If the inequality in (1) holds for all k except finite many k, then one obtain the usual limes, lim f_(X) = f(X) on s. It
n—oo

follows that this limes implies st- Iim,Hw fk (X) = f (X) . But the converse of this is not always true.

A family H of scalar integrable functions is uniformly integrable if
IImy(E)—)O IEl hldu=0
uniformly for he H.

If ¥o is a subalgebra of ¥, then E(h | 3o) denotes the conditional expectation of h with respect to Xo.

Further, we denote (S,} ,u) the probability measure space, where S is any set and X sigma algebra of Borel.
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1. Vitali theorem
A function f: S —X, where X is a vectorial normed space is called simple function by p, if there is a finite sequence of

n
measurable sets {Ei}, such that Ej € S, i=1,...n EinEj=Jfori#j, S = LJFl E. and f(s) =x fors e E;,

n
Itis represented in a form f= Zi_l X; ¥e . where y is acharacteristic function of E;.

We denote T(u,X) —the set of simple functions with domain S. T(u,X) is a vectorial space with the addition of simple
function and multiple with the real number(see [17]). The simple functions as it is known are the measurable functions.

The function :S—X is called statistically strongly measurable by u on set S(in short form st- measurable) if there exists a
sequence of simple functions (f.)e T(u,X) that for every s €S and every €>0 holds:

Iim%|{k <n:|[f (s)— f(s)|> & VxeS}H=0.

for almost all s €S.
The function f : S—»X is called statistically strongly uniform measurable by y on S if every >0 and every £>0 there exists a
integer N(g, 8) such that

1

SRk=n R (S) = () |2 e}i< &

for k> N(e, 8) almost for every seS. In this case it is said that the sequence fi(s) converges statistically strong almost
everywhere uniformly by p to the function f on S.

Proposition 1. A linear combination of st-measurable functions is a st-measurable function.
We modified some techniques developed in [12] in order to prove in [3] the following theorem.

Theorem 2. (Theorem Egorov) [3]. If a function f : S=X is st- strongly measurable by p, then it is st- strong measurable
uniformly almost everywhere on S.

Definition 3. The function f : S—X is statistically weakly measurable if the scalar function x*f is statistically strong
measurable for every x* of dual space X*.

Definition 4. The integral of the simple function f : S—X, is called the element of vectorial normed space Zinfl X u(E;) .

symbolically
[1&du=3" xu(E)
s
In case E is a measurable set and E ¢ S, then the integral of simple function f on E is the integral of function f ye , we write
J1Edu=](fr)E)du
E S

We define the map

11l - ] F =1l f () lldpe
S

It is easy to prove that ||f||1 is a seminorm.

Following the definition of Cauchy sequences introduced by Fridy [7] and their extension to the functional sequences (see
for example [12]), the sequence (f) is called a statistical Cauchy sequence if for every €>0 there exists an integer
N(=N(g,x)) with

lim, % 1k <n I, () = f, () || = & Vx eSH=0

In the set of st-Cauchy simple sequence, we define the equivalence relation:

(fa)~(gn) <st —lim || fa-gn|| = 0.
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The following theorem extends in case of Banach space the results presented in [8].

Theorem 5. [3], [7], [12]. Let (f) be a sequence of functions on a set S with values to Banach space X. The following
statements are equivalent:

a) the sequence (fy) is pointwise statistically convergent on S;
b) the sequence (fi) is a statistical Cauchy sequence on S.

Lemma 6. If the sequence of simple functions (f,) is a st-Cauchy sequence on Banach space there exists the limes st
lim L f(s)du

Definition 7. The function f : S—»X is called st- Bochner integrable if there exists a st- Cauchy sequence of simple
functions (fx) such that :

i) statistically converges a.e. by p to the function f;

i) st—IiI[nI|| f (s)—fy(s)||du=0ae.

st-lim L f. (S)d u is called st- Bochner integral and denote with Bs - I f(x)du
S

This sequence (f,) of simple functions is called determinant of function f. We have presented in our paper [3] a function
that is statistical Bochner integrable but not Bochner integrable.

Theorem 8[3] . Let (fk(s)) be the sequence of st-measurable functions statistically convergent almost everywhere to the
function f(s). If for a.a.k and every seS |[fk(s)]|<]|fk+2(S)]], then

st—lim [ f, [l =(Bs)[ | f(5)1ld

Lemma 9. [3] (Fatou) Let {f1(x)} be the sequence of strong measurable functions from S into X, then for every ACS holds

['st—timinf || f, || d g < st—liminf [ f, [|ds.
A A

Lemma 10. [15] (Salat) A sequence (xx) is statistically convergent to p if and only if there exists a set K={ki<k.<...}CN

that 5(K)=1 and lim(X, ) =p.
n—oo 0

The set K is directed and the sequence (an) is called the essential subsequence of (xx). The above lemma can be
formulated:
A sequence (xx) is statistically convergent to p if and only if there exists an essential subsequence (an ) which converges

in usual meaning to limes p. We write lim X, = P . We can formulate an immediate corollary of Salat’s lemma.
K

Preposition 11. The sequence {fk(X)} where f, : S—X, (X a vectorial normed space) is statistically convergent to f(x), if and
only if, there exists an essential subsequence ( fkn ) of it that is convergent to f(x).

Corollary 12 . The sequence {fx(x)}is statistically convergent almost everywhere to f(x) on S if there exists an essential
subsequence ( fkn ) such that is convergent almost everywhere to f(x).

Theorem 13. (Vitali) Let (S, Z, p) be a positive measure space, p finite and the sequence {f,} where f, : S—>X s uniformly
integrable . If

a) limgf=F
b) 1If(x)]l<eo
Then the following hold:

1. fela(p)
2, Bs-jEu f—f|du
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Proof. For proving statement 1, we use the Fatou’s lemma J.St —liminf || f || du <st—liminf J.|| folldu
s s

Using uniform integrability we have IE || f || d,u <Jlwhere E is a set such that p(E)<8.

By the Egorov theorem 2, the sequence f, statistically uniformly converges on the set E and .[EC || fn — fN || d,u <1

for n>N and a.a.n.

| flldu<],

Using triangle inequality we have .[EC | fN || d,u+l= M . This proves the statement 1. For the second

statement we have
JUE = f < [ E g [N et [ I E = F Dl d

Where EcS and p(E)<3d. All the terms in the above inequality are bounded for a.a.n. This proves the statement 2.

1. Statistical Pettis integration

Definition 14. [2] A point p is called a statistically-sequential accumulation point of the set F if there is a sequence x=(x)
of points in F\{p} such that st-lim(xx)=p. The set of all statistically —sequential accumulation points of F is called statistically-
sequential closure of F. We say that a set is statistically-sequential closed if it contains all the points in its statistically-
closure.

Definition 15 . A subset F of X is called statistically-sequential compact if whenever x=(xx) is a sequence of points in F
there is a subsequence y= (ykn) of x with st-lim ykn =peF.
Preposition 16 . A subset F of X is sequentially compact if and only if it is statistically-sequential compact in it.

Proof. Let F be a subset of statistically-sequential compact set X. By definition, for every sequence x in F there is a
subsequence (yx) such that is statistically convergent to the point peF. But the sequence (yx) has an essential

subsequence (ykn) convergent to the same point p. This means that F is sequentially compact.

Let we extend the concept of Pettis integration by means of statistical convergence. Let (S, ¥, p) be a measurable space
with finite measure p and X one Banach space.

Definition 17. Let E be a subset of the set S. The function f : S—X is called statistically Pettis integrable if

a) The function x*f is statistically Bohner integrable for every x*eX*
b) There exists an element xe of X such that

X*(Xg)=st- J.E X*(f)du for every x*eX*, (1)
The element xg is called indefinite statistical Pettis integral and we denote

Xe =st-P- j fdu )

Proposition 18. Let X be a Banach space and there exists on it the sequence of simple functions (fn(S)) statistically
weakly convergent almost everywhere to the function f(s) such that

IE| x*f, —x*f_|du—0 amostevery mn—oo
for every x*eX*. Then the function f is statistically Pettis integrable and

st—liij fn(s)dy=st—jE f(s)du. @3)

Proof. Since the real functions are p-integrable then the integrability of the real function x*f for every x*eX* is derives
from the fact that statistical weak convergence of the sequence (f,) implies statistical convergence of real sequence
x*fh—x*f and

jEx*fndﬂijEx*fdﬂ. (4)
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Considering the property of integration of simple functions we have
IEX*fnd#ZX*JE f.du (5)
From (3) and (4) and continuousness of the function x* follows the statistical convergence of the sequence

{X*J.E f.d ,u} . It follows that sequence {IE f.d ,u} is statistically Cauchy on the weakly topology of X. As the space X

is a Banach space the sequence statistically converges to the point xg ,
st—|_fdu—x.

So we have
st
x*jE fdu—x*(x.) ®)

From the (4), (5) and (6) comes (1) and (2). This way, the statistical limit of the sequence of integrals UE fnd ,u} of the
simple functions defins the statistical integral of Pettis of the function f. This proves the equality (2).

A function f:5— X is weakly uniformly bounded if there is a constant u such that |X* f |[<M || X*|| a.e (the
exceptional set may vary with x~).

In the following two theorems we adhere to the approach used in [11] and [13] for usual Pettis integration.

Theorem 19. Let f:5 =X be a function and X a Banach space. If there exists a sequence {f :ne N} of X-valued
st- Pettis integreable functions on S such that :

(@ Theset {x*f :x*eB(X*),neN} isuniformly integrable .
() st—limx*f =x*f in measure, for each x"cx"

Then fis st- Pettis integrable and St —lim JE fdu=Ps —IE fd 1 weakly in X, for each E=X.
Proof: Fix E =% and let C be the st-weakly closure of the set {J.E f.du:neN} Since Vitali's convergence
(theorems 13) guaranties that st—limIE x*fdu= BS—IE X*fdu for each x*ex”, we see by the ([1] —

Corollary 2.9) C is statistically bounded and C \IE f.d 4 : n eN consists of at most one point. In order to prove our
assertion it is sufficient to show that C is st-weakly compact, since this yields the existence of statistically weakly limit of
{.[E f.dz:neN} inX Clearly, the limit can only be equal to J.E fd 22 and so we be able to conclude that is st-Pettis

integrable on E and hence on the whole of .. Suppose therefore that C is not weakly compact(so and statistically weakly
compact- Proposition 16). Then, according to a theorem of James ([10] Theorem 1) there exists a bound sequence

{X,:neN}c C and >0, such that

X (x)=0 fork>n
and
X (x)>& fork<n

Since St—limx* f =x*f wefind asetAcN that §(n € A: [x*, — x*f|>0)=0 for every 6>0. So for n£4 we have
IimJ.Ex*fndyzBs—fEx*fdy .

ngA
We can choose a subsequence {g, :M e N\A} of {f } and a subsequence {y } of {X} . such that
0 [ yi9.du=0 kem
M [ yvig.du>e >m

(iii) st—liijx* fmdyszx* fd p for each x*ex>.

164 | Page Oct 21, 2013



LLLJJ ISSN 2347-1921

Considerer now the set {y; f:me N} . It follows from (a) that this set is uniformly integrable and stastically bounded
in L, (). Hence it is relatively weakly compact. This yields the existence of a function hel;iu) and a subsequence

{Z; - je N} of {y; :meN\A} suchthat st—Ilim Z;f =h weakly in L, (u). Applying (iii) for all z*; we get the
inequality jE z;fdy>eand hence IE hdgz>&. Now we shall appeal to the theorem of Mazur. Let

f)=hinL,(x). Without

J+m

m m . m __ H m
a ..., Me N be non-negative numbers, such that zj a; =1and IlnEn(Zj a;z
lost of generality, we may assume, that above convergence holds i — a. g., Clearly, if z; is weakly* st-closter point of the

sequence {ZJ a}“ Z;'+m : meN } then h= ng p-a.e. In particular ,we have

(iv) IE zfdu>e¢
On the other hand, since each g, is st-Pettis integrable, the functional X*— .[E X* gnd,u is weakly* continues. Hence,

if {a):a} is a subsequence of {ZJ a"‘z;m .M > N}which converges st-weakly to z*;, then applay (i) we get :
0= IlotnjE @, ,9,du= Ilgn w"va.[g g, du= ZOIE g, du= J'E 2,0,du
Since this holds foreach N € N\ A ,we see from (jii) that IE z, fd 2 =0. This contradicts the inequality (iv).

Theorem 20. Let (S, ¥, u) be a measure space and YoCX. The function f : S—X f is st-Pettis integrable and st-weakly
measurable with respect to a separable measure space (S, ¥o, U |20 ) if and only if there exists a sequence {f, : neN} of
X-valued simple functions on S such that

(a) The family {x*f, : neN, x*<B(X*)} is uniformly integrable,
(b) Foeeachx*ex* St—limx* f =x*f j-ae.
n
Proof. Since the simple functions are Pettis integrable, one direction of this is immediate from the theorem 19. Assume

that f is weakly measurable with respect to a separable space (S, o, i |Eo) and, let X =0 ({En, neN})C%o be a

countable generated o-algebra which is |20 -dense in Xo. Moreover, let I, be a partition of S generated by the sets

E.,...,En. Put for each n the functions

J fdu 0
f = E —=0
n ZEcHn ,u(E) Xe ( )

It is well known that {f,, o(Il,) }:;1 is an X-valued martingale and x*f,—E(x*f|s) a.a.n. is in L1 (S, Z, 4 |20) (cf. Neveu

[14]) and p-a.e. (Diestel [5]). Moreover the conditional expectation operator is a contraction on L1 (,u |i) and so we have
jE| x*f |dysjE| x* f|du a a nen.
As by the assumption is dense in Yo, we have E(x* f |.) =X*f -a. e.and so

xfoxt p]; -a.e.anda.a.n.

On the other hand, from the condition (b) we have that the sequence {x*f, : neN} is st-convergent to x*f weakly in L1().
The above conditions means exactly that for each EcX the sequence {L fnd Li}is st-convergent to IE fd 1 . Hence vy

is contain in a weakly closure of the set Unvn where vy is the indefinite Pettis integral of f,. As each set vn(X) is finite

dimensional, the union is weakly separable. According to the well known result of Mazur the weakly and norm separability
in Banach space coincide.
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Proposition 21. If the function f : S—X is st- Bochner integrable then it is also st- Pettis integrable and the equation
holds

st—P—jE f(s)d,uzst—Bs—_[E f(s)du

for every set ECV.

Proof. Since the function f(s) is st- Bochner integrable there exists a determinant sequence of simple functions f;,
convergent almost everywhere uniformly and for almost every n to the function f. While the functions x* of X* are
continuous, we have

) 0l< [ X4 ]| f. () — f (5)] =0 a.an,
SO
st8s- [_|x*(f,)—x*(F)[du<|x¥ [ |f, - f|du—0.

This means that the sequence of functions x*(f,) is statistically convergent to x*f. It follows that x*f is st-Bochner
integrable as the real function. Considering once more the property of integration of simple functions we have

X*.[E fdu= IE x*fdu— IE Xx* fd i for every x* of X*.
On the other hand , the sequence which is st-weakly convergent has a unique limit. It implies that from statistical

convergence of the sequence of integrals {L fnd ,u} to the st- Bochner integral J.E fd,u entails the convergence to the

st-Bochner integral of the sequence
x*jE fndy—>x*jE fd u.
Consequently
[oxetdp=x*[_fdu.
E E
From the (2) and (3) we proved the existence of st- Pettis integral and its are equal.

Theorem 22. Let (S,X, p) be a finite measure space, X a Banach space and f : S—X. Suppose there is a sequence {fn} of

st-Pettis integrable functions from S to X such that limx* fn =X*f p-ae. for each x* in X*(the null set on which
K

convergence fails may vary with x*). If there is a scalar function v(x) with || X* f_||<V(X) p-a.e. for each x* €X* and

nekK, then f is st-Pettis integrable and
st—liij fdu= Ps—jE fd 1.
Proof. By the domination theorem, the function x*f is st-Bohner integrable for every x*eX* and
st—liijx*fndy:Bs—jEx*fdy,forEez. @)
We can write

jEx*fndyzx*IE f.du (8)

From (7) and (8) we have that the sequence {IE fnd ,u} is fundamental in X*. By the completeness of Banach space X*
the above sequence has the limes y:

st—Ilim X*IE f.du=Xx*Yy forevery xtex*.

This fulfills two conditions of st-Pettis integrability of function f:

Ps—jE fd u = y:st—liij fdu.
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