ISSN 2347-1921

Coincidence and common fixed points of
Gregus type weakly biased mappings

Y. Mahendra Singh*, M. R. Singh?
1Department of Humanities and Sciences
Manipur Institute of Technology, Takyelpat - 795004,Manipur, India
ymahenmit@rediffmail.com
2 Department of Mathematics, Manipur University
Canchipur-795003, Manipur, India

mranjitmu@rediffmail.com
ABSTRACT

In this note, common fixed point theorem of compatible mappings of type(A) due to Murthy et al.[ P. P. Murthy, Y. J. Cho
and B. Fisher, Common fixed points of Gregu$S type mappings, Glasnik Maematicki, Vol.30(50), (1995), 335-341] has
extended to weakly biased mappings. Our result also extends the results of Sessa and Fisher [S. Sessa and B. Fisher,
Common fixed points of two mappings on Banach spaces, J. Math. Phys. Sci. 18(1984), 353-360] and, Fisher and
Sessa[B. Fisher and S. Sessa, On a fixed point theorem of Gregu$ , Internat. J. Math. Math. Sci. 9, (1986), 22-28].
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1. INTRODUCTION

In 1996, Jungck[5], introduced the concept of compatible maps which is a generalization of commuting mappings[3] and
used to extend a theorem of Park and Bae[4]. A pair of self mappings {A, S} of a metric space (X, d) is said to be

compatible[5] iff limd(SAXx,, ASx,) =0 whenever, {X } is a sequence in X such that lim Ax, =limSx, =t for
n—oo

n—oo nN—o0

some t€ X . Noted that A and S are non-compatible if there exists atleast one sequence {Xn} in X such that
lim Ax, =limSx, =t, for some t € X but limd(SAX,, ASX,) is either non-zero or non existence (also see [1],

N—o0 n—oo nN—o0

[15], [16] etc.). Murthy et al.[13] introduced the concept of compatible of type (A). A pair of self mappings {A, S} of a
metric space (X, d) is said to be compatible of type (A) if limd(ASX,, SZXn) =limd(SAX,, AZXn) =0 whenever,
n—w N—o0

{x,}is a sequence in X such that lim AX, =lim Sx_, =t for some t € X . A pair of self mappings {A, S} of a metric

n—o0 N—o0
space (X, d) is said to be weakly compatible[8] if they commute at their coincidence points, i.e. At =St for some
t e X, then SAt = ASt. Jungck and Pathak[6] introduced the concepts of weakly biased mappings. A pair of self
mappings {A, S} of a metric space (X, d) is said to be weakly S-biased iff At = St implies d(SAt, St) <d(ASt, At). In

[18], it has shown that weakly biased is more general then the concept of weakly compatible of two mappings. On the
other hand, common fixed point theorems of Gregu$ type[3] has been obtained by many authors viz. Deviccaro et al. [2],
Fisher and Sessa[3], Jungck[6], Mukherjee and Verma[12], Sessa and Fisher[17], etc.

Murthy et al.[13] proved the following theorem for compatible mappings of type(A).

Theorem 1.1 [13]. Let A,B,S and T be mappings of a Banach space X into itself satisfying the following
conditions:

@) A(X)=T(X) and B(X)<=S(X);
(i) | Ax - By[]” < ([ sx—Ty|]" + @~ max{sx— Ax|", [Ty - By||p});

forall X,ye X, p=1, 0<a <1 and @ is amapping of [0, %) into itself such that ¢ non decreasing, upper semi
continuous and @ (t) <t for t > 0. Suppose that one of the mappings A, B,S and T is continuous and that {A, S}
and {B, T} are compatible pairs of type (A). Then A,B,S and T have a unique common fixed pointin X .

Moreover, in [13], it has raised an open question on Theorem 1.1 that “under what conditions the sequence
{yn} given in (1) converges if @ is removed from condition (ii) of Theorem 1.1 ?”. The right answer corresponding to

this open question is that if we replace the factor (1— ) by another constant say [ such that O <a+ <1, in
Theorem 1.1, then the sequence {Y,} converges.
Now, we give the following theorem without prove.

Theorem 1.2. Let A,B,S and T be mappings of a Banach space X into itself satisfying the following conditions:

@) A(X)<=T(X) and B(X) < S(X);
(ii) | Ax—By|" < &||Sx - Ty|’ +,Bmax{||8x— AX|, [Ty - By||p};

forall X,ye X, p=1, O<a+pf<l.foral X,ye X, p=>1, O<a <l and ¢ is a mapping of [0,+c0) into
itself such that ¢ non decreasing, upper semi continuous and go(t) <t for t > 0. Suppose that one of the mappings
A/B,S and T is continuous and that {A,S} and {B, T} are compatible pairs of type (A). Then A,B,S and T

have a unique common fixed pointin X .

To prove our theorem we need the following lemma.
Lemma 1.3[11]. Suppose that ¢ is a mapping of [0, +0) into itself such that ¢» non decreasing, upper semi
continuous and @ (t) <t forall t > 0. Then, !]E[lo Q" (t)=0.
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2. MAIN RESULTS
We prove the following theorem.

Theorem 2.1. Let A,B,S and T be mappings of a Banach space X into itself satisfying the following conditions:

i) A(X)cT(X) and B(X)<=S(X);
(ii) ||AX—By||pSgo( |sx—Ty|” + (- a)max {||Sx Ax|” [Ty -By|",

x| Ty - Ax});

forallx,ye X, p>1, O<a <1 and ¢:[0,400) —[0,+x) is non decreasing, upper semi continuous , @ (t) <t
for t € (0,+0) and ¢ (0)=0.

Then, the pairs {A, S} and {B, T} have coincidence points. Further, if the pairs {A, S} and {B,T} are weakly
S- and T- biased, then A, B, S and T have a unique common fixed pointin X .

Proof. Let X,be an arbitrary point in X . Then by virtue of (i), it is guaranteed to choose the points X, , X, € X such
that AX, =TX, and BX; = SX,. Similarly, we choose X;,X, € X suchthat AX, =TX, and BX, = SX;. Continuing

in this process, we obtain a sequence {Y,} < X such that
Yon = SX5n = BXon 1t Yonut = MXopu = Ay for n=1,2,3,... (1)

Now, we show that {Y, } is Cauchy sequence in X . By (ii) and (1), we obtain

||y2n+l — ¥on ”p : ”AXZn b BX2n—1||p

S40(“”8)(% Xon 1” +@-a)max — {”SXZn szn” ”TXZn - B 2n—1||p
%M—mmanfAMM)

= p(@lan = Yool + A= I MX {1z = Yo Y~ Vel

||Y2n o y2n|| ' ||y2n—l - y2n+l|| })

( ||y2n Yon 1” +(1- a)max {”yZn Y2n+1|| ||y2n—1 y2n||
(2

mnﬂ—wm+wm—an})

Suppose that ||y2n+l - y2n|| > ||y2n - y2n71|| , then from (2) we obtain

_ Up
pO() 2P ||y2n - y2n+1||p))

1
”yzn - y2n+l|| < (¢(a||y2n - y2n+l||p + ( 2

< ||y2n - y2n+1||

This is a contradiction. Thus, ||y2n+1 - y2n|| > ||y2n - y2n_l|| . Similarly, we can show that

||y2n+2 — y2n+1|| > ||y2n+l —Yon || . Consequently, we obtain
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Yo=Yl <@(Iy2 = Youl”)

<o"(|vo-yil"), n=123,..
By Lemma 1.3, we obtain

rlli_r)g”yml —Y, ” =0. ©)

In order to show that {Y, }is Cauchy sequence, it is sufficient to show that {Y,,,} is a Cauchy sequence. Suppose not,
then there exists £ >0, {n(k)} a sequence of even integers defined inductively with N(1) =2 and N(K +1) is the

smallest even integers greater than N(K) such that

Ynsn-2 = Yo H <e ®)

Using (4), we obtain

Ynwan — yn(k)” S‘

4

Yosn) — yn(k)H >& (4)

so that ‘

Yotk — yn(k+1)—1”

Ynksy-1 — yn(k)—ZH +‘

8<‘

Yotz = Yoo ork=1,2,3,...

By (3) and (5), we obtain

Iim‘
n—oo

Yo ~ Yo H 7.2 (6)

Also, by triangular inequality, we have

‘ ‘ Ynke) = yn(k)” _‘

_‘ Yok — yn(k)” ‘ S‘

It follows from (3) and (6), we obtain

Yn(ksy-1 — yn(k)” ‘ S‘ Yok — yn(k+1)—1H

and ‘ ‘ Yo — yn(k+1)—l” +‘ Yoy~ Ynw H

Yn-1 ~ Ynaon

lim

n—o0

=& (@)

Yot = Y 1‘ =lim

n—oo

Yntn-1 — Yngoal =

Now, we have

+\

Yoy ~ Yo H < ‘ Yoy — yn(k)”

= HAXn(k) Bx n(k+1)—1” +‘

Yoy = Ynwon
)]

Yoaon — yn(k)”

By (ii), we obtain

p
HAXn(k) BXn(k+l) 1” < @(ausxn(k) Txn(k+1) 1” +(1-a)max — {stn(k) n(k) H
p p
HTXn(kJrl)—l - BXn(k+l)—1H HSXn(k) n(k+l)—1H ’ HTXn(k+1)—l - AXn(k) H })
" <o(a|

Using (5), (6), (8) and letting N —> o0, we obtain

Yoty ~ Yneks) 1” +(1-a)max — {‘

P
o

Yoty = Ynwos

P
n

Ynaoa = Yne

p
Yot ~ Yneks Yoisna = Ynon })

yn(k+l)—1 - yn(k+l)
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es(go(agp +(1—a)2—1p.8”)j F’

=£¢(a+%}ep} , 0<a+(l—a).2—1p<l’

< (gp(gp))llp <&

This is a contradiction. Therefore, {y2n} is Cauchy sequence and hence {yn}is also Cauchy sequence in X . Since,
X is Banach space, the sequence {Yy.} converges to a point te X . Moreover, {SX,.},{BX,, .},
{Tx,,..}and {Ax,} are subsequences of {y } sothat SX,,,BX,, ;. TX, .1, AX,, >t X .

Since B(X) < S(X), thereis apoint U € X such that SU=t € X . We claim that AU =SU =t. Suppose not,
then there exists & > 0 such that ||Au - Su|| >e.

Now by (ii), we have
|Au—Suf=[Au—t|
<[ Au = BXy,_y |+ [[BXp s — 1

1
< p(alsu—To|" + @-aymax—{jsu=Au’, [Tx,, , =B,

1p
”SU r BXZn—l”p | ”TXZn—l - Au"p }) 9 ”BXZH _t”

Letting N —> o0, we obtain

Up
1-—
||Au—Su||£(go(( = ||Su—Au||pD

1 e 1
< ((1—05).F||Su — Au||pj 0<l-a) 5 <1

<[Su— Aul|

Thus, AU=SU =t € X and hence U is the coincidence point of the pair {A, S} . Therefore, U € C(A,S) . Since,

A(X) =T (X)), there exists a point V € X such that TV =t € X . We claim that Bv =Tv=t € X . By (ii), we
obtain

[Tv—Bv| <|Au—BYy|

s[¢((l—a).%||Tv—Bv||pjj

<o) @@y <2°
<|Tv-By|

This is contradiction if BV # TV and hence V is the coincidence point of the pair{B,T}. Sothat ve C(B,T).
Therefore, AU=Su=Bv=Tv=te X.

Since U C(A,S) and ve C(B,T) for some U,V € X . Consequently, weakly S-biased of the pair {A, S}implies
that
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|SAu - Su|| <[ ASu— Aul|. )
Similarly, by weakly T- biased of {B, T} implies that
[TBv—Tv| <||BTv—BYy|. (10)
On the other hand, U € C(A, S) follows that AU = Su, then AAU = ASU and SAU = SSuU .

Similarly, V€ C(B,T) follows that Bv =Tv, then BBv = BTV and TBv =TTV. Now, we claim that AU is a
common fixed pointof A,B,Sand T .

By (ii) and (9), we obtain

||AAu—Au||=||AAu—Bv||S( (e[spu-Tv|" +@- @) max {||SAu AAU[",

i
[Tv- Byl JsAu—Bv|P Tv—AuP’ )]
( ( |SAu —Sul® + (1~ ) max = {”SAU &y

fsau-suf’})) "

<(o(lsAu=Suf +@-a) max_ {(||3Au Sl + | Asu— Au[)’,
||SAu—Su||p}))
s(go(”ASu—Au”p))up

<] ASu — Au| = AAu — Au].
This is a contradiction and hence AAU = AU. Since, the pair {A, S}is weakly S-biased. It follows that
|SAu— Au|| = SAu — Su| <||ASu — Au| = | AAu — Au| = 0.

Hence, AAU = SAu = Au.
Now, by (ii) and (10), we obtain

| Au—BAu| = | Au—BBv| < p( [Su~TBY| + 1~ a)max {||3u A’
||TBV—BBV||,||SU—BBV||p,||TBV—Au||p}))p

~(¢(afTBV-Tv]" + - cymax L (IrBv-BTy,

[B7v -y [rev-Td[’})| !
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= (¢(“||TBV—TVII" +(1-a) maxz—lp{(||TBV—Tv||+ |BTv-BV|)"”,

U
|BTv—8v]" [Tev-Tv{"}))

<(o(lBTv-8)) "
<|BTv—-Bv|=|BAu— Au|

This is a contradicton and hence, BAU= AU. Further, weakly T-biased of {B,T} follows that
||TAU — AU” = ||TBV—TV|| < ||BTV— BV” = ||BALI — AU” =0 and hence TAu = Au. Therefore,
AAU=BAU=SAU=TAu=Au=te X . This shows that Au=te X is a common fixed point of
ABSandT.

Now, we show that AU =t is a unique common fixed pointof A,B,S and T .

Suppose that t and t' be two points in X such that At=St =Bt =Tt =t and At'=St'=Bt'=Tt'=t",
then by (i), we have

et =At=Bt] <(p(alst-Tt ]’
1 p ' i||P i||P 1 p i5
+(1—a)max2—p{||St—At|| |Tt= B, |st- Bt ,[Tt'- At }))

<(p(a+@-ayr2e)ft-t)”
<[t=t7.
This is a contradiction. This completes the proof.o

Corollary 2.2. Let A,B,S and T be mappings of a Banach space X into itself satisfying the
following conditions (i) and (ii) of Theorem 2.1. Then, the pairs {A,S} and {B,T} have coincidence
points. Further, if the pairs {A,S} and {B,T} are weakly compatible, then A, B, S and T have a
unique common fixed point in X .

Proof: It can be proof as in Theorem 2.1...
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