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Abstract

In this paper, we offer sufficient conditions for property (B) and/or the oscillation of third order nonlinear difference
equation with mixed arguments of the form

A(an (Azxn)a):qnf (X1 )+ Poh(Xpm ), NENg

where {a.}, {p,}and {q, }are nonnegative real sequences, « is a ratio of odd positive integer, and £ and M are

positive integers. We deduce the properties of studied equation by establishing new comparison theorem, so that some
asymptotic properties and oscillation are resulted from the oscillation of a set of first order difference equations. Both

o0 o0
-1/ -1/ . ) , .
cases z a, “ =00, and z a, % <00 are considered. Some examples are provided to illustrate the main results.
s=Ng s=Ng
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1. Introduction

In this paper we are concerned with the following third order nonlinear difference equation with mixed arguments of the
form

A(an (A%, )a):qnf (%, )+ Pah (Xum)s NN, (1.1)

Where N, = {no,no +1n, +2,...},n0 is a nonnegative integer, £ and M are positive integers. f,h:R—>R is
continuous and nondecreasing and A is the forward difference operator defined by AXn = Xpa — X, » Subject to the

following conditions.

(Hl) «is a ratio of odd positive integers;

(HZ){an} is a positive real nondecreasing sequences;

(H3) { pn} and {qn} are nonnegative real sequences;

(H,) %>O, uf (u)>0 and uh(u)> 0 foru =0;

(Hg) —f(—uv)> f(uv)> f(u) f(v)and —h(—uv)>h(uv)=h(u)h(v) foruv>0.

n

Let 0= max{f, m}. By a solution of equation (1.1), we mean a real sequence {X } which is defined for

nzn, — 6 and satisfies equation (1.1) for all Ne No- A nontrivial solution {Xn} of equation (1.1) is said to be
oscillatory if it is neither eventually positive nor eventually negative, and nonoscillatory otherwise.

The oscillatory behavior of solutions of third order difference equations with or without delay have been
investigated by several authors, see for example [3, 4, 5, 7, 13], and the references quoted therein.

In [6, 8, 12], the authors studied the oscillatory behavior of third order difference equation with mixed arguments.

In this paper based on the comparison results in which we compare studied equation with first order delay/
advanced difference equation yields property (B) or oscillation of equation (1.1). We say that equation (1.1) has property

(B) if each of its nonoscillatory solution {Xn} satisfies

limx, =oo. (1.2)
n—oo
We will discuss both cases
D at <o (1.3)
s=N,
and
> 1
D at =0, (1.4)
s=N,

In Section 2, we obtain some important results on the nonoscillatory properties of equation (1.1) and in Section 3,
we provide some examples to illustrate the main results.

2. Main Results
The following lemmas are elementary but useful to our main results.

Lemma2.1. Assume A>0, B>0, y>1 then
(A+B) = A" +B’. 2.1)

Lemma2.2. Assume A>0, B>0, 0<y <1 then
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A +B”

(A+B) = = 2.2)

The proof of Lemmas 2.3 and 2.4 can be found in [13].

Lemma 2.3. Suppose {pn} and h(u) satisfies (H3) and (H4) respectively. If the first order advanced difference
inequality

Az, —p,h(z,,,)=0 2.3)
has an eventually positive solution, then so does the advanced difference equation
Az, - p,h(z,.,)=0. (2.4)

Proof: The proof can be found in [6].

Lemma 2.4. Let {Xn} be a nonoscillatory solution of equation (1.1). Then {Xn} satisfies eventually one of the following
conditions:

(1) x,Ax, >0, x,A’X, >0 and an(an (A2xn )a) >0;

(1) x,Ax, >0, x,A’X, <0 and an(an (A%, )a) >0;
and if (1.3) holds then also
(1) x,Ax, <0, X,A’X, >0 and an(an(Azxn)a)>0.

Proof: Let {Xn} be a nonoscillatory solution of equation (1.1) and assume without loss of generality X, > 0 for all

N=n,. It follows from (1.1),
A(an (Azxn )a)>0.

Thus X A’X and X AX_ are fixed sign for N> N, . We assume that & A’X_ < 0. Then either & AX >0 and
a,Ax, <0 eventually. But anAZXn < 0 together with & ,AX, <0 implies that X, <0, a contradiction.

Now suppose that anA2Xn > 0, then either Case(l) or Case(ll) holds.

On the otherhand, if (1.3) holds then the Case (lll) implies that
%) o
an(A xn) >c¢>0, n=N. (2.5)

Summing from N to N—1 we have
n-1
AX,—Ax =c’* > ate (2.5)
s=N

which implies that lim AXn =00, and we deduce that Case(lll) occur only if (1.3) is satisfied. The proof is complete.
n—oo

Remark 2.1. It follows from Lemma 2.4 that if (1.4) holds, then only Case(l) and Case(ll) occur.
The following results provide criteria for property (B) of equation (1.1). Define

1/ o
0 o0

Po=2a | 2p| (2.6)

s=n j=s
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1/ a
Q. :Zas_l/a quw ) 2.7
s=n j=s
and
E, = : (1+Q,). (2.8)
s=N,

Theorem 2.1. Let 0 < ¢ <1. Assume that {Xn} is a nonoscillatory solution of equation (1.1). If the first order advanced

difference equation
-1 1/ la
AWn - I::'n (En) h (En+m—l) h ( n+m) =0 (2.9)
Is oscillatory then Case(ll) of Lemma 2.4 cannot hold.

Proof: Assume the contrary, let {Xn} be a nonoscillatory solution of equation (1.1) satisfying case ( | ) of Lemma 2.4.

We assume that X, > 0 for N> N . Summing equation (1.1) from N to o0 and using (2.9), we obtain

o0

—a, (A%, )a > iqsf (X2 )+ D P (X )- (2.10)

s=n
On the otherhand we substitute S—/¢ =U, we have

Zm:qsf (X, )= i o] i (xu)ziqwf

u=n—/

From (2.10) and the last inequality, we obtain

1/ o
1 o0
—A%x, > -z {qu Z p.h (X, ) } ] (2.11)

It follows from Lemma 2.1 that since A(an (AXn )a) is decreasing, we have

la

fl/a X w0 1/ hl/a
—AZXnZT&n){ZQH(} + (M:““ {Z ps} . (2.12)

a'n s=n
We have used and (H,) and (H summing from N to co we obtain
3 4

o l/a( Va © h]_/a, —- 1l/a
S LY [qu} S ) {Zp,}

s ]=s

or

A, = Q, £ (%)) +Ph (X,um )- (2.13)

It follows that {Xn} is a positive solution of the difference inequality

AX, —Q,%, —P.h"* (X ,n ) = 0. (2.14)
n-1
By setting X, = WnH(l+ Qs), we can easily verify that {Wn} is the positive solution of the advanced difference
s=N;

inequality

1994 |Page July 25, 2014



L&JA\ ISSN 2347-1921

AW, —P,(E,) " h"* (E ... )N (W, ) > 0.

By Lemma 2.3, we deduce that the corresponding advanced difference equation (2.9) has a positive solution, which is a
contradiction. This completes the proof.

Now we provide new criteria for property (B) of equation (1.1).

Theorem 2.2. Let (1.4) holds and O < <1 . Assume that (2.9) is oscillatory, then equation (1.1) has property (B).
Further each of its nonoscillatory solution holds the following

n-1
|, [=¢> a;Y*(n-s), c>0. (2.15)
s=n
Proof: Let {Xn} is a positive solution of equation (1.1). It follows from Lemma 2.4 and Remark 2.1 that {Xn} satisfy

either Case(l) or Case(ll) of Lemma 2.4. But by Theorem 2.1 implies that Case(ll) cannot hold. Hence {Xn} satisfies
Case(l) of Lemma 2.4 which implies (1.2). Thus equation (1.1) has property (B).

On the otherhand there is a constant C > 0 such that
a
a,(A%x,) 2c”. (2.16)

Summing twice from N to N—7 we have

LN
wn

LN
LN

3
X, >C a
i

nd
He=c) at(n-s).
S

Il
=
Il
=
1]
=

S
This completes the proof.

Corollary 2.1. Let 0 < & <land (1.4) hold. Assume that

1/ a
W o jup, (2.17)

and
n+m-1 1 m m-+1
lim inf P(E,) E — , .
n!l]o In ; s( s) s+m-1 >(m+1j (2 18)

then equation (1.1) has property (B).
Proof: We see that (2.18) implies

i PS (Es )_1 Es+m—1 = 2% (2.19)

By Theorem 2.1, it is sufficient to prove that equation (2.9) is oscillatory. Suppose, let (2.9) has a positive solution {Wn} .

Then Aw, >0 and W, >C>0.

Summing (2.9) from N to N—1 we obtain

>
LN

n-1
Wn Z Ps (Es )_l hl/a (Es+m—1) hlld (Ws+m ) 2 hl/acz Ps (Es )_1 hl/a (Es+m—l)'
s=N

S

1l
=2

From (2.19) and the last inequality we obtain

limw, =oo.

N—o0

Using (2.17) in (2.8) we have {Wn} is a positive solution of difference inequality
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Awn—Pn(En)_lE W, >0. (2.20)

n+m-1""n+m —

But by Corollary 2.2 in [7] and (2.18) ensure that (2.20) has no positive solution. This is a contradiction and we conclude
that equation (1.1) has property (B).

Theorem 2.3. Let ¢ >1. Assume that {Xn} is a nonoscillatory solution of equation (1.1). If the first order advanced
difference equation

-1
(1-a)/ (1-a)/ 1/ (1-a)/ 1/ _
Aw, =254 P (2 “ ”‘En) h “(2 “ “En+m_1)h “(wmm)_o (2.21)
is oscillatory then Case(ll) of Lemma 2.4 cannot satisfied.
Proof: Suppose {Xn} is a positive solution of equation (1.1) satisfies Case (II) of Lemma 2.4. Then from inequality (2.10)
and Lemma 2.2, inview of {X_} and (H4) implies
la

fl/a Xn o 1/« hl/a Xn+m ®©
—anzﬁ[zqsw} +2(1+“a},"’)‘[z ps} . (2.22)

n s=n s=n

Summing (2.22) from N to c© and (H4) , We obtain

AX, > 200 Q x 20w p pte(x (2.23)

n+m)'

We see that {Xn} is a positive solution of the first order difference inequality (2.23). By setting

n-1
X, =W, 2 . H (14 Q,). Itis easy to see that {Wn} is the positive solution of the advanced difference inequality

s=N,

§ . P (2(1_a)/a E )-1 hi/a (2(1—a)/a En+m—1) hY (Wn+m) >0.

By Lemma 2.2 we deduce that the corresponding difference equation (2.21) has a positive solution, which is a
contradiction. Hence the proof is complete.

Theorem 2.4. Let (1.4) hold and & >1. Assume that the equation (2.21) is oscillatory. Then equation (1.1) has property
(B). Further each of its nonoscillatory solution satisfies (2.15).

The proof of above theorem is obvious.

Corollary 2.2 Let (1.4) and (2.17) hold and & >1. I

n+m-1 .. m+1
lim inf Z |:>S (2(1—0()/0: Es) 1 2(1701)/0! Es+m_1 >( m 1) 2(1-];)/05 ' (2.24)
Nn—o0 5= m _|_

then equation (1.1) has property (B).
The proof is similar to that of Corollary 2.1, so it can be omitted.

It follows from Theorems 2.1 and 2.3 that, we have two criteria for the oscillation of equation (1.1).

Theorem 2.5. Let {Xn} be a nonoscillatory solution of equation (1.1). Assume that k>0 and n,=n —2k+m .ifthe
first order advanced difference equation

n-1 s—1
-l 1/« _
AX,— Y & z p; |h (xn(n)) =0 (2.25)
s=n-k j=s—-k
is oscillatory then Case(l) Of Lemma 2.4 cannot hold.

Proof: Let {Xn} be an positive solution of equation (1.1) satisfying Case(l) of Lemma 2.4. It follows from equation (1.1)
that
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A(an(Axn)“)z P, (X, ).

Summing above inequality from N — K to n—1 we have

a‘n(Azxn)a _an—k (Azxn)a 2 n24 psh(xs+m)2 h(xn—k+m) Z ps

s=n—k s=n-k

or

n-1 la
2 1/ 1/ -1/
A%, =hY > (X )@, “[Z psj .

s=n—-k

Again summing from N—K to N—1, we get

la 1«

_ S—. 1 n
AX, > i W (X jeum )8 ZI: P; 2hm(’%(n)) 2 a7 2w,

s=n-k j=s—k s=n-k j=s—-k

Then we see that, {Xn} is a positive solution of advanced difference inequality

AX, — nz_l: a;”“[ Si pj]hl’“(xﬂ(n))zo. (2.26)

s=n-k j=s—-k

But by Lemma 2.3, we conclude that the corresponding difference equation (2.25) has a positive solution, which is a
contradiction. Hence the proof is complete.

Theorem 2.6. Let (1.4) hold and O < or <1. Assume that first order advanced difference equation (2.9) is oscillatory then
equation (1.1) is oscillatory.

Proof: The proof of above theorem is obvious.

Theorem 2.8. Let {Xn} be a nonoscillatory solution of equation (1.1). Assume that (1.3) holds. If the first order advanced
difference equation

. la e
AX, +[iqu le(a;”“)f““(xn_z)zo 2.27)
s=N s=N

is oscillatory then Case(lll) Of Lemma 2.4 cannot hold.
Proof: Let {Xn} be a positive solution of equation (1.1) satisfying case (lll) of Lemma 2.4. We find that

—AX, > i(Azxs) = (aV A%, Jag = a) (A%, )ias‘”“. (2.28)

s=n

It follows from equation (1.1) we have
2 o
A(an (A%x,) )2 G f (%,,)-

Summing the last inequality from N to N —1 we obtain

LN
=}
LN

a‘n (Azxn)a Z qsf (xs—f)2 f (Xn—ﬁ) qs'

»n
1l
=2
v
1l
=2

Thus,

n— 1o
ai/a (AZXn )0‘ > fla (Xn—Z )(iqu _ (2.29)
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Combining inequalities (2.28) and (2.29), we obtain

n— 1l n—
Axn+(iqu le(ag““)f”“(xw)so.
s=N s=N

It follows from [11] that the corresponding difference equation (2.27) has a positive solution. We get a contradiction and we
conclude that {Xn} cannot satisfies Case(lll) of Lemma 2.4. This completes the proof.

Theorem 2.9. Let (1.3) hold and O < ¢ <1. Assume that first order advanced difference equations (2.9) and (2.25) are
oscillatory then equation (1.1) has property (B).

Proof: It follows from Theorems 2.1 and 2.5 hence the details are omitted.

Theorem 2.10. Let (1.3) hold and ¢ >1. Assume that first order difference equations (2.21) and (2.27) are oscillatory
then equation (1.1) has property (B).

Proof: It follows from Theorems 2.3 and 2.8 hence the details are omitted.

Theorem 2.11. Let (1.3) hold and O < &r <1. Assume that first order difference equations (2.9) and (2.25) are oscillatory
then equation (1.1) is oscillatory.

Proof: It follows from Theorems 2.1 and 2.5 hence the details are omitted.

Theorem 2.12. Let (1.3) hold and o =>1. Assume that first order difference equations (2.21) and (2.27) are oscillatory
then equation (1.1) is oscillatory.

Proof: It follows from Theorems 2.3 and 2.8 hence the details are omitted.

3. Examples

In this section, we present some examples to illustrate the main results.

Example 3.1. Consider the third order nonlinear difference equation with mixed arguments
1 X _,+ 1 X

(n-2)" " (+3y"

A(nAzxn) = n>3. (3.1)

Here &, =N, =1 /=2, m=3,q, = d p,=

o Then, it is easy to see that all conditions of

1 1
——— an — =
(n-2) (n+3)
Corollary 2.1 are satisfied and hence equation (3.1) has property (B). In fact {xn}={n2} is one such solution of
equation (3.1) having property (B).

Example 3.2. Consider the third order nonlinear difference equation with mixed arguments

n=>3 (3.2)

n+3?

A(Zn (AZXn )3) — 23n+5 Xn_z + 23n—3 X

with a, =2", =3, /=2, m=3, q, =2°"% and P, =2 Then, it is easy to see that all conditions of
Corollary 2.2 are satisfied and hence equation (3.2) has property (B). In fact {Xn}={2n} is one such solution of
equation (3.2) having property (B).
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