
ISSN 2347-1921                                                           

2653 | P a g e                                                    N o v e m b e r  1 5 ,  2 0 1 4  

Solving Some Kinds of Third Order Partial Differential Equations  

of Degree  Four with Three Independent Variables  
 Abdul Jalil M Khalaf1 

1 
Department of Mathematics, 

Faculty of Computer Science and Mathematics, 

 University of Kufa, Najaf, IRAQ 

  abduljaleel.khalaf@uokufa.edu.iq 

 2Wafaa Hadi Hanoon 

Department of Computer Science 

Faculty of Education for Women 

 University of Kufa, Najaf, IRAQ 

  wafaa_najaf@yahoo.com 

ABSTRACT 

In this paper, we find a solution for some kinds of nonlinear third order partial differential equations of homogeneous 
degree with three independent variables of the form 
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where A, B, C, D, E, … ,S and T  are linear functions of dependent variable Z and partial  

derivatives of dependent variable with respect to the independent variables x , y and t, and 

 that by using some of  the assumptions . 
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INTRODUCTION  

Since the world is full of nonlinear phenomenon, there has been much interest in recent years in studying the complete 
solution for certain types of nonlinear partial differential equations of different degrees and orders. Hani [6],  and by 

assumed   
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found the solution to the linear second order  partial differential 

equations with independent variables and of the form   
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where A,B,C,…,I and J  are arbitrary constants. Feng , Kao and Lewis [5], studies Convergent finite difference methods for 

one-dimensional fully nonlinear second order partial differential equations. 
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homogeneous degree which have the general form 
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where A, B, C, D, E and F are linear functions of dependent variable Z and partial derivatives  

of dependent variable with respect to the independent variables x  and y. 

  Mohammed , Mohsin and Hanoon [13], by assuming 
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equations with three independent variables of the form 

 ,0  Z Z        ZJZIHGZFZEZDZCZBZA tyxttyyytxtxyxx  

where  A , B , C , D , E , F , G , H , I and  J  are functions of  , ,  ,  , ,,  ,  tyx ZZZZtyx  

ttyyytxtxyxx ZZZZZZ   and   , ,  ,  ,  .  And    ,,  ,  ,  ,  ,  ,  , ytxtxyxxtyx ZZZZZZZZ   where  

ttyy ZZ   and   in these functions are of first degree and not  multiplied with each other.  

 Ketap [8],studied the linear third order partial differential equations, with constant coefficients which have the form 

,0  Z Z        ZJZIHGZFZEZDZCZBZA yxxyyyxxxyyxxyyyyxxx  

Where  A, … I and J are arbitrary constants , and used the assumption 
 

dyyvdxxu
yxZ

 )(   )(
e ),(

   

to find the complete solution of it. 

Liu, Ume, Anderson and Kang [11], studied singular nonlinear third-order differential equation   

 

 

Ademola , Ogundiran , Arawomo and Adesina [1], studied boundedness of solutions of the third nonlinear differential 
equation  

  or its equivalent system of differential equations 
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 where      

 

Clarkson , Mansfield and Priestley [3], studies symmetry reductions of a class of nonlinear third-order partial differential 
equations 

  

                                                            

This paper is devoted to solve the nonlinear third order partial differential equations of homogeneous degree with three 
independent variables of the general form  
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where A, B, C, D, E, … ,S and T  are linear functions of dependent variable Z and partial  

derivatives of dependent variable with respect to the independent variables x , y and t .  

By using the assumptions
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1. Solving Some Kinds of Third Order partial Differential Equations of omogeneous Degree 
with Three independent variables 

 Use The aim of this section is to solve the nonlinear third order of partial differential equations, of  homogeneous degree 

with three independent variables which have the general form  
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where A, B, C, D, E, … ,S and T  are linear functions of dependent variable Z and partial  

derivatives of dependent variable with respect to the independent variables x , y and t .  

So, for this purpose we will search functions  )( and  )( , )( twyvxu such that the assumptions
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Where A,B,C,D, … , S  and  T  are real constants. 

  

Case(1)-a-: By using the assumption 
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This equation is called beloved equation [10],[17],[18].The beloved  equation Possesses both Left Painleve Series (LPS) 
and Right Painleve Series (RPS) [9], it can be solved by Riccati transformation [12],[16]. And also it can be solved by 
using nonlocal symmetry [7] . 

Mohammed and Ketap [14], he found the general solution of the beloved equation as follows:  
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where  A1 , c2 and c3 are arbitrary constants and Y1(y) is an arbitrary function of  y . 

 

Domain :  - ∞ <x< ∞   , - ∞ <y< ∞    

So the complete solution is given by:  
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where  A1 , c2 and c3 are arbitrary constants ,Y1(y) is an arbitrary function of  y and 

T1(t) is an arbitrary function of  t . 

Domain :  - ∞ < x < ∞   , - ∞ < y < ∞  ,  - ∞ < t < ∞   . 

Case(1)-b-and –c- By using the assumption 
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 The equations (2) and (3) are  similar to Bernoulli equation [2], then the solution of them 
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where K , 
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  and    are arbitrary constants. 

Domain :    - ∞ < x < ∞  , - ∞ < y < ∞ ,  - ∞ < t < ∞  .  

Case(1)-e-: By using the assumption 
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The equations (5),(6) and (7) are  similar to Bernoulli equation [2], then the solution of them 

 are given by : 
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So ,the complete solution of equation(4), is given by: 
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where K , 
21

  and    are arbitrary constants. 

Domain :    - ∞ < x < ∞  , - ∞ < y < ∞ ,  - ∞ < t < ∞  .  

Case(2)-a-: By using the assumption 
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This equation is variable separable equation [4]. 
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Where c  and   ,K 
2

 ,
1
  are arbitrary constants. 

Domain :  - ∞ < x < ∞  ,  y > 0   ,  - ∞ < t < ∞. 

 

Case(2)-b-: By using the assumption 

 

 


dt

t

tw
dyyvdx

x

xu

etyxZ

)(
)(

)(

),,(        ,  we  get 

     

  


dt

t

tw
dyyvdx

x

xu

y
eyvZ

)(
)(

)(

 )( 
  


dt

t

tw
dyyvdx

x

xu

yy
eyvyvZ

)(
)(

)(

))(
2  )((  

  


dt

t

tw
dyyvdx

x

xu

yyy
eyvyvyvyvZ

)(
)(

)(

3  ))()( )(3)((  

  


dt

t

tw
dyyvdx

x

xu

yyt
eyvyv

t

tw
Z

)(
)(

)(

2  ))()(( 
)(

 

     

  


dt

t

tw
dyyvdx

x

xu

x
e

x

xu
Z

)(
)(

)(

  
)(   


dt

t

tw
dyyvdx

x

xu

xx
e

x

xuxuxux
Z

)(
)(

)(

2

2

 )
)()()(

(  



ISSN 2347-1921                                                           

2664 | P a g e                                                    N o v e m b e r  1 5 ,  2 0 1 4  

     
  


dt

t

tw
dyyvdx

x

xu

xy
eyv

x

xu
Z

)(
)(

)(

 )(
)(

  

 

  


dt

t

tw
dyyvdx

x

xu

xt
e

t

tw

x

xu
Z

)(
)(

)(

 
)()(

 
  


dt

t

tw
dyyvdx

x

xu

xtt
e

t

twtwtwt

x

xu
Z

)(
)(

)(

2

2

 )
)()()(

( 
)(

 

  


dt
t

tw
dyyvdx

x

xu

ytt
e

t

twtwtwt
yvZ

)(
)(

)(

2

2

 )
)()()(

( )(  

So, the equation 0G  F B 22422242222222 2 
yttxyxttyyxxyyyxt

Z ZtHxZ Ztx ZZZtxZZtx
yyt

. 

Transforms to the form
 

                            0 )
)()()(

(
)(

)(   

)
)()()(

())()((
)(

 G )
)()()(

(  

))()((
)(

F ))()( )(3)((
)()(

B 

]
)(

)(
)(

 [ 4

3

2

2

2

2

2
442

2

2

2
22

2

2
42

2

2

22

2

2
222

2

2

2

2
22























 














 








































  dt
t

tw
dyyvdx

x

xu

e
t

twtwtwt

x

xu
yvtxH

t

twtwtwt
yvyv

x

xu
tx

x

xuxuxux

yvyv
t

tw
txyvyvyvyv

t

tw

x

xu
tx

 

Since  0 
]

)(
)(

)(
 [ 4


  dt

t

tw
dyyvdx

x

xu

e  



   ...(10)                             0))()()()(()())()()((      

(y))(y)()(G ))()()(((y))(y)()(F      

))()( )(3)(()()(B  So

222422

222222

2322

2








 






 

twtwtwtxuyvHtwtwtwt

vvxuxuxuxuxvvtw

yvyvyvyvtwxu
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This equation is variable separable equation [4]. 

0)
)(

)()()(
()(

)(

))(-)()((
 F B 2

2
4

12

2
4

1

6

1








tw

twtwtwt
HG

xu

xuxuxux
  

2

2

2
2

2

2
2

1
)

)(

)()()(
)((

)(

))(-)()((
 F BLet  







tw

twtwtwt
HG

xu

xuxuxux
 



ISSN 2347-1921                                                           

2665 | P a g e                                                    N o v e m b e r  1 5 ,  2 0 1 4  

       0)()
FB

F
(-)()()

FB

F
(

    0)(-)()1
F

B
()(

2

2

2

1

2

2

2

2

1

2
2

2

2

1














xuxuxux

xuxuxux





 

Let    0)(A-)()(AThen     

FB

F
A

1

2

12

2

2

1

1




 xuxuxux


                                   …(11) 

And   0)()1()()( 22 


 tw
HG

twtwt


                                                                …(12) 

The equation (11), is variable separable equation [4], we can solve it as follows : 
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The equation (12) is  similar to equation [9], then the same method the solution of it is given by : 
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Then the complete solution of the equation(11), is given by :  
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Where  c  and   c  ,   ,  ,K 
2121

 are arbitrary constants. 

Domain :    x> 0    ,   - ∞ < y < ∞  ,  t> 0  . 

 

Case(2)-c-: By using the assumption 
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Where  c  and c ,  ,  ,K 
2121

 are arbitrary constants. 

Domain:   x >0 ,  y >0 ,  - ∞ < t < ∞. 

Case(3)-a-: By using the assumption 
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The equations (17) and (18), are  similar to equation [9], then the same method the solutions  

of them are given by : 
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Then the complete solution of the equation(16), is given by:  
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Where  c  and c ,  ,  ,K 
2121

 are arbitrary constants. 

Domain :    x > 0    y  > 0 ,   - ∞ < t < ∞ . 

 

Case(3)-b-: By using the assumption 

 

 


dt

t

tw
dy

y

yv
dx

x

xu

etyxZ

)()()(

),,(        ,  we  get 

 



 dt 

)()()(

)(
  t

tw
dy

y

yv
dx

x

xu

x
e

x

xu
Z

  


dt
t

tw
dy

y

yv
dx

x

xu

xxy
e

x

xuxuxux

y

yv
Z

)()()(

2

2

 )
)()()(

(
)(

  

 



ISSN 2347-1921                                                           

2671 | P a g e                                                    N o v e m b e r  1 5 ,  2 0 1 4  

  


dt
t

tw
dy

y

yv
dx

x

xu

yyt
e

y

yvyvyvy

t

tw
Z

)()()(

2

2

 )
)()()(

(
)(

  

  


dt
t

tw
dy

y

yv
dx

x

xu

ytt
e

t

twtwtwt

y

yv
Z

)()()(

2

2

 )
)()()(

( 
)(

 




 dt 
)()()(

)()()(
  t

tw
dy

y

yv
dx

x

xu

xyt
e

t

tw

y

yv

x

xu
Z  

  


dt
t

tw
dy

y

yv
dx

x

xu

xyy
e

y

yvyvyvy

x

xu
Z

)()()(

2

2

 )
)()()(

(
)(

  

And using    and  ,  , ,  ,  ,  ,
xttxyytyyxxxtyt

ZZZZZZZZ from case(2)-a-,-b- ,-c- and case(3)-a-then the equation 

0 P O N

 M LK  J I

 HG  F E D

222222222222222

22422222422222422242222
 

22

2242222422222422222422224







ytxxtyxyt

ttxyyyxtxxytxyytxyt

yttxxttyyytxxxtyxxyt

ZZtyxZZtyxZZtyx

ZZtyxZZtyxZZtyxZZtyxZZtyx

ZZtyxZZtyxZZtyxZZtyxZZtyx

 

Transforms to the form 

0 
)()()(

)()()()()()(

)
)()()(

(
)()(

)
)()()(

(
)()(

L

)
)()()(

(
)()(

K)
)()()(

(
)()(

J

)()()(
I)

)()()(
(

)()(
 H

)
)()()(

(
)()(

G)
)()()(

(
)()(

 F

)
)()()(

(
)()(

E)
)()()(

(
)()(

D

][4

2

2

2

2

2

2
222

2

2

2

2

2

2
222

2

2

2

2

2

2
222

2

2

2

2

2

2

2
4222

2

2

2

2

2

2
242

2

2

2

2

2

2

2
2242

2

2

2

2

2

2
242

2

2

2

2

2

2
2222

2

2

2

2

2

2
422

2

2

2

2

2

2

2
4222

2

2

2

2

2

2
242

2

2

2

2

2

2

2
2242

2

2

2

2

2

2
224

)()()(


































































 














 














 














 





























 














 














 





















 














 

  dt
t

tw
dy

y

yv
dx

x

xu

 e
t

tw

y

yv

x

xu
tyPx

t

tw

x

xu

y

yv
tyOx

t

tw

y

yv

x

xu
tyNx

t

twtwtwt

y

yv

x

xu
tyMx

y

yvyvyvy

t

tw

x

xu
tyx

x

xuxuxux

t

tw

y

yv
tyx

y

yvyvyvy

t

tw

x

xu
tyx

t

tw

y

yv

x

xu
tyx

t

twtwtwt

y

yv

x

xu
tyx

t

twtwtwt

y

yv

x

xu
tyx

y

yvyvyvy

t

tw

x

xu
tyx

x

xuxuxux

t

tw

y

yv
tyx

x

xuxuxux

t

tw

y

yv
tyx

 



ISSN 2347-1921                                                           

2672 | P a g e                                                    N o v e m b e r  1 5 ,  2 0 1 4  

Since  0
]

)()()(
 [ 4


  dt

t

tw
dy

y

yv
dx

x

xu

e  

 

   
   
 

   
      ...(19)                             0)()()(P)()()(O)()()(N        

))()()(()()())()()(()()(L        

))()()(()()(K))()()(()()(J        

)()()(I))()()(()()( H       

))()()(()()(G))()()(()()( F       

))()()(()()(E))()()(()()(D   So,

222222222

22222222

22222222

2222222

22222222

22222222










 










 





 

twyvxutwyvxutwyvxu

twtwtwtyvxuMyvyvyvytwxu

xuxuxuxtwyvyvyvyvytwxu

twyvxutwtwtwtyvxu

twtwtwtyvxuyvyvyvytwxu

xuxuxuxtwyvxuxuxuxtwyv

 

 

This equation is variable separable equation [4],we get 
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The equations (20) , (21) and (22) are  similar to equation [9], then the same method the solutions 

of them are given by : 
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Then the complete solution of the equation(19), is given by: 
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Where  c  andc , c ,  ,  ,K 
3

 
2121

 are arbitrary constants. 

Domain :  - ∞ < x < ∞   ,   - ∞ < y < ∞  ,  - ∞ < t < ∞  . 

ACKNOWLEDGMENTS 

The authors would like to  thank the referee for his useful suggestions which helped us improve the exposition. Also, they 
wish to thank University of Kufa for supporting the scientific research.  

REFERENCES 

[1] Ademola T. A. , Ogundiran, M. O., Arawomo , Peter O. and  Adesina , O. A.," Boundednes  results   for a certain third 
order nonlinear differential equation",  Journal of Applied Mathematics and Computation 216 (2010) 3044–3049. 

[2] Braun, M., "Differential Equation and Their Applications",4
th

ed. New. York :Spring-verlag, 1993. 

[3] Clarkson, P.A., Mansfield, E. L. and Priestley, T. J. " Symmetries of a Class of Nonlinear Third  -Order Partial 
Differential Equations", Journal of  Mathl. Cornput. Modelling Vol. 25, No. 8/9, pp. 195-212, 1997 . 

[4] Codington, E.A. ,"An Introduction to Ordinary Differential   Equations ",New York: Dover, 1989. 

[5] Feng, X. , Kao , Chiu-Yen and Lewis, T. , " Convergent finite difference methods for one-dimensional fully nonlinear 
second order partial differential equations", Journal of  Computational and Applied Mathematics, 254(2013)81-98.   

[6] Hani N.N., "On Solutions of Partial Differential Equations of second order with Constant Coefficients", Msc, thesis, 
University of Kufa, College of Education for Women, Department of Mathematics, 2008.                                                   

[7] Karasu A., Leach P.G.L., "Nonlocal symmetries and integrable ordinary differential equations :x¨+3xx˙+x
3
=0  and its 

generalizations ", J. Math. Phys. 50 (2009) . 

[8] Ketap, S.N., "The Complete Solution for Some Kinds of Linear Third Order Partial Differential Equations ", Msc, 
thesis, University of Kufa,, 2011.      

[9] Leach PGL , "Symmetry, Singularity and Integrability" : Department of Physics,Metu, Ankara, 2004. 



ISSN 2347-1921                                                           

2676 | P a g e                                                    N o v e m b e r  1 5 ,  2 0 1 4  

[10] Leach PGL, K Andriopoulos ,"Nonlocal Symmetries Past, Present And Future " Applicable Analysis and Discrete 
Mathematics: 1 (2007), 150–171. 

[11] Liu , Z.  ,Ume , J. S.,  Anderson , D. R .and Kang , S. M. ," Twin monotone positive solutions to a singular  nonlinear 

third-order differential equation" J. Math. Anal. Appl. 334  (2007) 299–313 . 

[12] Luca Dieci , Michael R. Osborne, Robert D. Russell Source , " Riccati Transformation Method for Solving Linear 
BVPs. II ": Computational Aspects .SIAM Journal on Numerical Analysis, Vol. 25, No. 5 (Oct., 1988), pp. 1074. 

[13] Mohammed, A.H , Mohsin, L.A and Hanoon, W.H., "The Complete Solution For Special Kinds of Nonlinear Second 
Order Partial Differential Equations With Three Independent Variables" AL-Qadisiya Journal For Pure Science, 
ISSN:1997-2490, Vol.18, No. 3(2013),  pp. 40-54. 

[14] Mohammed, A.H ,  Ketap, S.N., " Asuggested method for finding the general  solution of the beloved equation: 
u″(x)+3u(x)u′(x)+u

3
 (x)=0."  Journal of Kufa for Mathematics and Computer, ISSN:11712076, Vol. 1, No. 5(2012),  pp. 

82-86.    

[15] Mohsin, L.A" On solution of Nonlinear Partial Differential Equations ", Msc, thesis, University of Kufa, 2010. 

[16] Osborne M.R. and R.D. Russell Source  , " The Riccati Transformation in the Solution of  Boundary Value Problems " 
SIAM Journal on Numerical Analysis, Vol. 23,No. 5 (Oct., 1986), pp. 1023 . 

[17] Peter Leach," The Beloved Equation In Shallow Water " , The Fourth International Workshopin Group Analysis of 
Differential Equations and Integrable Systems Protaras, Cyprus, October 26-30, 2008. 

[18] Warisa Nakpim and Sergey  V. Meleshko, "Linearization of Second-Order Ordinary Differential Equations by 
Generalized Sundman Transformations ", School of  Mathematics, Institute of Science, Suranaree University of 
Technology, Nakhon Ratchasima, 30000,Thailand , 2010.  

 


