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Abstract

In the present paper we have studied some properties of semi symmetric metric connection in almost contact metric
manifold. In this paper we have studied some results related to quasi conformal curvature tensor, m-projective curvature
tensor, con-harmonic curvature tensor, pseudo projective curvature tensor, T-connection and F-T connection.
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Introduction

Friedmann and Schouten[1] introduced idea of semi symmetric linear connection on a differentiable manifold. Hayden [2]
introduced the idea of semi symmetric linear connection on Riemannian manifold. K. Yano [3] studied semi-symmetric metric
connection in a Riemannian manifold. Mishra and Pandey [9] studied semi symmetric metric connection in an almost contact

manifold. A linear connection D in an n- dimensional(where n is odd) differentiable manifolds M is said to be
semi-symmetric connection if its torsion tensor T of type (1, 2) is defined as

T(X,Y)=D,Y -D,X —-[X,Y]
=n(Y)X —n(X)Y. (1.1)

for arbitrary vector fields X and Y and where 77 is 1-form. If T vanishes then the manifold M becomes torsion free. The

connection D is a metric connection, if there is a Riemannian metric g in M such that Dg = 0, otherwise it is non metric.

Various properties are studied by T.Imai [5], [6], Agashe and Chafle [12], [13] De and Sengupta [15], [16] and several others.
Mishra and Pandey [9] defined semi-symmetric metric T-connection and studied some properties on the almost Grayan
manifold. In this paper we study the semi-symmetric metric T-connection on a Sasakian manifold. Section 2 is devoted to
preliminaries and some definitions. In section three we studied T- connections and find a relation between a generalised
quasi Sasakian manifold and quasi Sasakian manifold. In section 4 some special cases of curvature tensor is studied. Finally
we studied curvature properties with respect to the semi-symmetric metric F-T connection.

2 Preliminaries

An n-dimensional differentiable Manifold M of class C™* (where n is odd), is called an almost contact
manifold if it admits an almost contact structure (F, f ,77) consisting of a (1,1) tensor field F, a 1-form 77 and vector field §

satisfying
F2X =X +n(X)¢, (2.1)
F(&) =0, (2.2)
noF =0, (23)
n(&) =1, (2.4)
for arbitrary vector field X . Let g be a compatible Riemannian metric with structure (F, &, 77), that is
9(FX, FY) =g(X,Y)—-n(X)n(Y), (2.5)

for arbitrary vector fields X , Y in M, then (M, Q) is said to be an almost contact metric manifold. If we put & for
X in (2.5) and using (2.2), (2.3) and (2.4) we obtain

9(X., &) =n(X). (2.6)
Also,
def
d(X,Y) =g(FX,Y) (2.7)
or
def
"F(X,Y)=g(FX,Y) (2.8)
gives
O(X,Y)+D(Y, X)=0. (2.9)

An almost contact metric manifold M is said to be a Sasakian manifold [8] if it satisfies
(DxF)Y =g(X,Y)g—n(Y)X, (2.10)

for arbitrary vector fields X and Y on M . Here D denotes the Levi-Civita connection of the metric g. A normal
contact metric manifold of dimension N greater than or equal to three is called a Sasakian manifold. Let R be the

curvature tensor of type (1, 3) and S is the Ricci tensor of type (0,2) with respect to the Levi-Civita connection D , then

the following relations hold in a Sasakian manifold for any arbitrary vector fields X and Y .
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D¢ =-FX (2.11)
R(X,Y)S=n(Y)X —n(X)Y (2.12)
(Dym)(Y) = g(X,FY) (2.13)

R(&, X)Y = (D, F)Y (2.14)
S(FX,FY) =8(X,Y)—=(n=D)n(X)n(Y) (2.15)
S(X, &) = (n-1)n(X). (2.16)

The projective curvature tensor having one-one correspondence between each coordinate neighbourhood of an
n-dimensional Riemannian manifold and a domain of Euclidean space such that there is one-one correspondence between

geodesics of Riemannian manifold with straight line in Euclidean space. The manifold M is projectively flat if and only its
curvature becomes constant.

Definition 2.1 Let M be an odd dimensional Riemannian manifold then the quasi conformal curvature tensor C [27] is given
by

C(X,Y)Z =aR(X,Y)Z +b[S(Y,Z)X —S(X,Z)Y

r
2n+1

[21n+b][g(v,2)x —g(X,2)Y]. (2.17)

where @ and D are two scalars and I is the scalar curvature of the manifold.

Definition 2.2 The M-projective curvature tensor W " is defined as [4]
1
2(n-1)
g(Y,Z2)QX —g(X,Z)QY] (2.18)

where R is Riemannian curvature tensor, S is Ricci tensor, Q is Ricci operator and @ is metric tensor and X ,Y

W*(X,Y)Z =R(X,Y)Z -

[S(Y,Z)X —S(X,Z)Y

and Z are arbitrary vector fields. Also we have

W'(X,Y,Z,U)=gW"(X,Y)Z,U) (2.19)
Definition 2.3 An almost contact manifold satisfying
D,'F(Y,Z2)+D,'F(Z,X)+D,"F(X,Y)=0 (2.20)

for arbitrary vector fields X , Y ,and Z , called quasi sasakian manifold [23].

Definition 2.4 An almost contact manifold satisfying
Dy 'F(Y,2)+ Dy, 'F(Z, X)+D,"F(X,Y) +n(X)[(Dy7)(FZ)
— (D, m)(FY J+n(Y)[(D,7)(X) - (Dy1)(FZ)]
+n(Z)[(Dxn)(FY)—(D,7)(FX)]=0. (2.21)

for arbitrary vector fields X,Y and Z, called generalised quasi sasakian manifold [23].

Definition 2.5 The almost contact metric manifold satisfying

(Dx"F)(Y,Z) =n(Y)(Dxn)(FZ) —n(Z)(Dxn)(FY) (2.22)

for arbitrary vector fields X,Y and Z, called generalised cosympletic manifold [23].

Definition 2.6 The almost contact metric manifold satisfying

(D "F)(Y,2) +(D, "F)(Z, X) +(D,"F)(X,Y)
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+n(X)[(Dy7)(FZ)—(D,7)(FY)]
+n(Y)[(D,7)(FX) —(Dym)(FZ)]
+n(Z)[(Dym)(FY) —(Dyn)(FX)] =0 (2.23)

for arbitrary vector fields X,Y and Z, called generalised quasi sasakian manifold[23].

Definition 2.7 The almost contact metric manifold satisfying

(Dy'F)Y,Z2)+(Dy'F)(FY,Z)—n(Y)[(Dxm)(FZ)]
+1n(Z)[(Dexm)(FY) = (Dyn)(Y)]=0 (2.24)

for every vector fields X,Y and Z, called generalised almost contact normal metric manifold [23].

Definition 2.8 The almost contact metric manifold satisfying

(D "F)(Y, Z2) = n(Y)(D,m)(FX) +7(Z)(De1)(Y) (2.25)

for arbitrary vector fields X,Y and Z, called normal quasi sasakian metric manifold.[23].

Definition 2.9 The almost contact metric manifold satisfying

(Dex "F)(FY, Z) = (Dy "F)(Y, Z) = (Y )(Dx11)(FZ) (2.26)

for arbitrary vector fields X,Y and Z, called almost contact normal metric manifold[23].

3 T-connection
Let D be Riemannian connection then a linear connection E defined [9],[26] as
AY =D, Y +z(Y)X = g(X,Y)& (3.1)

for arbitrary vector fields X and Y and 77 is 1-form associated to vector field f , called semi symmetric metric connection
if

z(Y)=9(Y.<) (3.2)
The torsion tensor T of the connection V and metric tensor is given by
T(X,Y)=n(Y)X —n(X)Y (3.3)
Vy,g=0 (3.4)
In addition if
Ayé=0 (3.5)
An(Y)=0 (3.6)

holds for arbitrary fields X and Y then the connection A is called semi-symmetric metric T-connection. Putting X = f in
(3.1) and using equation (3.5) we get

AY =D.Y +7(Y)X —g(X,&)E @)
Dy&+X—-9g(X,5)E=0 (3.8)
n(8) =1 (Dyn)(Y)+9(FX,FY)=0 (3.9)
Using (3.1) we get
(Dxm)(Y) = g(X,FY) (3.10)

Replacing Y by @Y in (3.10) we get

1949 |Page July 24, 2014



L&JA\ ISSN 2347-1921

(DumlgY1=-g[FX, F*Y]

(DxmlgY]1=9(FX,Z) 3.11)
Using (3.5) and(3.6) the equation (2.23) we get

D,'F(Y,Z2)+D,'F(Z,X)+D,'F(X,Y)+2n(X)g(FY,Z)

+2n(Y)g(FZ, X)+2n(Z2)g(FX,Y) =0. (3.12)
If g is skew symmetric then (2.23) becomes
D,'F(Y,Z)+D,'F(Z,X)+D,'F(X,Y)=0 (3.13)

Therefore we can state the following theorem

Theorem 3.1 A generalised quasi sasakian manifold with semi symmetric metric T-connection becomes quasi sasakian
manifold.

4 Some special cases of curvature tensor
Taking inner product of (2.17) with X we have

S(Y,Z)=aS(Y,Z) +b[S(Y,2)g(X, X) - S(e,2)g(¥ )
+9(Y,Z2)g(X,QX)-g(X,Y)g(X,QY)]

2n 1[2_ bl[g(Y,Z)g(X, X)-g(X,Z2)g(Y, X)]

=[S(Y,Z)(@a+b(n-1))-g(¥,Z)S(X, X)]-g(X,Z)S(X,Y)

. 1[% bllg(Y,Z)(n=1)]. (4.1)

because g(X,QY) = S(X,Y). Hence we state the following theorem.

Theorem 4.1 Let M be a Sasakian manifold admitting a semi symmetric metric T-connection whose Ricci tensor
vanishes with parameters a =0 and b =0 then the Ricci tensor for guasi conformal curvature tensor also vanishes.

The m-projective curvature tensor field W'is given by (2.18) and taking inner product with X, we get

ig(W(ei Y)Z.6)= ig(R(ei,Y)Z,ei)

[S(Y, Z)Zg(e.,e) ZS(G.,Z)Q(Y )

2( ~1)
+9(Y.Z2)9(Qe;. &) —9(e, 2)9(QY,e)] (4.2)
Therefore,
é"(Y,Z)=S(Y,Z>—z(nl_l)[S(Y,Z)(n—l)—S(Y,Z)+g(Y,Z)r—g(ei,Z)S(Y,ei)]

since S(&;,6,) = Trace of Q = Scalar curvature where Q is Ricci operator and S is Ricci tensor. Hence

S(Y,2)=S(Y,2) - [S(Y,Z)(n-1)-S(Y,Z) +g(Y,Z)r - S(¥,Z)]

2(n —1)
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1
2(n-1)

If scalar curvature r and Ricci tensor S(X,Y) both vanishes then

§(Y,Z):0 (4.3)

S(Y,2)= [(n+1)S(Y,Z) +r.g(Y,Z)]

Hence we have the following theorem.

Theorem 4.2 If the Ricci tensor S(X,Y) and scalar curvature r both vanishes then the Ricci tensor with respect to
m-projective curvature tensor also vanishes.

The conharmonic curvature tensor 6 of Riemannian connection R is given by
6(X,Y,Z) = R(X,Y,Z)—LZ[SO(,Z)X —-S(X,2)Y +g(Y,2)QX —g(X,2)QY] 4.4
n —_

for arbitrary vector fields X,Y and Z. where S is Ricci tensor and Q is Ricci operator. Contracting above equation with respect
to X we get

S(Y,2)=5(4.2) - 1501, 2) Y ge, )
~5(6,2)9(Y,6)+ (Y, 2)9(Qe, &)

= S(Y,Z)—n—iz[S(Y,Z)(n—l)—S(Z,Y)
+9(Y,2)5(e,6)~ 9(6, 2)S(Y,&)] = S(Y,2)

_n_iz[s(v,z)(n—l)—S(Z,Y)Jrg(Y,Z)r—S(Z,Y)]
=L _[S(Y,2)+9(Y,2)r] @
n-2

n
where Zg (Qei,ei) = scalar curvature I'. Hence we have the following theorem.
i=1

Theorem 4.3 If M be an be an almost contact metric manifold admitting a semi symmetric metric T-connection whose
Ricci tensor and scalar curvature r both vanishes then the Ricci tensor with respect to the semi symmetric metric
T-connection also vanishes.

5 Curvature properties of semi symmetric metric F-T connection

Definition 5.1 Let R be Riemannian connection on an almost contact manifold with 1-form 77, vector field f and (1,1)
tensor F satisfying[3]

D,Y =R, Y +n(Y)(X + FX)—=g(X,Y)+ F(X,Y)+n(X)FY (5.1)
The connection D be a metric (F,T) connection if
D,g=0 (5.2)
D,F=0 (5.3)
Dyn=0 (5.4)
and
D=0 (5.5)

where 'F(X,Y)=g(FX,Y) we have
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(D;"F)(X,Y) =V, [g(FX,Y)]
(D;"'F)(X,Y) =(D,9)(FX,Y)+9[(D,F)X,Y]+g(FX, D)
Using (5.2) and (5.3) we get
(D,'F)(X,Y)=g(FX,D.,Y) (5.6)
Therefore by (4.1) we get
(Dy"F)(Y,Z)+(D,"F)(Z, X)+(D;'F)(X,Y) = g(FX,D,Y) + g(FY, Dy Z) + g(FZ, DY)
g(FX,D,Y)+9(FY,D,Z)+9(FZ,D,Y)=0 (5.7)
for quasi Sasakian manifold. Thus we state the following theorem.

Theorem 5.1 The quasi sasakian manifold with semi symmetric metric F-T connection satisfies

g(FX,D,Y)+9(FY,D,Z)+g(FZ,D,Y)=0. (5.8)
For F-T connection following condition holds
(D,'F)(X,Y)=g(FX,D,Y) (5.9)
(Dym)(Z) = 9(FX,FZ) (5.10)
(Dxm)(FZ) =9(FX,Z) (5.11)
(Dec)(FZ) = 9(FX,FZ) (5.12)
(De)(Y) = g(FX,Y)
(Dexm)(Y) ==9(X,Y) +n(X)n(Y) (5.13)
By using (5.9), (5.10), ( 5.11) and (2.22) we get
9(FY,DyZ) =n(Y)9(FX,Z)-n(Z)g(FX,Y) (5.14)

Thus we can state the following theorem.

Theorem 5.2 The generalised cosympletic manifold with semi symmetric metric F-T connection satisfies
9(FY,DyZ) =n(Y)9(FX,Z)-n(Z)g(FX,Y). (5.15)
By using (5.9), (5.10), ( 5.11) and (2.23), we get
9(FY,D,Z)+9(FZ,D, X)+9(FX,D,Y)+n(X)[9(FY,Z)-9(FZ,Y)]
+n(Y)[9(FZ, X) - 9(FX, Z2)]+n(Z)[9(FX,Y)-9(FY,Z)]=0 (5.16)
Theorem 5.3 Let M is generalised quasi sasakian manifold equipped with semi symmetric metric F-T connection satisfy
g(FY,D,Z)+g(FZ,D, X)+g(FX,D,Y +1(X)[g(FY,Z) - g(FZ.Y)]
+n(Y)[9(FZ, X)-g(FX,2)]+n(2)[9(FX,Y)-g(FY,Z)]=0. (5.17)
By (2.24), (5.9), (5.10)and (5.12), we get
9(FY,DeZ) +9(F?Y, D, Z) - n(V)[9(F*X, 2)]-n(Z)[g(FX, FY))—g(FX.Y)]  (s.18)

Using definition of almost contact manifold we get

g(FY, D Z)—g(Y, Dy Z) +n(Y)n(Dy Z) —n(Y)a(X,2)
+n(X)+n(Y)+n(Z2)+n(2)9(FX,FY)-n(Z)g(FX,Y)=0 (5.19)

Thus we state the following theorem.
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Theorem 5.4 The generalised almost contact normal metric manifold with semi symmetric metric F-T connection satisfy

9(FY, D Z) = g(Y, Dy Z) +17(Y)n(Dy 2) = 11(Y)9(X, Z)

+n(X)+n(Y)+17(2)+n(2)g(FX,FY)-n(Z)g(FX,Y) =0. (5.20)

Now by using (5.9),(5.11),(5.12) and (2.25) gives
9(FY, Dy Z) =n(Y)I9(FZ, X)I+n(2)[-g(X.Y) +n(X)n(Y)] (5.21)
9(FY, Dy Z) =n(Y)I9(FZ, X) —=n(Z)g(X,Y)+n(X)n(Y)n(2)] (5.22)

Hence we can state the above result in the form of following theorem.

Theorem 5.5 A normal quasi Sasakian manifold with semi symmetric metric F-T connection satisfies

Therefore,

9(FY, Dy Z) =n(Y)I9(FZ, X) =n(Z)a(X,Y)+n(X)n(Y)n(Z)]. (5.23)
Now by use of (5.9), (5.11), (5.12) and (2.26), which gives
g(F?Y,Dg Z) = g(FY,D,Y)-7(Y)g(FX,2) (5.24)
9(=Y +1(Y)$, D Z2) = 9(FY, DY) —n(Y)9(FX, Z) (5.25)
—9(Y, D Z2) +1(Y)9(&, D Z) = 9(FY, DY) —1(Y)9(FX, Z) (5.26)
9(Y, D Z) +9(FY, DY) —n(Y)9(FX,Z2)=n(Y)9(&, D 2) =0 (5.27)

Hence we can state the above result in the form of following theorem.

Theorem 5.6 The almost contact normal metric manifold with F-T connection satisfy

g(Y, D Z2) +9(FY, DY) —n(Y)9(FX,Z)=n(Y)g(&, D Z) = 0. (5.28)

By (5.9), (5.10) and (2.20) gives

g(FY,D,Z)+g(FZ,D,X)+g(FX,D,Y)=0 (5.29)

Hence we can have following theorem.

Theorem 5.7 The quasi sasakian manifold with semi symmetric metric F-T connection satisfy

g(FY,D,Z)+g(FZ,D, X)+g(FX,D,Y) =0. (5.30)
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