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ABSTRACT

The existence of a unique solution of Fredholm-Volterra integral equation (F-VIE) under certain conditions, are discussed
and proved. The Fredholm integral term (FIT) is considered in position with continuous kernel, while the Volterra integral
term (VIT) in time with singular kernel. Using a numerical method, the F-VIE is transformed to a linear system of Volterra
integral equations (LSVIEs). Then after using Toeplitz matrix method (TMM), we have a linear algebraic system (LAS).
Finally, two applications are given, numerical results are obtained, and the error, in each case, is calculated .
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1. INTRODUCTION

Singular integral equations arise in many problems of mathematical models of physical phenomena, specifically in various
kinds of mixed boundary value problem of mathematical physics and engineering problems see [1,2,3]. Since closed form
solutions to these integral equations are generally not available, much attention has been focused on numerical methods.
In the work of Abdou and Nasr [4], the solution of Fredholm — Volterra integral equation is discussed analytically and
numerically, when the Fredholm integral term is considered in position with discontinuous kernel in L,(2), where 2 is the
domain of integration. While the Volterra integral term is considered in time t,t € [0,T], T < «, with continuous kernel. In
Linz [5], the solution of VIE was obtained analytically and numerically when the kernel has a singularity. Abdou, in [6],
discussed numerically the solution of F-VIE in the Banach space L,[—1,1] x C[0,T],T < =, when the kernel of FIT has a
singularity. Also, in the work of Abdou and Raad [7], the solution of F-VIE was obtained in the Banach space L,(£2) x
C[0,T],T < =, when the FIT has a logarithmic kernel.

Consider the linear integral equation

b t
1d(x,t) = f(x,t) +/1fF(x.y) ¢(y, )dy +lfK(|t —10) ¢(x, Ddr. 1.1
a 0

This formula is called Fredholm-Volterra integral equation (F-VIE), and it contains all previous linear integral terms in the
Banach space C([a,b] X [0,T]),T < =, where [a,b] is the domain of integration with respect to position and the time
t € [0,T]. Here, in equation (1.1) the Fredholm integral term is considered in position with continuous kernel F(x,y), while
the Volterra integral term in time and it's kernel K(|t —z|) is singular, and0 <7 <t <T < ». The coefficient A is a
constant, may be complex, and has a physical meaning in applied science, while the constant p defines the kind of the
integral equation. The given function f(x, t)is called the free term and ¢ (x, t) is the unknown function.

2. Existence of a unique solution of F-VIE

In this section, the existence of a unique solution of equation (1.1) will be discussed and proved by virtue of Banach fixed
point theorem which can be applied to IEs of the first and second kinds. In this aim, we write equation (1.1) in the integral
operator form :

Wo(x,t) = %f(x, t)+ Wo(x, t) ;o =0, 2.1

where

b t

A A
Wolx,t) = — | FO, )W, t)dy + — | K(It — )¢ (x, T)dz. (2.2)
uf uof

a
Also , we assume the following conditions :
() The kernel of position F(x,y) € C([a, b] X [a, b]) and satisfies
|[F(x,y)| <c* , (c*isaconstant).
(i) The kernel of time K (|t — z|) is a discontinuous function and satisfies :
(@) For each continuous function ¢ (x,t)and 0 < t; < t, < t, the integrals
ty t
j K(lt - ﬂ)gb(x,r)dr,andf K(It — T, D)dr,
t1 0
are continuous in([a, b] X [0,T]) .

(b) K(|t —|) is absolutely integrable with respectto t forall0 <t <T,i.e.

t

fIK(It —tPDldt <M , (M isaconstant).
0

(iii) The given function f(x,t) with its partial derivatives with respect to position and time belong to € ([a, b] X [0,T]) and
its norm is defined by :

lf G, Oll¢ (fapixiorn = "}gﬂf(xr )l <L.
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Theorem 1:
Equation (1.1) has a unique solution in the space C([a, b] x [0,T]), under the condition
lul>1A1(c*B+M). (2.3)
To prove this theorem , we must consider the following lemmas :
Lemmal:
The integral operator W maps the spaceC([a, b] x [0,T]) into itself .
Proof :
From equations (2.1) and (2.2), we have
b t
— 1 A A
W0l < pif ol + 5] [IF @il s 00lay + [ [1kde =il ¢ G olar,
a 0

In view of the conditions (i) - (iii) , we obtain
= L A
[We )] < 17+ ollé .0, (0 = |ﬁ| cB+M), B=(h— a)). 2.4)

The previous inequality (2.4) shows that , the operator? maps the ball Spinto itself, where
_ L
P T =20 B +M)]

Since p > 0 and L > 0, therefore we have ¢ < 1. Also, the inequality (2.4) involves the boundedness of the operator W,
where

(2.5)

WoCx, Ol <ol ¢ (x0)ll. (2.6)
Moreover, the inequalities (2.4) and (2.6) define the boundness of the operator .
Lemma2:
The integral operator W is continuous and contraction in the Banach space C([a, b] x [0,T]) .
Proof :
For the two functions ¢, (x,t) and ¢, (x,t) in C([a, b] x [0,T]), the formulas (2.1) and (2.2) yield

b t

— I3 A A

W1 r.0) W2 0)] < o] [1F Gonllgn,0) = a0l dy+ 3] [ 1 e = ehlIgs () = 92 (ol
a 0

In view of the conditions (i) and (ii), we get
[Woi(x,t) = W, (x, )| < ol (x,£) = 2 (x, Ol (2.7)

From inequality (2.7), we see that the operator W is continuous in the space C([a,b] x [0,T]). Moreover, W is a
contraction operator under the condition o0 < 1.

Proof of theorem 1 :

Lemmas (1) and (2) show that, the operator W of equation (2.1) is contractive in the space C([a, b] x [0,T]). So, from
Banach fixed point theorem, W has a unique fixed point which is, of course, the unique solution of equation (1.1).

3. The linear system of VIEs

In this section, a numerical method is used in the mixed integral equation (1.1) to obtain a linear system of VIEs in time,
see (Atkinson [8,9 ], Delves and Mohamed [10] ) .

If we divide the interval[a, b] into p intervals , by means of the points : a = xg <x; <x; <+ <x; <+ <x, =b, where
x=x ,y=x, L,j=0,1.2,..,p, then use the quadrature formula , the Fredholm integral term in (1.1) becomes

b p

fF(xz.y) Py, ) dy = ZWF(xz.xj)cb(ﬁg.t) +E,(0) . (3.1

j=0

y;are the weights, such that
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u:{h/z j=0, j=p
J h 0 < j<p
where his the stepsize of integration, and the errorE, , (t) is determined by the following relation :

b

p
f F(x,y) (v, )dy — Z ui F s (2)
j=0

a

Ep,l (t) =

1]

and satisfies ZI)% E, (t)=0.

Using (3.1) in (1.1) and neglecting E, ;(t), we have

P t
KO =2 ) 1y Fiyy (0 + 2 [ Klle = ey (@de + fio) (32)
j=0 0
The formula (3.2) can be adapted in the form

t
Wi (®) = Yu(o) + Afl{(lt g @dr ,1=0,1,2,.,p), (33)
0
where we used the following notations :

-1 14

P () = AZqul,jd’j @®+2 Z wF ¢ O+ O =pn—AwFy , ¢i(0) =G, t), Fy=F(x,x) ,fi(0) = f(x,t)
j=0 j=l+1

The formula (3.3) represents a linear system of Volterra integral equations of the second kind (LSVIES ) .

Remark :

LetEbe the set of all continuous functions @(t) = {¢o(t), P1(t), ...,¢;(t), ...}, where ¢,(t) € C[0,T], and define on E, the
norm:

le@®lle = Slllp max|¢, ()] = Slllp”(l)z(t)”c[o,r] , VIS
then E is a Banach space .

4. The existence of a unique solution of LSVIEs

In order to guarantee the existence of a unique solution of the LSVIEs (3.3) in the space E, we write this system in the
following integral operator form :

— 1
U¢z(t)=E1/)z(t)+U¢z(t) ; wm*0,v1 (4.1)
where
A t
Ui = [ Kle=thp@dr (42)
L 0
then we assume in addition to condition (ii) of theorem (1), the following conditions :
p
(1) Sup ggggrlﬁ(t)l =lf®Ollg <L, (Z)ZSup|qul,j| <A , V 0<I<p, (L*and A are constants).
LU= ‘ J
j=0
Hence, the formula (4.1) has a unique solution in the space E under the following condition :
A .
6=’E‘(A+M)<1 , (,u =orgll£lpul> . (4.3)
Also, for p — =, the sum
P b
> Fiy () tends o [ FGx,y) @000y,
j=0 a

thus the solution of the LSVIEs (4.1) becomes the solution of equation (1.1) .
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5. The Toeplitz matrix method and linear algebraic system

Here , we present the Toeplitz matrix method to obtain the numerical solution of a linear VIE of the second kind with
singular kernel. For this, we assume the LVIE :

1 b(e) = () + 2 f K(t - 1]) p(0)dr . (5.1)
0

Following the same way of Abdou et.al. [11,12], we can apply the Toeplitz matrix method for Volterra term to obtain the
following principal equation

N
BB =2 Da(®) (nhy) = $(O) (52)
n=0

Putting t = mhy , hy = T/N, in (5.1) and using the following notations :

d)(mhl) =¢n Dn(mhl) =Dpn ¢(mh1) =Y, (5.3)
we get the following linear algebraic system ( LAS) :

N
. A;Dmnq’)n—l/)m . 0<m<N , (5.4)
where
Ay(mhy) , n=0
Dy =14 A, (mhy) + B,_1(mhy) , 0<n<N (5.5)
By_1(mhy) ) n=N
400 = [(nhy + hl)hU(t) 40] ’ 56)
1
B.(t) = [V(e) - Elfllhl)U(t)] : 57
and
nhqy+hq nhy+hq
() = f K(t—1t) dr , V()= f cK(lt—1]) dr . (5.8)
nhy nhy

The matrix D,,,, can be written in the Toeplitz matrix form :
Dy = G — B ’

here, the matrix

Gpm = A,(mhy) + B,_1(mhy) , 0<m, n<N, (5.9)
is called a Toeplitz matrix of order (N + 1) and
B_;(mhy) , n=0
Pon=4{ 0 ,0<n<N (5.10)
Ay(mhy) ,n=N

represents a matrix of order (N + 1) whose elements are zeros except the first and the last rows (columns) .
Finally, the solution of the LAS (5.1) takes the form

G =l —ADp 17, , |l —AD,,,| #0, (Iisthe identity matrix) . (5.11)
Definition 1 :

The Toeplitz matrix method is said to be convergent of order r in the interval [0, T], if and only if for sufficiently large N,
there exists a constant d > 0 independent on N such that

lp(t) — Py <dN7T . (5.12)
Definition 2 :

The estimate local error Ey , takes the form

2557 |Page November 05, 2014



g

ISSN 2347-1921

N
B = || K= @ =) Dyt (5.13)
n=0

0
Lemma3:

If the kernel K (|t — t|) of equation (1.1) satisfies condition (ii) of theorem (1) and the following condition

nh+h
lim f IK(E—z]) —K(t—zDldc =0, (5.14)
t-t
nh
then
N N
SupZIDmnI exists , and lim Sup ) |Djppn —Dpnl =0.
N m-m N
n=0 n=0
Proof :
From the formulas (5.6) and (5.8), we have
nhy+hq nhy+hy
(nhy + hy) 1
4@l < T2 [ ko= alde+ o [ eke=eDldr,
hl hl
nhy nhy

in view of condition (ii), we get
1 M
4, (D] < (n+1)M+h—M=h—(nh1+h1+1) , (0<T<t<T<»).
1 1

Summing fromn = 0 to n = N, we obtain

N N

M
ZIAn(t)I < h_z(”hl +hy+1),
n=0 1'n=0

hence, there exists a small constant E; , such that

N
Y@<k, VN
n=0

N
Since , each term of Z |4, (t)|is bounded above, so that for t = mh; , wededuce

n=0

N
SupZIAmn|SE1 | (5.15)
pl n=0

Similarly from the formulas (5.7) and (5.8),we can find a small constant E, , such that

N
Sl};pZIanI <E . (5.16)
n=0

In the light of (5.5), and the help of (5.15) and (5.16), there exists a small constantE™, such that

N N N
Sup E Dy | < Sup E |A; | + Sup E |Bpn| < E* ;(E* =E; + Ey) ,
N N N

n=0 n=0 n=0

N
hence , Sup Z | Dy, | EXists .
N

n=0

By virtue of the formulas (5.6) and (5.8), we have for ¢, € [0, T]

( )nh1+h1 nhy+hq

, nhy +h , 1 ,

14,6 = 4,1 < THZ20 [ KA =) = KQe—eldr+ = [ o IKUE— e~ KCle ~eDlar
nhy nhy

thus, for 0 < 7 < T < « , the above inequality after summing from n = 0 to n = N, can be adapted in the form
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N N ( h h 1) nh+h
, nnq + + /
Sup ) 14,0 = 4, (0] < Sup Y T [ IKQE — ) - K - eDlar,
N N hy
n=0 n=0 nh
putting t = mhy , £ = 1hhy, then using the condition (5.14) , we obtainas t > ¢ ,
N
lim Sup ) |Ajpn —Amn| =0. (5.17)
m-m N =

Similarly, in view of the formulas (5.7) and (5.8), we can prove

N
lim Sup Y |Bjn — Bun| = 0. (5.18)
m-m N =
Finally, from (5.5), (5.17) and (5.18) , we have
N
lim Sup Dyt — Bn | = 0.
m-m y =

5.1. The existence of a unique solution of the LAS
The LSVIEs (3.3) after using Toeplitz matrix method becomes

N
Wbim =V +2) Dihgin (5.19)
n=0
where
(= p
Yim =AD 4 Fiy $ym + 4 ) U By G+ fim - (5:20)
j=0 j=l+1

Lemma 4 : (without proof )

For the LAS (5.19) if the kernel K(|t — 7|) of equation (1.1) satisfies the condition (ii) of theorem (1) and the condition
(5.14), then

=0.

m-m

N N
Sup Z |D,[,gl exists, and lim Z |Dr[rll]n - D,[,gl
LN n=0 n=0

In order to guarantee the existence of a unique solution of the LAS (5.19), in the Banach space £”, we write this system in
the following operator form :

o 1
Hoym = Elpl'm +H bim ;o o w#F0 VI (5.21)
where
N
-~ W
}[d)l,m —— Dmnd’l,‘n . (522)
H1n=0

Then we assume in addition to condition (2), the following conditions :
N
(i)Sup|fl,m| <H , (Hisaconstant). (2)Sup Z |D,[,llll | <e , (eisaconstant).
Lm LN
), " n=0

Theorem 3: (without proof )

The formula (5.19) has a unique solution in the Banach space £* under the following condition

a =

A+e)<1 , (u* = min ,ul) . (5.28)

A
u* 0<l<p

Definition 3 :

The estimate total error R, is determined by the following relation :
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b ¢ P N
Ry = |[ FGo@.0dy + [ KQle =) g e =y By i = D D1
a 0 j=0 n=0
4 N b t
When g = max{N,p} - < ,the sumsz W Fij ¢jm + D,[,llll ¢, tend to f FCe,y)p(y, t)dy + f K(t—1l) ¢ (x,D)dr
=0 n=0 a 0

and the solution of the LAS (5.19) becomes the solution of equation (1.1).

Theorem 4 :

If the sequence of continuous functions {fq (x, t)} converges uniformly to the function f (x, t) in the Banach space C([a, b] x
0,7, then under the conditions of theorem (1), the sequence #g(x,£) converges uniformly to the exact solution of equation
(12.1) inC([a,b] x [0,T]) .

Proof :

The formula (1.1) with its approximate solution give

b t
A A
19600 = 6,01, 0] < ol = 0] + 2] [1F G 10000 = 8y 00y -+ o] [ 1K = el 96,0 = 6, G e

In view of the conditions of theorem (1), we get

1
lul = 121 (c* B + M)
Hence ||¢(x, t) — ¢ (x, t)” -0, since||f(x, t) — fo (x, t)|| —>0as q-o=.

Corollary 1 :

The total error satisfies lim R, = 0.
q—

Proof :

From the definition of R, ,we have

14 N
0
|Ry| < Sz},lnp |¢z(mh) - (¢z(mh))q| +;S?p [ F; |§}:np |¢>z(mh) - (¢>z(mh))q| + Sl};Vp; |Dmn 511;19 |¢>z(nh) - (¢>z(nh))q| :

Using the conditions (2) and (2) , we get
Ryl < 1+ 4+e) || Gmh) = (¢uCmh)) || , V.
Since each term R, is bounded above, hence for t = mh, we deduce
Sup|Ry| < (1+4 + e)supmax 6.0 = (@@®),| =@ +a+0) |00 = (@®),] -
Thus, the above inequality can be adapted in the form

IRell, < 1 +4+e) || 0) = (¢ 0), |

c(a,bIx[07])

Since||¢>(x, £) = (60 1), ”C([a o — 0asq — =, then||R|| » » 0and consequentlyR, — 0 .

x[0,T1)
6. Applications :

Here, we will consider the linear integral equation (1.1) when the Volterra kernel takes a logarithmic and Carleman forms .
Application 1 :

In equation (1.1), let the Volterra kernel takes the Carleman formK(|t —t|) = [t — 7|7, 0 <v < 1/2,wherev is called
Poisson ratio, and the relation between v, A, u is given by

A=vu/[A+v)(1-2v)].
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The results are obtained numerically, for x € [-1,1] at the times T = 0.004 , T = 0.02and T = 0.6, with A = 0.16279,
0.3158 and 0.51515, and the parameter u = 1.The position interval [—1,1] is divided into 30 units, while the time interval
[0, T]is divided into n = 20 units .

In equation(1.1) , let the Volterra kernel takes the logarithmic formK (|t — z|) = In|t — 7| , the results are obtained
numerically for x € [-1,1] , at the times T = 0.004,0.02and 0.6, with 2 = 0.0684,0.25and0.4368, and the parameter u =
1.The position interval [—1,1] is divided into 30 units, while the time interval [0, T] is divided into n = 20 units.

The following tables and diagrams are selected among a large amount of data to compare between the exact solution of
equation (1.1) (Exact) and its numerical solution (Approx.sol.) in case of Carleman kernel when A = 0.16279,v = 0.07 (
see Table 1 and diagram 1), and in case of logarithmic kernel when A = 0.0684 ( see Table 2 and diagram 2) , where the
exact solution ¢(x,t) = x>t? .

X T=0.6 T =0.02 T = 0.004
Exact | Approx. sol. Error Exact Approx. Error Exact Approx. Error
-1 0.36 | 3.54090E-01 | 5.90953E-03 | 4.00E- | 3.99696E- | 3.04038E- | 1.600E- | 1.59973E- | 2.72953E-
-0.8 | 0.2304 | 2.21795E-01 | 8.60540E-03 | 2.56E- | 2.50390E- | 5.61012E- | 1.024E- | 1.00215E- | 2.18463E-
-0.6 | 0.1296 | 1.23128E-01 | 6.47179E-03 | 1.44E- | 1.39013E- | 4.9866E- | 5.760E- | 5.56385E- | 1.96154E-
-0.4 | 0.0576 | 5.44454E-02 | 3.15464E-03 | 6.40E- | 6.14695E- | 2.53045E- | 2.560E- | 2.46025E- | 9.97543E-
-0.2 | 0.0144 | 1.35938E-02 | 8.06181E-04 | 1.60E- | 1.53474E- | 6.52611E- | 6.400E- | 6.14261E- | 2.57392E-
0 0 0 0 0 0 0 0 0 0
0.2 | 0.0144 | 1.35928E-02 | 8.07203E-04 | 1.60E- | 1.53461E- | 6.53937E- | 6.400E- | 6.14208E- | 2.57925E-
0.4 | 0.0576 | 5.44126E-02 | 3.18742E-03 | 6.40E- | 6.14270E- | 2.57296E- | 2.560E- | 2.45854E- | 1.01462E-
0.6 | 0.1296 | 1.22878E-01 | 6.72241E-03 | 1.44E- | 1.38688E- 5.3116E- | 5.760E- | 5.55079E- | 2.09208E-
0.8 | 0.2304 | 2.20719E-01 | 9.68096E-03 | 2.56E- | 2.48995E- 7.0046E- 1.024E- | 9.96552E- | 2.74478E-
1 0.36 | 3.53672E-01 | 6.32805E-03 | 4.00E- | 3.99471E- | 5.29069E- | 1.600E- | 1.59975E- | 2.47808E-
Table 1
A0
iy
45
1
T =0.02 T =0.004
diagram (1)
X T=0.6 T =0.02 T = 0.004
Exact | Approx. sol. Error Exact Approx. Error Exact Approx. Error
-1 0.36 | 0.364949919 | 4.94992E-03 | 4.00E- | 4.00477E- | 4.77386E- | 1.600E- | 1.60049E- | 4.93495E-
-0.8 | 0.2304 | 0.231451349 | 1.05135E-03 | 2.56E- | 2.54014E- | 1.98599E- | 1.024E- | 1.01517E- | 8.83379E-
-0.6 | 0.1296 | 0.129468449 | 1.31551E-04 | 1.44E- | 1.42100E- | 1.90024E- | 5.760E- | 5.67904E- | 8.09600E-
-0.4 | 0.0576 5.74E-02 1.84521E-04 | 6.40E- | 6.30201E- | 9.79893E- | 2.560E- | 2.51862E- | 4.13831E-
-0.2 | 0.0144 1.43E-02 5.43191E-05 | 1.60E- | 1.57464E- | 2.53623E- | 6.400E- | 6.29309E- | 1.06906E-
0 0 0 0 0 0 0 0 0 0
0.2 | 0.0144 1.43E-02 5.49688E-05 | 1.60E- | 1.57458E- | 2.54209E- | 6.400E- | 6.29286E- | 1.07136E-
0.4 | 0.0576 5.74E-02 2.05324E-04 | 6.40E- | 6.30013E- | 9.98654E- | 2.560E- | 2.51788E- | 4.21220E-
0.6 | 0.1296 | 0.12931004 | 2.89960E-04 | 1.44E- | 1.41957E- | 2.04311E- | 5.760E- | 5.67341E- | 8.65867E-
0.8 | 0.2304 | 0.230778854 | 3.78854E-04 | 2.56E- | 2.53407E- | 2.59262E- | 1.024E- | 1.01578E- | 8.22295E-
1 0.36 | 0.363686973 | 3.68697E-03 | 4.00E- | 3.99512E- | 4.87603E- | 1.600E- | 1.59975E- | 2.50046E-
Table 2
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7
RS
SV I

N

T =0.02

diagram (2)
7. Conclusion:
From the numerical results, we notice that :
1. Forfixed values of 1 , the error values are increasing with the increase of time .

2. For fixed values of T, the error values are gradually increasing with the increase values of 1 . So, the change in the
values of 1 is lightly effective in the numerical calculations.

The increasing of the error values at the end points of the x — axis is more than at the middle points.

The error values are symmetric with the x — axis's values .

The error is 0 at x = 0 for all cases we have studied .

The maximum value of the error for the Carleman case is 0.012729884 , at A = 0.51515, T = 0.6 and x = —1.
The maximum value of the error for the logarithmic case is 0.028835575 ,at A = 0.4368, T=0.6 andx =1.
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In general , the error values of the logarithmic kernel are higher than the error values of the Carleman kernel .
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