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INTRODUCTION  

In a fractional calculus there are many types of fractional integral operators like as Riemann-Liouville & Weyl, Erdėlyi-
Kober, pathway operator but in this paper we use Saigo fractional integral operator.The Saigo fractional integral operator 
was introduced by Saigo [6, 8] which is defined as follows;  

                            𝐼0,𝑥
𝛼 ,𝛽 ,𝜂

𝑓 𝑥 =
𝑥−𝛼−𝛽

Γ𝛼
  𝑥 − 𝑡 𝛼−1 𝐹12

  𝛼 + 𝛽 − 𝜂; 𝛼; 1 −
𝑡

𝑥
 𝑓 𝑡 

𝑥

0
𝑑𝑡               (1) where 𝑅𝑒 𝛼 ≥ 0, and   

                            𝐽𝑥 ,∞
𝛼 ,𝛽 ,𝜂

𝑓 𝑥 =
1

Γ𝛼
  𝑡 − 𝑥 𝛼−1𝑡−𝛼−𝛽 𝐹12

  𝛼 + 𝛽 − 𝜂; 𝛼; 1 −
𝑥

𝑡
 𝑓 𝑡 

∞

𝑥
𝑑𝑡                       (2) 

 where 𝑅𝑒 𝛼 > 0 

where 𝐹12
  ∙  is the Gauss hypergeometric function which is defined as: 

                                  𝐹12
  𝑎, 𝑏; 𝑐; 𝑥 = 𝐹12

  
𝑎, 𝑏
𝑐

; 𝑥 =  
 𝑎 𝑛  𝑏 𝑛

 𝑐 𝑛

𝑥𝑛

𝑛 !
∞
𝑛=0                                                  (3) 

The Saigo fractional integral operator (1) contains both the Riemann-Liouville and Erdėlyi-Kober fractional integral 
operators by the following relationships: 

                                𝑅0,𝑥
𝛼 𝑓 𝑥 = 𝐼0,𝑥

𝛼 ,−𝛼 ,𝜂
𝑓 𝑥 =

1

Γ𝛼
  𝑥 − 𝑡 𝛼−1𝑓 𝑡 

𝑥

0
𝑑𝑡                                              (4) 

 and                       𝐸0,𝑥
𝛼 ,𝜂

𝑓 𝑥 = 𝐼0,𝑥
𝛼 ,0,𝜂

𝑓 𝑥 =
𝑥−𝛼−𝜂

Γ𝛼
  𝑥 − 𝑡 𝛼−1𝑡𝜂𝑓 𝑡 

𝑥

0
𝑑𝑡                                          (5)     

and the operator (2) contains the Weyl and Erdėlyi-Kober fractional integral operators by the following relationships: 

                               𝑊𝑥 ,∞
𝛼 𝑓 𝑥 = 𝐽𝑥 ,∞

𝛼 ,−𝛼 ,𝜂
𝑓 𝑥 =

1

Γ𝛼
  𝑡 − 𝑥 𝛼−1𝑓 𝑡 

∞

𝑥
𝑑𝑡                                              (6) 

and                         𝐾𝑥 ,∞
𝛼 ,𝜂

𝑓 𝑥 = 𝐽𝑥,∞
𝛼 ,0,𝜂

𝑓 𝑥 =
𝑥𝜂

Γ𝛼
  𝑡 − 𝑥 𝛼−1𝑡−𝛼−𝜂𝑓 𝑡 

∞

𝑥
𝑑𝑡                                       (7) 

The I-Function 

The 𝐼-function is the generalization of 𝐻-function which was introduced by Saxena [9], while is defines as follows: 

                                   𝐼 𝑥 = 𝐼𝑝𝑖 ,𝑞𝑖 ;𝑟
𝑚 ,𝑛  𝑥 = 𝐼𝑝𝑖 ,𝑞𝑖 ;𝑟

𝑚 ,𝑛  𝑥  
 𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

                                 (8) 

                                                         =
1

2𝜋𝑖
 𝒳 𝑠 

 

𝐿
𝑥𝑠𝑑𝑠                                                                  (9)   

Where 𝑥 ≠ 0 and 𝑥 = 𝑒𝑥𝑝 𝑠 𝐿𝑜𝑔  𝑥 + 𝑖 arg 𝑥  in which 𝐿𝑜𝑔  𝑥  represents the natural logarithmic of  𝑥  and arg 𝑥 is not 

necessarily the principal value. Here  

                                                   𝒳 𝑠 =
 Γ 𝑏𝑗−𝐵𝑗 𝑠 

𝑚
𝑗 =1  Γ 1−𝑎𝑗 +𝐴𝑗 𝑠 

𝑛
𝑗 =1

   Γ 1−𝑏𝑗𝑖 +𝐵𝑗𝑖 𝑠 
𝑞𝑖
𝑗 =𝑚 +1

 Γ 𝑎𝑗𝑖 −𝐴𝑗𝑖 𝑠 
𝑝 𝑖
𝑗 =𝑛+1

 𝑟
𝑖=1

                             (10) 

with all other conditions as already detailed in [18]. 

The following results [10] are required in this continuation. 

𝑥−𝛼−𝛽

Γ𝛼
 𝑡𝜌−1 𝑥 − 𝑡 𝛼−1𝑥

0
𝐹1  𝛼 + 𝛽. −𝜂; 𝛼; 1 −

𝑡

𝑥
 2

 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑡  

 𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  𝑑𝑡 =

  𝑥𝜌−𝛽−1𝐼𝑝𝑖+2,𝑞𝑖  +2;𝑟
𝑚 ,𝑛+2  𝑎𝑥  

 1 − 𝜌, 1 ,  1 − 𝜌 − 𝜂 + 𝛽, 1 ,  𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

,  1 − 𝜌 + 𝛽, 1  1 − 𝜌 − 𝛼 − 𝜂, 1 
                         (11) 

       

 1

Γ𝛼
 𝑡𝜌−1 𝑡 − 𝑥 𝛼−1𝑡−𝛼−𝛽∞

𝑥
𝐹12

  𝛼 + 𝛽. −𝜂; 𝛼; 1 −
𝑥

𝑡
 𝐼𝑝𝑖  , 𝑞𝑖  ; 𝑟

𝑚 ,𝑛  𝑎𝑡  
 𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  𝑑𝑡 =

  𝑥𝜌−𝛽−1𝐼𝑝𝑖+2,𝑞𝑖  +2;𝑟
𝑚+2,𝑛  𝑎𝑥  

 𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

,  1 − 𝜌, 1  1 − 𝜌 + 𝛼 + 𝛽 + 𝜂, 1 

 1 − 𝜌 + 𝛽, 1  1 − 𝜌 + 𝜂, 1 ,  𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

                           (12)                                      

where 𝑠 =  𝑏 + 𝑣 𝐵′  𝑅𝑒 𝜌 + min 𝑏𝑗 𝐵𝑗  > 0, 𝑗 = 1,2, … , 𝑚;    𝑅𝑒 𝛼 ≥ 0;  arg 𝑎𝑥 <  1 2  𝜋𝜆𝑖 ,   𝜆𝑖 =  𝐴𝑗
𝑛
𝑗 =1 −

 𝐴𝑗𝑖
𝑝𝑖
𝑗 =𝑛+1 +  𝐵𝑗

𝑚
𝑗 =1 −  𝐵𝑗𝑖

𝑞𝑖
𝑗 =𝑚+1 > 0, where  𝑖 = 1,2, … , 𝑟 ;   𝜇𝑖 =  𝐴𝑗 +  𝐴𝑗𝑖

𝑝𝑖
𝑗 =𝑛+1

𝑛
𝑗 =1 −  𝐵𝑗

𝑚
𝑗 =1 +  𝐵𝑗𝑖

𝑞𝑖
𝑗 =𝑚+1 ≤ 0.  or 𝜇𝑖 =

0 ; 𝑖 = 1,2, … . . , 𝑟 and 0 <  at < 𝛽𝑖
−1;   𝛽𝑖 =   𝐴𝑗𝑖  

𝐴𝑗𝑖𝑝𝑖
𝑗 =1

  𝐵𝑗𝑖  
−𝐵𝑗𝑖𝑞𝑖

𝑗 =1 , 𝑖 = 1,2, … . , 𝑟.  

Equations (11) and (12) find by using the following integral:   
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                        𝑡𝜌+𝑠−1 𝑥 − 𝑡 𝜍+𝑘−1𝑥

0
𝑑𝑡 = 𝑥𝜌+𝑠+𝛼+𝑘−1𝛽 𝜌 + 𝑠, 𝛼 + 𝑘                                            (13) 

                       𝑡𝜌−𝛼−𝛽+𝑠−𝑘−1 𝑡 − 𝑥 𝛼+𝑘−1∞

𝑥
𝑑𝑡 = 𝑥𝜌−𝛽+𝑠−1 Γ 1−𝜌+𝛽−𝑠 Γ 𝛼+𝑘 

Γ 1−𝜌+𝛼+𝛽+𝑘−𝑠 
                                  (14) 

where, 𝑅𝑒 𝜌 > 0, 𝑅𝑒 𝛼 > 0. 

 The computable form of I-function can be written as: 

                                        𝐼𝑝𝑖 ,𝑞𝑖 ;𝑟
𝑚 ,𝑛  𝑥 =   

 −1 𝑣𝑥𝑠𝒳 𝑠 

𝑣! 𝐵

∞
𝑣=0

𝑚
=1                                                               (15) 

 where 𝑠 =  𝑏 + 𝑣 𝐵  exist for all 𝑥 ≠ 0 if 𝜇𝑖 < 0 and 0 <  𝑥 < 𝛽𝑖
−1 if 𝜇𝑖 = 0,  where  𝜇𝑖 =  𝐴𝑗 +  𝐴𝑗𝑖

𝑝𝑖
𝑗 =𝑛+1

𝑛
𝑗 =1 −

𝑗=1𝑚𝐵𝑗+𝑗=𝑚+1𝑞𝑖𝐵𝑗𝑖 and 𝛽𝑖=𝑗=1𝑝𝑖𝐴𝑗𝑖𝐴𝑗𝑖𝑗=1𝑞𝑖𝐵𝑗𝑖−𝐵𝑗𝑖, 𝑖=1,2,….,𝑟. Here )(s is given by (10). 

THE FUNCTIONAL RELATIONS 

1. In this section, we will establish the following relations by using Saigo fractional 
integral operator: 

 
 𝛼 𝑘

𝑘
∞
𝑘=1 ×

   
 𝛼+𝛽 𝑙 −𝜂 𝑙 𝛼+𝑘 𝑙

𝑙! 𝛼 𝑙

∞
𝑙=0  

 

 

×  𝐼𝑝𝑖+2,𝑞𝑖  +2;𝑟
𝑚 ,𝑛+2  𝑎𝑥  

 1 − 𝜌, 1 ,  1 − 𝜌 − 𝛼 − 𝛽 − 𝜂, 1 ,  𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

,  1 − 𝜌 − 𝜂, 1 ,  1 − 𝜌 − 𝛼 − 𝛽 − 𝑙 − 𝑘, 1 
    =

  
 −1 𝑣 𝑎𝑥  𝑠𝒳 𝑠 

𝑣! 𝐵

∞
𝑣=0

𝑚
=1  𝜓 𝜌 + 𝑠 + 𝜓 𝜌 + 𝜍 + 𝛽 + 𝜂 + 𝑠 − 𝜓 𝜌 + 𝛽 + 𝑠 − 𝜓 𝜌 + 𝜂 + 𝑠              (16)                          

where 𝑠 =  𝑏 + 𝑣 𝐵  , 𝑅𝑒 𝜌 + min 𝑏𝑗 𝐵𝑗  > 0, 𝑗 = 1,2, … , 𝑚;    𝑅𝑒 𝛼 ≥ 0,  arg 𝑎𝑥 <  1 2  𝜋𝜆𝑖 ,   𝜆𝑖 > 0;  𝜇𝑖 ≤ 0.  𝜆𝑖  and 𝜇𝑖 

are defined where 𝜓 is the logarithmic derivative of Gamma function. 

 

Proof: On differentiating both sides of (11) with respect to 𝜌 according to Leibnitz’s rule it is found that 

𝑥−𝛼−𝛽

Γ𝛼
 𝑡𝜌−1 ln 𝑡  𝑥 − 𝑡 𝛼−1𝑥

0
𝐹1  𝛼 + 𝛽. −𝜂; 𝛼; 1 −

𝑡

𝑥
 2

 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑡  

 𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  𝑑𝑡 =

  𝑥𝜌−𝛽−1  ln 𝑥  𝐼𝑝𝑖+2,𝑞𝑖  +2;𝑟
𝑚 ,𝑛+2  𝑎𝑥  

 1 − 𝜌, 1 ,  1 − 𝜌 − 𝜂 + 𝛽, 1 ,  𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

,  1 − 𝜌 + 𝛽, 1  1 − 𝜌 − 𝛼 − 𝜂, 1 
  +

 =1𝑚𝑣=0∞−1𝑣𝑎𝑥𝑠𝒳𝑠Γ𝜌+𝑠Γ𝜌+𝜂−𝛽+𝑠𝑣! 𝐵Γ𝜌−𝛽+𝑠𝛤𝜌+𝛼+𝜂+𝑠𝜓𝜌+𝑠+𝜓𝜌+𝜂−𝛽+𝑠−𝜓𝜌−𝛽+𝑠−𝜓𝜌+𝛼+𝜂+𝑠                                                                                                                   
(17)  
where s =  bh + v Bh . 

The R. H. S. of the equation (17) will be designated by   𝐽 𝑎𝑝𝑖
, 𝐴𝑝𝑖

; 𝑏𝑞𝑖
, 𝐵𝑞𝑖

; 𝜌, 𝛼, 𝛽, 𝜂, 𝑎 . 

In term of Saigo fractional integral operator, equation (17) can be written as: 

                                 𝐼0,𝑥
𝛼 ,𝛽 ,𝜂

𝑓 𝑥 =
𝑥−𝛼−𝛽

Γ𝛼
  𝑥 − 𝑡 𝛼−1 𝐹12

  𝛼 + 𝛽. −𝜂; 𝛼; 1 −
𝑡

𝑥
 𝑓 𝑡 

𝑥

0
𝑑𝑡                      (18) 

On the account of the property of analyticity and continuity at 𝛼 = 0, 𝛽 = 0 and 𝜂 = 0, we interchanging the role of  𝜂 

by 𝜂 − 𝛼, 𝛽 by –  𝛽 and 𝛼 by – 𝛼. Hence for the differentiation of   

                              𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑥  

 𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

   

to an arbitrary order, we find that 

𝐼0,𝑥
−𝛼 ,−𝛽 ,𝜂−𝛼 𝑥𝜌−1 ln 𝑥  𝐼(𝑎𝑥) =   𝑥𝜌+𝛽−1  ln 𝑥  𝐼𝑝𝑖+2,𝑞𝑖  +2;𝑟

𝑚 ,𝑛+2  𝑎𝑥  
 1 − 𝜌, 1 ,  1 − 𝜌 − 𝜂 − 𝛼 − 𝛽, 1 ,  𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

,  1 − 𝜌 − 𝛽, 1  1 − 𝜌 − 𝜂, 1 
  +

  =1𝑚𝑣=0∞−1𝑣𝑎𝑥𝑠𝒳𝑠Γ𝜌+𝑠Γ𝜌+𝛼+𝛽+𝜂+𝑠𝑣! 𝐵Γ𝜌+𝛽+𝑠𝛤𝜌+𝜂+𝑠𝜓𝜌+𝑠+𝜓𝜌+𝛼+𝛽+𝜂+𝑠−𝜓𝜌+𝛽+𝑠−𝜓𝜌+𝜂+𝑠                                                                                           

(19) 
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Now we consider the following integral equation of Volterra type:                 

                      
𝑥−𝛼−𝛽

Γ𝛼
 𝑡𝜌−1 𝑥 − 𝑡 𝛼−1𝑥

0
𝐹1  𝛼 + 𝛽. −𝜂; 𝛼; 1 −

𝑡

𝑥
 2

 𝑓(𝑡)𝑑𝑡 = 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖  ; 𝑟
𝑚 ,𝑛  𝑎𝑥         (20) 

 

where, 𝑅𝑒 𝜌 + min 𝑏𝑗 𝐵𝑗  > 0, 𝑅𝑒  𝜍 ≥ 0,  arg 𝑎 <  1 2  𝜋𝜆𝑖 ,  𝜆𝑖 > 0; 𝜇𝑖 ≤ 0.  

 Since (20) is of convolution type, it can be solved by applying Laplace transform. However, we use the technique of 
fractional integration operator to solve it, due to its elegance and simplicity. 

On writing (20) in the operator form, we have 

                                               𝐼0,𝑥
𝛼 ,𝛽 ,𝜂

𝑓 𝑥 = 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖  ; 𝑟
𝑚 ,𝑛  𝑎𝑥                                                   (21) 

Operating on both side of (21) with 𝐼0,𝑥
−𝛼 ,−𝛽 ,𝜂−𝛼

                                                                                                                                                                   

                                          𝑓 𝑥 = 𝐼0,𝑥
−𝛼 ,−𝛽 ,𝜂−𝛼

 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖  ; 𝑟
𝑚 ,𝑛  𝑎𝑥                                             (22) 

In view of (19), then we can write the solution of the integral (22) as 

 𝑓 𝑥 =

 𝑥𝜌+𝛽−1 ×

 ln 𝑥  𝐼𝑝𝑖+2,𝑞𝑖 +2;𝑟
𝑚 ,𝑛+2  𝑎𝑥  

 1 − 𝜌, 1 ,  1 − 𝜌 − 𝜂 − 𝛼 − 𝛽, 1 ,  𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

,  1 − 𝜌 − 𝛽, 1  1 − 𝜌 − 𝜂, 1 
  +

 =1𝑚𝑣=0∞−1𝑣𝑎𝑥𝑠𝒳𝑠Γ𝜌+𝑠Γ𝜌+𝛼+𝛽+𝜂+𝑠𝑣! 𝐵Γ𝜌+𝛽+𝑠𝛤𝜌+𝜂+𝑠𝜓𝜌+𝑠+𝜓𝜌+𝛼+𝛽+𝜂+𝑠−𝜓𝜌+𝛽+𝑠−𝜓𝜌+𝜂+𝑠                                                                                                                              

(23)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 

to verify the solution, we substitutes (23) in to (20) in terms of argument 𝑡.  

On writing 

                                              𝑡 = 𝑥 + 𝑡 − 𝑥 = 𝑥  1 +
𝑡−𝑥

𝑥
 = 𝑥  1 −

𝑥−𝑡

𝑥
  

Where 𝑥 and 𝑡 are real and 𝑥 > 0, so we obtain a series expansion of ln 𝑡 in the form 

                                                       ln 𝑡 = ln 𝑥 + ln  1 +
𝑡−𝑥

𝑥
                                                         (24)                           

when   𝑡 − 𝑥 𝑥  < 1, ln 1 +   𝑡 − 𝑥 𝑥    can be expanded in to a Taylor’s series expansion. Thus 

                                                          ln 𝑡 = ln 𝑥 −  
 𝑥−𝑡 𝑘

𝑘𝑥𝑘
∞
𝑘=1                                                         (25) 

with the interval of the convergence  0 < 𝑡 ≤ 2𝑥 . 

If we substitute (23) and (25) in (20) and evaluate the corresponding beta type integrals, the desired result (16) is 
achieved. 

Special Case:  

Putting 𝑙 = 0, 𝜂 = 0, 𝛽 = 0 and 𝜌 = 𝜌 − 𝛼   in equation (16), then we get the functional relations by using Riemann Liouville 

operator [3] 

 
 𝛼 𝑘

𝑘
∞
𝑘=1 𝐼𝑝𝑖+1,𝑞𝑖  +1;𝑟

𝑚 ,𝑛+1  𝑎𝑥  
 1 − 𝜌, 1 ,  𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

,  1 − 𝜌 − 𝑘, 1 
  =   

 −1 𝑣 𝑎𝑥  𝑠𝒳 𝑠 

𝑣! 𝐵

∞
𝑣=0

𝑚
=1  𝜓 𝜌 + 𝑠 − 𝜓 𝜌 − 𝛼 + 𝑠             

                                                  (26)  

If we putting 𝑝𝑖 = 𝑝 , 𝑞𝑖  = 𝑞 for all values of 𝑖 and  𝑟 = 1 in equation (26). Then we get the functional relation of H-function 

[5]. 

 
 𝛼 𝑘

𝑘
∞
𝑘=1 𝐻𝑝+1,𝑞+1

𝑚 ,𝑛+1  𝑎𝑥  
 1 − 𝜌, 1 ,  𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

,  1 − 𝜌 − 𝑘, 1 
  =   

 −1 𝑣 𝑎𝑥  𝑠𝒳 𝑠 

𝑣! 𝐵

∞
𝑣=0

𝑚
=1  𝜓 𝜌 + 𝑠 − 𝜓 𝜌 − 𝛼 + 𝑠                                                                                                                          

(27)                                                                                                                    

2. In this section, we establish the following functional relations by using Saigo 
fractional integral operator: 
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 −1 𝑘 𝛼 𝑘

𝑘
  

 𝛼+𝛽 𝑙 −𝜂 𝑙 𝛼+𝑘 𝑙

 𝛼 𝑙  𝑙!
∞
𝑙=0  ∞

𝑘=1 ×

𝐼𝑝𝑖+3,𝑞𝑖  +3;𝑟
𝑚+3,𝑛  𝑎𝑥  

 𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

,  1 − 𝜌, 1   1 − 𝜌 − 𝛽 + 𝜂, 1  1 − 𝜌 + 𝛼 + 𝑙, 1 

 1 − 𝜌 − 𝛽, 1  1 − 𝜌 + 𝛼 + 𝜂, 1  1 − 𝜌 − 𝑘, 1 ,  𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  =   
 −1 𝑣 𝑎𝑥  𝑠𝒳 𝑠 

𝑣! 𝐵

∞
𝑣=0

𝑚
=1  𝜓 1 − 𝜌 −

𝛽−𝑠+𝜓1−𝜌+𝛼+𝜂−𝑠−𝜓1−𝜌−𝑠−𝜓1−𝜌−𝛽+𝜂−𝑠                                                                                                         (28)  

where 𝑠 =  𝑏 + 𝑣 𝐵  , 𝑅𝑒 𝜌 + min 𝑏𝑗 𝐵𝑗  > 0, 𝑗 = 1,2, … , 𝑚;    𝑅𝑒 𝛼 ≥ 0,  arg 𝑎𝑥 <  1 2  𝜋𝜆𝑖 ,   𝜆𝑖 > 0;  𝜇𝑖 ≤

0.  𝜆𝑖  𝑎𝑛𝑑 𝜇𝑖are defined where 𝜓 is the logarithmic derivative of Gamma function. 

Proof: On differentiating both sides of (12) with respect to 𝜌 according to Leibnitz’s rule it is found that 

 1

Γ𝛼
 𝑡𝜌−1 ln 𝑡  𝑡 − 𝑥 𝛼−1∞

𝑥
𝑡−𝛼−𝛽 𝐹12

  𝛼 + 𝛽. −𝜂; 𝛼; 1 −
𝑥

𝑡
  × 𝐼𝑝𝑖  , 𝑞𝑖  ; 𝑟

𝑚 ,𝑛  𝑎𝑡  
 𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

 𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  𝑑𝑡 =

  𝑥𝜌−𝛽−1  ln 𝑥 𝐼𝑝𝑖+2,𝑞𝑖 +2;𝑟
𝑚 +2,𝑛  𝑎𝑥  

 𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

,  1 − 𝜌, 1  1 − 𝜌 + 𝛼 + 𝛽 + 𝜂, 1 

 1 − 𝜌 + 𝛽, 1  1 − 𝜌 + 𝜂, 1 ,  𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  +

=1𝑚𝑣=0∞−1𝑣𝑎𝑥𝑠𝒳𝑠𝛤1−𝜌+𝜂−𝑠𝛤1−𝜌+𝛽−𝑠𝑣! 
𝐵𝛤1−𝜌+𝛼+𝛽+𝜂−𝑠𝛤1−𝜌−𝑠𝜓1−𝜌+𝛽−𝑠+𝜓1−𝜌+𝜂−𝑠−𝜓1−𝜌−𝑠−𝜓1−𝜌+𝜂+𝜍−𝑠                                                                                                                    

(29)                                                                                                                                       

where 𝑠 =  𝑏 + 𝑣 𝐵  .  

The R. H. S. of the (29) will be designated by 𝐽 𝑎𝑝𝑖
, 𝐴𝑝𝑖

; 𝑏𝑞𝑖
, 𝐵𝑞𝑖

; 𝜌, 𝛼, 𝛽, 𝜂, 𝑎 . 

In term of Saigo operator, (29) can be written as  

                        𝐽𝑥 ,∞
𝛼 ,𝛽 ,𝜂

 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖  ; 𝑟
𝑚 ,𝑛  𝑎𝑥  =  𝐽 𝑎𝑝𝑖

, 𝐴𝑝𝑖
; 𝑏𝑞𝑖

, 𝐵𝑞𝑖
; 𝜌, 𝜂, 𝜍, 𝑎                                     (30)                 

On the account of the properties of analyticity and continuity at 𝛼 = 0, 𝛽 = 0 and 𝜂 = 0, we interchanging the role of  𝜂 by 

 𝜂 − 𝛼, 𝛽 by −𝛽 and 𝛼 by −𝛼 . Hence for the differentiation of 

                                                𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑥   

to an arbitrary order, we find that 

𝐽𝑥 ,∞
−𝛼 ,−𝛽 ,𝜂−𝛼

 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑥  =  𝐽 𝑎𝑝𝑖

, 𝐴𝑝𝑖
; 𝑏𝑞𝑖

, 𝐵𝑞𝑖
; 𝜌, −𝛼, −𝛽, 𝜂 − 𝛼, 𝑎    

𝐽𝑥 ,∞
−𝛼 ,−𝛽 ,𝜂−𝛼

 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑥  = 𝑥𝜌+𝛽−1  ln 𝑥 𝐼𝑝𝑖+2,𝑞𝑖  +2;𝑟

𝑚+2,𝑛  𝑎𝑥  
 𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖
,  1 − 𝜌, 1  1 − 𝜌 − 𝛽 + 𝜂, 1 

 1 − 𝜌 − 𝛽, 1  1 − 𝜌 + 𝜂 + 𝛼, 1 ,  𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  +

=1𝑚𝑣=0∞−1𝑣𝑎𝑥𝑠𝒳𝑠𝛤1−𝜌+𝜂+𝛼−𝑠𝛤1−𝜌−𝛽−𝑠𝑣! 
𝐵𝛤1−𝜌−𝛽+𝜂−𝑠𝛤1−𝜌−𝑠𝜓1−𝜌−𝛽−𝑠+𝜓1−𝜌+𝜂+𝛼−𝑠−𝜓1−𝜌−𝑠−𝜓1−𝜌−𝛽+𝜂−𝑠                                                                                           
(31)                                                                                                                                 

where s =  bh + v Bh . 

Now we consider the following Volterra type integral: 

                      
 1

Γ𝛼
  𝑡 − 𝑥 𝛼−1𝑡−𝛼−𝛽∞

𝑥
𝐹12

  𝛼 + 𝛽. −𝜂; 𝛼; 1 −
𝑥

𝑡
 

 

 
𝑓 𝑡 𝑑𝑡 = 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟

𝑚 ,𝑛  𝑎𝑥         (32)          

where 𝑅𝑒 𝜌 + min 𝑏𝑗 𝐵𝑗  > 0, 𝑅𝑒 𝜍 ≥ 0,  arg 𝑎 <  1 2  𝜋 𝜆𝑖 ,  𝜆𝑖 > 0; 𝜇𝑖 ≤ 0.  

Since (32) is of convolution type, it can be solved by applying Laplace transform. However, we use the technique of 
fractional integration operator to solve it, due to its elegance and simplicity. 

On writing (32) in the operator form, we have 

                                     𝐽𝑥 ,∞
𝛼 ,𝛽 ,𝜂

 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑥  = 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖  ; 𝑟

𝑚 ,𝑛  𝑎𝑥                             (33)                          

Operating on both sides of (33) with 𝐽𝑥 ,∞
−𝛼 ,−𝛽 ,𝜂−𝛼

 on both sides, we get  

                                            𝑓 𝑥 =  𝐽𝑥 ,∞
−𝛼 ,−𝛽 ,𝜂−𝛼

 𝑥𝜌−1 ln 𝑥 𝐼𝑝𝑖  , 𝑞𝑖   ; 𝑟
𝑚 ,𝑛  𝑎𝑥                                           (34) 

In view of (30) we can write the solution of the integral (31) as 
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𝑓 𝑥 =

𝑥𝜌+𝛽−1  ln 𝑥 𝐼𝑝𝑖+2,𝑞𝑖 +2;𝑟
𝑚 +2,𝑛  𝑎𝑥  

 𝑎𝑗 , 𝐴𝑗  1,𝑛
;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖

,  1 − 𝜌, 1  1 − 𝜌 − 𝛽 + 𝜂, 1 

 1 − 𝜌 − 𝛽, 1  1 − 𝜌 + 𝜂 + 𝛼, 1 ,  𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  +

=1𝑚𝑣=0∞−1𝑣𝑎𝑥𝑠𝒳𝑠𝛤1−𝜌+𝜂+𝛼−𝑠𝛤1−𝜌−𝛽−𝑠𝑣! 
𝐵𝛤1−𝜌−𝛽+𝜂−𝑠𝛤1−𝜌−𝑠𝜓1−𝜌−𝛽−𝑠+𝜓1−𝜌+𝜂+𝛼−𝑠−𝜓1−𝜌−𝑠−𝜓1−𝜌−𝛽+𝜂−𝑠                                                                                          

(35)                                                                                                                                                                 

To verified the solution, we substitutes (35) in to (32) in terms of argument
 
𝑡.  

On writing 

                                           𝑡 = 𝑥 + 𝑡 − 𝑥 = 𝑥  1 +
𝑡−𝑥

𝑥
 = 𝑥  1 −

𝑥−𝑡

𝑥
  

Where 𝑥 and 𝑡 are real and 𝑥 > 0, so we obtain a series expansion of ln 𝑡 in the form 

                                                          ln 𝑡 = ln 𝑥 + ln  1 +
𝑡−𝑥

𝑥
                                                        (36)                           

when   𝑡 − 𝑥 𝑥  < 1, ln 1 +   𝑡 − 𝑥 𝑥    can be expanded in to a Taylor’s series expansion. Thus 

                                                           ln 𝑡 = ln 𝑥 −  
 𝑥−𝑡 𝑘

𝑘𝑥𝑘
∞
𝑘=1                                                (37)                        with the 

interval of the convergence  0 < 𝑡 ≤ 2𝑥 . 

If we substitutes (35) and (37) in (32) and evaluate the corresponding beta type integrals, the desired result (28) is 
achieved. 

Special Cases: 

Putting  𝑙 = 0, 𝛽 = 0, 𝜂 = 0 in equation (28), then we get the functional relation by using Weyl integral operator [3] 

 
 −1 𝑘 𝛼 𝑘

𝑘
∞
𝑘=1 × 𝐼𝑝𝑖+1,𝑞𝑖  +1;𝑟

𝑚+1,𝑛  𝑎𝑥  
 𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖
,  1 − 𝜌, 1 

 1 − 𝜌 − 𝑘, 1 ,  𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  =   
 −1 𝑣 𝑎𝑥  𝑠𝒳 𝑠 

𝑣! 𝐵

∞
𝑣=0

𝑚
=1  𝜓 1 − 𝜌 + 𝛼 − 𝑠 −

𝜓1−𝜌−𝑠                                                             (38)   

                                                                                                                                                                       

If we put 𝑝𝑖 = 𝑝 , 𝑞𝑖 = 𝑞 for all values of 𝑖 and 𝑟 = 1 in equation (38), then we get the functional relation of H- function 

using Weyl integral operator [5] 

 
 −1 𝑘 𝛼 𝑘

𝑘
∞
𝑘=1 × 𝐻𝑝+1,𝑞+1

𝑚+1,𝑛  𝑎𝑥  
 𝑎𝑗 , 𝐴𝑗  1,𝑛

;  𝑎𝑗𝑖 , 𝐴𝑗𝑖  𝑛+1,𝑝𝑖
,  1 − 𝜌, 1 

 1 − 𝜌 − 𝑘, 1 ,  𝑏𝑗 , 𝐵𝑗  1,𝑚
;  𝑏𝑗𝑖 , 𝐵𝑗𝑖  𝑚+1,𝑞𝑖

  =    
 −1 𝑣 𝑎𝑥  𝑠𝒳 𝑠 

𝑣! 𝐵

∞
𝑣=0

𝑚
=1  𝜓 1 − 𝜌 + 𝜍 − 𝑠 −

𝜓1−𝜌−𝑠                                                           (39)                                                                                                          
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