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ABSTRACT: In the present paper we seek to establish functional relations between digamma functions and I-

functions by using Saigo fractional integral operator. This paper is extension of the paper of functional relations of I-
function by using Riemann-Liouville & Weyl fracatinal integral operators and Erdélyi-Kober fracational integral operators.
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INTRODUCTION

In a fractional calculus there are many types of fractional integral operators like as Riemann-Liouville & Weyl, Erdélyi-
Kober, pathway operator but in this paper we use Saigo fractional integral operator. The Saigo fractional integral operator
was introduced by Saigo [6, 8] which is defined as follows;

“ﬁ”f(x) fx—t)*L,E (a+ﬁ—n; a;l—%)f(t) dt (1) where Re(a) = 0, and
JEEM £ () = af;"(t — ) R (@ f-mas1 =) f(O) dt @

where Re(a) > 0

where ,F; (+) is the Gauss hypergeometric function which is defined as:

(@) (b)y x™
Fi(@,bc;x) = ofy [P 2] = i Ol &)

The Saigo fractional integral operator (1) contains both the Riemann-Liouville and Erdélyi-Kober fractional integral
operators by the following relationships:

RE.fQ) = I " f() = - [ e = )2 f(©) dt @)
and STFCO) = I F () = [ (e — )% e f(e) dt (5)
and the operator (2) contains the Weyl and Erdélyi-Kober fractional integral operators by the following relationships:
Wi fOO) =[S f () = = [ (t = )" f(B) dt (6)
and KELFG) = S F() = 2 [2(t = )" e~ (1) dt @)

The I-Function

The I-function is the generalization of H-function which was introduced by Saxena [9], while is defines as follows:

(4, 41), ‘(aji'Aﬁ)nH,pi

) =50 < =18 )
X X puqiT (bj' ( Jir i)m+1.ql'
:ﬁfo(s)des 1

Where x # 0 and x = exp{s Log |x| + iargx} in which Log |x| represents the natural logarithmic of |x| and argx is not
necessarily the principal value. Here

T/, T(b;—B;s) IT}_; T(1—a;+4;s)

X(s) = : : 10
{1 Dby 4By s) L T (i =Ajis)} (10)
with all other conditions as already detailed in [18].
The following results [10] are required in this continuation.
(a}' 4, (@i 43)
R (a4 g1 -D) e nHLP g =
o S b, B), (B
it ﬂ m+1,q;
—ﬁ 1Imn2+2 ) (1—/3,1) (1_ n+ﬁ 1) ( ]! ])171 ( jir jl)n+1’pi (11)
it2,q; +2;r
s g (]r ])1m(]l! ]1)m+1q (1_,0+B;1)(1_ —0!—7],1)
1 0 o 4 1 mn ( )1n (11' 11)n+1p
—J T =0T t“ﬁzFl(a+/3 -na1— )I T dt =
“ ( j)l (1“ Jl)m+1q
sz o (@.4),, (@0 4),,,, A —p DA—p+a+p+n1) w2
i T
pirea (1-p+p 10~ p+n,1)(,, By B0 Bit)
Where s = (b, +v)/By Re(p + min -/B-) >0, j=12,..,m; Re(a)=0; |argax| < (1/2)nh;, A =Xi_14 —
i1 A t XL B — XL By > O,where i=12,..,7; =X A+ XL A — XL B+ XL, B <0 orp =

0,1—1,2,.....,rand0<|at|<ﬁi L B=T0L(4)"Y T (B) " i= 12,0t

Equations (11) and (12) find by using the following integral:
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fox tpts—1 (x _ t)a+k—1 dt = xp+s+a+k—1ﬁ(p +s,a+ k) (13)
Cip—a—Pt+s—k-1(4 _ ,a+k—1 _ o p—B+s—1[A=p+B—s)(a+k)
fx t (t=x) dt = x FrA—p+a+p+k—s) (14)

where, Re(p) > 0,Re(a) > 0.
The computable form of I-function can be written as:

, 0 (CDXX()
Lyiger ) = Xiea B0 —5 75—

v! By

(15)

where s = (b, + v)/B, exist for all x # 0 if 4; <0 and 0 < |x| <B " if y; =0, where pu; = Yo 4y +Z§’;n+1Aﬁ -

J=1mBj+/=m+1giBjiand fi=/=1pidjidjij=1qi5ji—F/;, i=12,...,r.Here ¥ (S) is given by (10).
THE FUNCTIONAL RELATIONS

1. In this section, we will establish the following relations by using Saigo fractional
integral operator:

Tt
(Zloo o (a+ﬁ)z(—n)1(a+k)1) x Im,n+2 ax - p» D, A= p—a—f-mn, D, (af’Af)l,n; (aﬁ‘Aji)n_H’pi
= | i+2,q; +2; 4
Ha P (bj;B')l'm;(bji:Bji)m+1’qi'(1_p_ntl)r(l_p_a_ﬁ_l_kxl)

e IO ot )+ P+ o+ BN+ — o+ B +5)—P(p+7+5)) (16)

v! By

where s = (b, + v)/By ,Re(p +min b;/B;) >0, j=1,2,..,m; Re(a)=0,largax| < (1/2)mA;, A; >0; p; <0. A; and y;
are defined where 1 is the logarithmic derivative of Gamma function.

Proof: On differentiating both sides of (11) with respect to p according to Leibnitz’s rule it is found that

(@.4), (@i, 4i),
[ttt (x — %1 ,F (a+ B —pas 1= 5) " at # TP de =
0 ( x) Pi,qi;T (bj'Bj)l,m; (bji'Bji)m+1,qi

(1 - P 1)' (1 —p—n + .Br 1)! (aj'Aj)l,n; (ajirAji )n+1;pi
bj’B.)l,m; (bji’Bji)m-l-l,qi'(l e + B' 1)(1 —p—a—n, 1)

A=1mv=00-1vaxsXst p+st p+y—Lf+sv! BT p—f+sl p+atn+spp+s+yp+n—LF+s—yp—L+s—yp+atn+s
17)
where s = (b}, + v)/By,.

x~a B
la

p—p-1 mn+2
x Inx I, 15 42, |0 (

The R. H. S. of the equation (17) will be designated by J(a,,,A,,; by, By, p. @, B,1, a).
In term of Saigo fractional integral operator, equation (17) can be written as:
e
P F() = = =) R (@ + f.—m a1 - 2) f(B) dt (18)

On the account of the property of analyticity and continuity at « = 0,8 =0 andn = 0, we interchanging the role of n
byn —a, g by - g and a by - a. Hence for the differentiation of

) o (0,4), ; (@i, 4 )n+1,pi
xP " Inx I, g, - |ax
(5.5), . (Bii. By )mﬂ,q[
to an arbitrary order, we find that

(1 - P 1)1 (1 —p—n—a _B, 1)1 (aj’Aj)l,n; (ajl!Ajl)

P (xpInx I(ax)) = xP*~1[Inx ™52, |ax n+1,p;
x Pit2.4i+2; (5.8),,, B Bi), o A=p =B DA=p—n1)
h=1mv=0c0—1vaxsXsT p+sT p+a+f+y+sv! BT p+pf+5L p+n+spp+s+ypp+a+pf+p+s—yYp+L+s—yYp+y+s
19)
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Now we consider the following integral equation of Volterra type:

Tl — )L, (a +B.—na;l— i)f(t)dt =xPinxL", . (ax) (20)
where, Re(p + min b,/B,) > 0,Re (0) =0, |argal < (1/2)mA;, A; > 0; u; < 0.

Since (20) is of convolution type, it can be solved by applying Laplace transform. However, we use the technique of
fractional integration operator to solve it, due to its elegance and simplicity.

On writing (20) in the operator form, we have
aﬁ"f(x) =xPinx 1", . (ax) (21)

Operating on both side of (21) with I, = ~#"~*

fG) = e (e I [ (ax) (22)
In view of (19), then we can write the solution of the integral (22) as
fGx) =
xPHB-1 %

(1=, =p =1 == .0.(@A), i (040, .,
(1' 1)1m (]l' ]l)m+1q (1—P—ﬁ'1)(1—P—TIr1)

h=1mv=000—1vaxsXst p+sT p+a+L+y+sv! B p+f+sl p+n+spp+s+yp+a+f+y+s—yYpo+L+s—yo+y+s
(23)

mn+2
Inx Im+2,lh +2;r | AX

to verify the solution, we substitutes (23) in to (20) in terms of argument t.
On writing
t—x x—t
t=x+t—x=x(1+7) zx(l—T)
Where x and t are real and x > 0, so we obtain a series expansion of Int in the form
07
Int=Inx+In(1+=%) (24)
when [(t —x) /x| < 1, ln(l + ((t— x)/x)) can be expanded in to a Taylor’s series expansion. Thus

(x—t)*
fexk

Int =Inx—%7, (25)
with the interval of the convergence 0 <t < 2x.

If we substitute (23) and (25) in (20) and evaluate the corresponding beta type integrals, the desired result (16) is
achieved.

Special Case:

Puttingl =0,7 =0, =0and p = p —a in equation (16), then we get the functional relations by using Riemann Liouville
operator [3]

p'l)(]' 1)1 ( jir ﬂ) 1,p; 1)¥(ax)*X
T o A N B D RS
1,m’ \T /l m+1,q;’ P !

(26)
If we putting p; = p, q; = q for all values of i and r = 1 in equation (26). Then we get the functional relation of H-function

[5].

Yo 1(a)k gmn+l -p 1), ( G 1)1n (1“ ﬂ)n+1.pi

w (1)"(ax)X(s)
p+lq+1 | X ( ) ( ) ( —p—k1) = Zl:12v s {w(P‘FS) ¢(P_a+5)}
i )1 Bt Bt ),y 4 g ’

v! By
(27)

2. In this section, we establish the following functional relations by using Saigo
fractional integral operator:
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—1)k —
Zle( 1) (a)k( o (@+p)( T))z(a+k)z) x

k =0 (@) !
man (@, 4),, (@0 4,y Q=P DA —p=BtnDA-prat+lD| s CU@IXE) o)
i+3.q; +37 | AX . = lh=120=0" 5 —-p-
AT T A - p = B DA pta+tn DA -p =k D, (5,8), (i Bi),,, ' vt Bn
L—s+yYl—pta+y—s—yl—p—s—yYl—p—Lf+y—s (28)
where s = (b, +v)/By ,Re(p + min b]/B’j) >0, j=12,..,m; Re(a)=0,largax| < (1/2)mA;, 1;>0; w; <

0. 4; and y;are defined where 1 is the logarithmic derivative of Gamma function.

Proof: on differentiating both sides of (12) with respect to p according to Leibnitz’s rule it is found that

(4,47), . (i, 4)

%fx‘” tP 1 Int (t —x)* 1t F,F, (a +B.—ma;1— f) x| at ( mHP gy =

bj' B.)l,m; (b].i' Bji )m+1'Qi
(4,4, (@i, 40),,,,, A=p DA =p+a+p+mn1)

iqiT

xP B~ |Inx M F2m a +
pit2,4; +2;r _ _ . B. (b.. B
A=p+pDA-p+n1,(4.5), i Bi),, .
h=1mv=0c0—1vaxsXs/"1—p+y—s/1—p+f—sv!
Bhll—pta+pf+y—sl1—p—sypl—p+L—s+yl—p+y—s—yl—p—s—yl—p+pto—s
(29)
where s = (b, + v)/By, .
The R. H. S. of the (29) will be designated by J(a,,, 4,,; by, By,; p, @, B, 1, @).
In term of Saigo operator, (29) can be written as
- (x/"l In A ;r(ax)) = J(ap,, Ap,; by, By 1,0, @) (30)

On the account of the properties of analyticity and continuity at « = 0,8 = 0 and n = 0, we interchanging the role of n by
n—a, B by =B and a by —a . Hence for the differentiation of

x’nx " (ax)

to an arbitrary order, we find that

Johna (xp—l Inx Ly", ;r(ax)) = J(ay,, Ap,i by, By p,—a,—P,n — @, )
LA=-p DA -p=B+n1)

COANC
—a—Bn—a (,p-1 mn _ p+p—1 m+2,n 7 1’ NIV T  ng1,p,
o xP*InxI,” ., ..(ax))=x InxI> 75 ., |ax

* ( Pl (@) prraE A - p =B DA - ptn+a,1),(5,8), (BB

h=1mv=000—1vaxsAsl'1—p+p+a—sl"1—p—Lf—sv!

BhI1—p—Lf+1—sl"1—p—sypl—p—fF—s+yY1—p+p+a—s—yYl—p—s—yYl—p—Lf+7—s
(31)

+
)m+1,qi

where s = (b}, + v)/By,.

Now we consider the following Volterra type integral:
1 poo Ay—a— —
—J =0 Lt=e=F ,F (a +B.—nma;l —f) f@®)dt = xP~tInx L7, ., (ax) (32)
where Re(p + min bj/Bj) >0,Rec =0,largal < (1/2)m A;, 4; > 0; u; < 0.

Since (32) is of convolution type, it can be solved by applying Laplace transform. However, we use the technique of
fractional integration operator to solve it, due to its elegance and simplicity.

On writing (32) in the operator form, we have
fo‘i" (xp‘1 Inx Iy, ;T(ax)) =x"Inx L7, ., (ax) (33)
Operating on both sides of (33) with ];Z,'_ﬁ'"_“ on both sides, we get
fx) = ];Z;_ﬁ‘"_a (xp‘1 Inx Iy, ;T(ax)) (34)

In view of (30) we can write the solution of the integral (31) as
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fl) =
(aj'Aj)l,n; (aji'Aji)nH,pi' A-pDA-p—-B+n1)
X
A-p-pDA-p+n+a1),(h,5), (b Bi)
h=1mv=0c0—1vaxsXs/’1—p+n+a—sl"1—p—pf—sv!

Bhl1—p—f+y—sl1—p—spl—p—pf—s+yp1—p+p+a—s—yYl—p—s—yYl—p—Lf+y—s
(35)

xPHB=1 | o [ 20 a

pit+2,q; +2;r +

m+1,q;

To verified the solution, we substitutes (35) in to (32) in terms of argument t.
On writing
t—x x—t
t=x+t—x=x(1+7)=x(1—7)
Where x and t are real and x > 0, so we obtain a series expansion of In t in the form
= tx
Int=Inx+In(1+5%) (36)

when |(t —x)/x| <1, ln(l + ((t— x)/x)) can be expanded in to a Taylor’s series expansion. Thus

(x—t)¥

Int =Ilnx —-Y%7, =

interval of the convergence 0 <t < 2x.

37) with the

If we substitutes (35) and (37) in (32) and evaluate the corresponding beta type integrals, the desired result (28) is
achieved.

Special Cases:
Putting [ = 0,8 = 0,n = 0 in equation (28), then we get the functional relation by using Weyl integral operator [3]
4, (@A), (L=, D)
o (“DF@i o, pmtin (.4, (@A), s, o (C1@)XE)
yp, SR |ax = Wy ey O (1 — p @ — ) —
k 1 i i (1 _P_k: 1)! (bj'Bj)l,m;(bji'Bji)m+1,qi CAHER,
Yl—p—s (38)

If we put p; =p, q; = qfor all values of i and r = 1 in equation (38), then we get the functional relation of H- function
using Weyl integral operator [5]

_18 (@.4:), (@i, 4;), . ,(1-p1) s ooty
21?:1( 1)k(a)k % gmtin 1,n n+1,p; i Z;ln=1 2130:0( 1)?(ax)*X(s) (Gl +

ax
e (1 —pP - k, 1)/ (b]; Bl)l,m; (b]l ’ Bji )m+1.qi vt Bi
Yl—p—s (39)
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