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ABSTRACT

This paper defines some generalized Fibonacci and Lucas sequences which satisfy arbitrary order linear recurrence
relations and which answer a problem posed by Jarden in 1966 about generalizing an elegant result for a connection
between even and odd subscripted Fibonacci and Lucas numbers.
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Jarden [7, pp.87] extended the well-known relation between the second order Fibonacci and Lucas numbers, Fzn = FpLy,
to the third order case. In doing so he showed “that third order sequences have another arithmetic than that of Lucas’
sequences” [7, p.88]. This paper explores some arbitrary order extensions of Jarden’s results.

In order to generalize the sequences of Horadam[14] and Jarden[7, pp.30,114] we define r basic sequences of order r,

{U S(rn)} by the recurrence relation which we define formally after the initial terms for s = 1,2,...,r:

" =& 770
Uv,n a U n >l", (11)

s,n-j 1
JA

") — 0, the Kronecker delta. We also consider f(x) with

in which the r initial terms, n =0,1,2,...,r-1, are given by Us’n sn o

zeros, «;, assumed distinct, to be the associated r™ order characteristic polynomial. Examples of (1.1) appear in a later
(r)
0,n

table. We also define the special sequence with s = O{U ’ }[12] to satisfy (1.1) but with the r initial terms defined by

r
Uil =>al,0<n<r

— (1.2)

so that the first few values are, for example, Uérg =T, Ué’rl) =1, Uc(,’rz) =3.The {Ué?} and{Ur(’rn)} correspond to

(r)
s

Lucas’ “primordial” and “fundamental” sequences respectively [14], while the other {U I } are “basic” sequences [8]. For

notational convenience, {Us(rn) } s#0,U S(rn) =0, n <0.

2. APROBLEM POSED BY JARDEN

Jarden[7, p.88] posed the problem to determine the values of Fz,- FnLn= 0 “for appropriate recurring sequences of higher
order”, or in the notation of this paper:

U (r)

s,2n

(M (r) 2.1
_Us,nUO,n (21

sinceU 2(22)n -U ézn)U ézn) “is of great importance for the arithmetic of Lucas’ second order recurring sequences”.

In order to do this we consider the sequence {U s(,rz)n }as a bisection of the original sequence with auxiliary equation

h(x):f[(x—af)

This can be illustrated with the bisection of the ordinary sequence of Fibonacci numbers with the auxiliary polynomial

2 2 2 2 2 2
(x—a? Jx=a?)=x* —(a + & )+ (e,
=x?=3x+1,
which, in effect, is related to the second order recurrence relation
(2) _ (2) (2)
Wn - 3V\/n—l _anz )

which, in turn, can generate the sequence {1,3,8,21,55,...}. Similarly, with the bisection of the Tribonacci sequence [2]:

let A= (19+3\/£)y3, B= (19_3@)% , so that
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alzé(A+ B+1)

a, :%(Z—A— B+3i(A—B))

o, :%(Z—A— B—3i(A-B))

are the characteristic roots of X3 — X2 — X —1 [15], and so

2 2 2 3 2 2 2\,2 2 2 2 2 2 2 2
(x—a? Jx-a? x—a?)=x*—(a? + a2 + a2 )X +(afel + el + &2l K~ (aer,;)
=x*-3x?—x-1,
which, in effect, is related to the third order recurrence relation
(3) _ (3) (3 )
W™ =3W T +W 2 +W

n-3?

which, in turn, can generate the sequence {1,7,21,71,241,...}, a bisection of the Tribonacci sequence as seen in the table
which follows. In more general terms, then

Us(rn) = zAs,iaina S = 0,1,2,..., r,
i=1

where the A$i depend on the initial values, Us(rl) ,U s(rz) e U S(’r,), (Ao,=1). There are r in each recurrence relation for each
Us(rg,s =012,..., I, so the number of terms in Us(,rz)n —Us‘fn)Uéfn’ is r>r or r(r — 1), of which r can be paired as

s,2n n

! | r
coefficients of each a;cx;,1 # |; that is, the number of terms inU o —Us(r,])Uér) is Yar(r— 1) = (ZJ Thus,

UG, VU =Y A e =Y A el Y
i-1 i-1 m=1
- Z As,iaizn _Z As,iaizn N Z(Asu + A )aina?
i1 i1 i<]
= _Zr:(As,i + A )Yina;]

i,j=1
i<j

= z Bs,kIBkn
k

)

s,n

When r = 2, the Y-sequence will be a first order sequence as expected, and when r = 3, it will also be a 3 order
sequence. For example, consider

3) _ n n n
Ugh =ay +a, +a;

3
US(n) = A3,1a1n + Aa,zag + As,sasn
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()

so that
U —UsiUsn = Asor™ + Agp0;” + Agsas” — (Ao + Agy0," + Agas”
+ AL, + A ag + Aalap + Agapan + Agadag + Agapag)
= _{(AS,l +A;, )alna; + (Asz + A, )a;asn + (A33 + A3,1)a3?0‘1n}
= B3,1181n + Bs,zﬂzn + Bs,sﬂsn

(o)

3,n

3 2 2 2
US(,Z)n = A0 "+ Aa,zazn + Aa,sasn

The table below illustrates the foregoing, for the U-sequences r = 3, s = 0, (see Fielder [3]) and for r =3, s = 1,2,3 (see
Emerson [1]). Our choice of the initial conditions, while it emphasises the “basic” nature of these sequences, shifts the
elements of the sequences from their normal subscript identifiers as we can see in the table. Thus, for instance, the usual
form of the Fibonacci sequence is obtained in our notation from

L= {u@ i+ p2k

and the original form of the Tribonacci sequence was [3]
B3l _ (3) (3) ©)
{Un }={{U1,n }+{U2,n}+{u3|n}}
which is similar to Jarden’s third order sequences, {Un} and {V.}, with unit coefficients and initial terms

U,=U, =0U, =1V, =3V, =1V, =3, respectively [7, p.86]. Note that Jarden’s subscripts also differ by one

,Er) }, r = 2,3, at this stage for notational

convenience though they generally obscure the roles of the underlying basic sequences.

from those which we use. This is why we have introduced the more familiar {U

Table 1: Second and third order examples

n 1 2 3 4 5 6 7 8 9 10 11 12

U (2) 1 3 4 7 11 18 29 47 76 123 199 322
0,n

U (2) 1 0 1 1 2 3 5 8 13 21 34 55
1n

U (2) 0 1 1 2 3 5 8 13 21 34 55 89
2,n

§] (2) 1 1 2 3 5 8 13 21 34 55 89 144
n

Y 1) 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
2,n

_ |

U (3) 1 3 7 11 21 39 71 131 241 443 815 1,499
0,n

0] (3) 1 0 0 1 1 2 4 7 13 24 44 81
1n

U (3) 0 1 0 1 2 3 6 11 20 37 68 125
2,n

U (3) 0 0 1 1 2 4 7 13 24 44 81 149
3,n

§] () 1 1 1 3 5 9 17 31 57 105 193 355
n

Y (3) 0 1 -3 2 2 -7 7 2 -16 21 -3 -34
3,n
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For the Y-sequences, each term is the homogeneous product sum of weight n of the roots of the auxiliary equation [9];
that is, the Y-sequences in the table satisfy the 1% and 3" order recurrence relations respectively:

@ _ @) 2.2
Y& =-Y®,  n>1, (2.2)
and

(3) _ (3) (3) (3) 2.3
YO,n - _Yo,n—l _YO,n—Z +Y0,n—31 n>3. (2:3)

Jarden [7, p.87, Equation (20)] found in his notation that

N 2.4

U2n+1_Un+1 n _aU—n+1 (24)
which, because of the different initial values, is in our notation

(3) (3) G _11® 2.5

U3,2n—1 _US,n—luo,n—l = Us,—n+1 (29

with his recurrence relation coefficients a = b = ¢ = 1 in his search for “the counterpart of the formula Uz, — UnV,, = 07,
Jarden’s (2.4) can be re-written as

(3) (3) 3) _vy® (3) 2.6
Us,zn—l _U3|n—1U 0,n-1 _Yn +U3,—n+1 (26

which reduces to our
(3) @® _vy® 2.7
U3,2n _U3,nU0,n _Yn (2.7)
because

3) _y®
U—n _U3,—n_Yn )

and (2.7) is a particular case of the previous result, namely,

0t -ugug -v.e

2,n '

when s =r=3. When r =s =2, it can be similarly confirmed from the table that

(2) 2 _ 1 n-1 n-1 n n

UzolUon =75 (al -, Xal T, )
_ 121 21 _ni_n n_n
—E(al -, o ay —ala )

= Gslaf™ —aim () - (D))
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that is,

U (2)

s,2n

@12 _y®
_Us,nUO,n _Ys,n

asin Table 1.

There are various other inter-relationships among these sequences in the table which the interested reader might like to
unravel and then extend to the arbitrary order analogs. For example, the following capture the initial terms of the
sequences:

(2) _11@ (2)
UO,n _Ul,n +3U2,n
and
3 _110) (3) (3)
U, =U.) +3U ) +7U3)

3. EXTENSIONS

We next show that the ordinary generating function for the sequence when s = r, namely {U,(rn)} can be expressed
formally as an exponential by

0 0 XITI
D UK =x"exp D UM — | 3.1)
=1 ) m

Proof:

00

W :ﬁ (1—ajx)_l
j=1

n=1

Iog(iu B j: log ﬁ(l— a, X)*
j=L

n=.

‘ajx‘<1
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If we take the derivatives of each side of (3.1) with respect to x, and use the double

summation i i A(n, m) =i Zm: A(n, m —n) rewritten aszw:i A(j,n— J) [10], we get
m n m n m j

d ()0t o X
dX(ZU X —exp(ZUovm mj}

m=1

so that

n=r+1 m=1 n

i (n—rUDx" = exp(iu n X j{iu ‘”x“‘lj

and, smceU()—O n<o0(s#0),

S (1-JU D, (iuﬁzxmj{iusrgx“]
m=1 n=1

n=1

(Ur(fl)x+Ur“2)x2+U,“3)x3+ X
O Lyo ()
(U01+U02x+U03x +)
_umOy o OO Ly Oy O 2
_U01Urlx+(U01Ur2+U0,2Ur,l X"+

)RR

n=l j=0

(3.2)

O(Which we use again in what follows). On equating

in which we have also used the fact that U, (r) —Ur(rl) =

coefficients of X, (3.2) becomes

n
(r) i ) 1
(n _1)U rner-1 = ZUO ]+1U rn-j (3.3)
j=0

asin [13]. Whenr =2, and after replacing n by (n + 1), this can be written as

2,n—j+1

n-1
(2 (2) (2)
nUZ,n+2 o ZUO ]+1U
j=0
which, from the table, in turn can be reduced to the known result [6]:

j# e (3.4)

For example, when n =6, NF,,;, =6x13 and

n-1
> L,F,; =8+15+12+14+11+18

i=0

=178.
4. CONCLUDING COMMENTS
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The algebra associated with the ordinary generating function is sometimes known as the Cauchy calculus, whereas the
algebra associated with the exponential generating function is known variously as the Blissard or umbral or symbolic
calculus, depending on the context [4]. Further related research can similarly be built upon the relation in (4.1) between
the ordinary and exponential generating functions for these arbitrary order sequences:

U(”t I*ZZUW 2'dz, if |erjt] <1. (4.1)

The work can also be extended to generalizations of recurrence relations associated with some of the special functions
[5,11].
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