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Abstract:
In this paper, a new direction has been presented between the subject of domain theory and fuzzy normed spaces to

introduce the so called fuzzy domain normed spaces and proved some results related to this subject concerning the
completeness of such spaces.domain
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[. Introduction

Domain theory is one of modern and interesting topics of mathematic with basic and common main components that
studies special kinds of partially ordered sets (posets) commonly called domains. A main features of the subject were
suggested by D.Scott[8] as a tool of formulation some programming language. It studied and modified by Abramsky[1] and
other authors in the nineties of the last century

Fuzzy sets are sets whose elements have degrees of some membershipfunctions; these were proposed by Zadeh [10] in
1965. Many contributions about fuzzy metric spaces were added after that, an important one was given by George and
Veermani [5] in 1994, while in 2003, Bag and Samanta [2] construct the fuzzy normed space.

Edalat and Heckmann [3] established a new connection between domain theory with metric spaces in 1998. They gave
the main results and common theorems about metric spaces in the point view of Domain theory. Eidi [4] introduced a fuzzy
metric space in domain theory in 2010.

This paper discuss the fuzzy normed spaces in domain theory by ordering closed balls in any fuzzy normed space using
the reverse inclusion , depending on the membership function of fuzzy sets Instead of perverting the course of action to
crisp sets using a-level sets and give the sufficient condition that make this space complete.

Il. preliminaries

For Completeness purpose, we recall briefly some basic concepts in domain theory, for more details about this subject,
the reader may be referred to [1].

Definition (2.1), [1]:

A non-empty set P with a binary relation £ is called partially ordered set or (poset) denoted by (P, ), if the following holds
forall x,y, z e P:

XE x (Reflexivity.

XCyAy Ez=>xEz (Transitivity).

XEyAyE X = x =y (Antisymmetry).

If (P, E) is a poset then (P, 3) is a poset too when = is the reverse relation of .

An element x e P is said to be maximal element of P if for all y € P such that x <y, implies
x =y. The dual concept for minimal element can be defined by the same way.

Let Y c P, then the greatest element of Y is an element z € Y such thaty <z for all y €Y. A top element of P is a greatest
element of P. An upper bond of Y is an element x € P in which y < x for all y €Y, the supremum of Y is an element x € P,
which is the least element of the set of upper bounds of P. If it is found and it will be denoted by LY. Also, Y will be defined
as a directed set if each pair of elements of Y has supremum. An ordered set (P,E) is said to be directed complete
partially ordered set or briefly dcpo if every directed subset of P has supremum. Many contributions added to define fuzzy
lattice and and fuzzy poset actually zadeh [10] consider the fuzzy lattice that proposed implicitly in his work when he
define the a-level sets and other authors [6] [9] are modified and formulated them with more details

This paper introduce some similar arguments proposed for the fuzzy partial ordered sets with some differentiations accrue
according to define fuzzy sets by the membership function it will be illustrate later.

Definition(2.2)[6]:

Let P be a set. A function A: P x P — [0, 1] is called a fuzzy relation in P. The fuzzy relation A in P is reflexive iff A(x, x)
= 1forallx € P, Ais transitive iff A(x, z) 2supyex min(A(x,y), A(y, 2)),

and A is antisymmetriciff A(x, y> 0 and A(y, x) > 0 implies x = y. A fuzzy relation A is a fuzzy partial ordered

relation if A is reflexive, antisymmetric, and transitive. A fuzzy partial order relation A is a fuzzy total order relation iff A(x,
y) >0or, A(y, X) >0 for all x, y € P. If Ais a fuzzy partial order relation on a set P, then (P, A) is called a fuzzypartially
ordered set or a fuzzy poset. If B is a fuzzy total order relation on a set P, then (P, B) is called a fuzzy totally ordered set or
a fuzzy chain

.Concepts of fuzzy metric spaces and complete fuzzy metric spaces, introduced by George and Veermani in [5], as
follows,

Definition (2.3), [5]:

The 3-tuple (X,M,*) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set
on X2x(0,«) satisfying the following conditions for all x,y,ze X and t,s>0
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i. M(xy0)>0.

i. M(x,y,t)=1ifandonlyifx =y, forallt > 0.

ii. M(x,y,t) = M(y,x1t).

iv. M(x,y,t) * M(y,z5s) = M(xzt+s).

V. M(x,y,°): (0,%) — [0,1] is continuous.
Definition (2.4), [5]:

A sequence {x,} in a fuzzy metric space (X,M,*) is a Cauchy sequence if and only if for each 0 < € <1 and t > 0O, there
exists nyeN, such that for all n, m = n,

MXy, X, £)> 1 — €.

And a sequence {x,} in a fuzzy metric space (X, M,*) is a Convergent sequence to x € X if and only if for each € > 0 and t
> 0 there exists nye N, such that for all n 2 n,

M(x,, xt) >1—¢€
A fuzzy metric space (X,M,*)is said to be complete if and only if every Cauchy sequence in X is convergent.

A fuzzy normed space defined for the first time by Bag and Samantha [2] in 2003, and some mathematicians defined
fuzzy normed spaces in different ways, such as Saadati and Vaezpour [5].

Definition (2.5), [2]:

Let X be a linear space over a field of scalars F. A fuzzy subset N of Xx R (R is set of real numbers) is called a fuzzy
norm on X if and only if for all x,ue X and ¢ € F the following axioms are satisfied:

i. Forallte Rt < 0,N(x,t) = 0.
i. Foralt eR, t>= 0, Nx,t) = 1lifandonlyifx = 0.

ii. Forall t €R, t = 0, N(x,) = N(x=), c* 0.
iv. NE+us+t) =min{N(x,s),N(u,t)}.
v. N(x,0) is anon decreasing function of R, and lim_,. N(x, t)=1.
The pair (X,N) will be referred to as a fuzzy normed linear space.
Remark:
The continuous t-norm = will be defined as the minimum operator, and a fuzzy normed space will be denoted by (X, N,*)

Lemma (2.6), [7]:

Let (X,N,*) be a fuzzy normed space. Define M(x,y,t) = N(x-y,t), for all x,y€ X, and all t = 0, then M is a fuzzy metric on X,
which is called a fuzzy metric induced by the norm N.

Definition (2.7), [7]

Let (X, N,*) be a fuzzy normed space, define the open and closed balls in (X, N,*) with center x € X, and radius 0<r < 1,
for all t > 0, as follows:

B(x,0,t) = {y € XINx—y,t) >1—a}
B[x,a,t] ={y €XIN(x—y,t) = 1—a}

The main results and interesting facts crowned by introducing topological sense for the partial ordered fuzzy normed
space a follows:

Il The partially ordered Fuzzy Normed Space:

The set of formal balls defined on a fuzzy normed space (X, N,*) is a subset of the product space X x [0,1] x Rtwhere
RTis the set of non-negative real numbers .Ordering the closed balls of (X, N,x) by the reverse inclusion then an ordered
triple [x, a, t](the elements of X x [0,1] x R* ) represent the center and radius of some closed balls of (X, N,*) the details
will be explain below:

Notation
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For each closed ball in (X, N,*)B[x, a, rjlwe will mention an ordered triples [x, a,r] of X x [0,1] x R* these will be ordered by
the relation = however the against closed balls ordering by the ordinary reverse inclusion In other words [x,a,r] E [y, B, s]
if and only if B[x,a,r] 2 B[y,B,s] foreveryx,y €X,0<a,<1,r,s>0.

Definition (3.1):

A formal ball in a fuzzy normed space (X, N,*) is the the ordered triple [x,a,r] where x € X,0 < a <1 andr > o in which
foreveryyeX, 0<f<a<1, r>s>0,then

[x,a,r] = [y,B,s] ifand only if N(x—y,r—s)=1—(a—p)

The set of formal balls will be denoted by BX.

Definition (3.2):

An ordered pair (BX,E) is said to be a fuzzy domain normed space of a fuzzy normed space (X, N,*).
Remark

According to the reverse inclusion the maximal elements of BX can be considered to be contained in the set:
UX = {[x,0,r]|x € X,r > 0}, against the set of closed balls with center x and radius O for all r > 0.

Actually UX is homeomorphic to X x (0, «) by defining i:X x (0, «) - UX, withi(x,r) = [x,0,1], i is continuous, one to one,
onto, and define i~1: UX— X x (0, ) with i~1([x,0,r]) = (x,r) which is continuous.

Theorem (3.3):

For every fuzzy normed space (X, N,), then (BX,E) is a poset.
Proof:

Forallxy,z,e X,0<a<pB <1,and r>s>0,then:

1. Reflexivity: [x,a,r] E [x, a,r] is directly satisfied, since:
N(x—xt) =1forallt>0andl—(a—a) =1

2. Transitivity: suppose that [x,a,r] E [y, B,s] and [y, B, s] E [z v, t] to prove that [x,a,r] E [z, t], i.e., to prove that N(x —
z,r—t= 1-(a-y).

N(x—zr—t)=NxE-y+y—zr—s+s—t)
>NEx—-y,r—s)*N(y—zs—t)
21-(a-R*1-B-V)
21-(@-Pp+PB-v=1-(a—-Vy)

3. Antisymmetry: Assume that [x,a,r] E [y,B,s],0<B<a<1r=s=>0aswellas [y,B,s] E[xar],0<a<pB<1,and
s>r=0,thenforallt=0

NEx—-y,t) =Ny—xt)=1—-(a—B)=1. Thisimpliesx=y. ®

Definition (3.4):

Let (BX,C) be a fuzzy domain normed space. A sequence {[x,,a,,r,]} is said to be Cauchy sequence in BX if and only if
for all € > 0, there exist ng € N, such that:

Nn —Xmfn —Fm) =1 — (0, —0n) >1—¢€,¥Y n,m=ng
And a sequence [x,, 0y, I,,] is said to be convergent to [x, o, r] in BX if and only if for all € > 0, there exist ny € N, such that:
NX, —Xrm—nN=1—-(a,—a)>1—¢,Vn=ng

(BX,E) is said to be complete if and only if every Cauchy sequence in Bx is convergent. A complete fuzzy domain normed
space is called A fuzzy domain Banach space.

The next example illustrate some of the above concepts:
Example (3.5)

Consider the 3-tuple (R, N,*), which is a fuzzy domain normed space with standard fuzzy norm, N(x,t) = ﬁ then

(BR,E) is a fuzzy domain normed space.
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A closed ball in (R, N,*) with center x € R, and radius0 < a < 1, for all t > 0, is given by:
Blx,a,r] ={y e RINx—y,r) > 1—a}

andforallx,y,zeR, r=s=>t 0,and 0<B<a<1,Then:

r—t

N(X_Z'r_t)ZTIX—ZI
_ r—s)+(s—1t
r—=s)+(6-+Ix—-y+y—2z|
r—s)+(s—1t

>
T-9)+ -+ x-yl+ly—1z

o r—s s—t
_mm{r—s+|x—y|'s—t+|y—z|}
2min{l-(a-B),1-B-v)}
>1-(@-R+@B-y)=1-(a-y)

Then [x,0,r] £ [z,v,t]. In fact = form a partially ordered relation, then all closed balls in
(R, N,*) can be ordered by this relation.

Hence, (BR, E) is a fuzzy domain normed space, actually it is a fuzzy domain Banach space.
Proposition (3.6):

Let BX be a fuzzy domain normed space. For every directed set D of BX there is an ascending sequence {[X,, o, I,]} of
elements of D, which have the same upper bounds of D.

Proof:
Let B = inf{a|[x,a,r] € D},
then for all n € N, n > 1, there exist [yn, B, sn] € D, such that:

L

— [x0,01,11]= [y, B,,51] By < B +5 o

B, =B+

1.
[ananr rn] = [yn, Bnrsn]y Bn <B+ BYeY with, Bn+1 < Bn <. < Bz < [317
then:

[X1,a1, 1] E [Xp,00,15] E -

Suppose that [x,, 0, I'n] is an upper bound of all [x,_1,a, — 1,r,—1] when, [x,, a,, r,] = [yn, Bn,sn] € D, since D is directed
set.

Let [z,y,t] be an upper bound of all [x,, a,, r,] and [a, 5, u] be any element of D, to prove that [z,v,t] is an upper bound of
[a,8,u], that is to prove [a,d,u] E [z, t].

Since D is directed set then both of [x,, a,, r,] and [a,d, u] have an upper bond say [b,¢,v], i.e., N@—zu—1t)>1—
(® —v). Suppose that u >t, then:

N@a—-zu—-t)=N@—-b+b—X,Xs—zZu—1t)
u-—t u-—t u-—t
> N(a-b Y on (b1 2 N (- 2 )

u-—t u-—t u-—t
=N (a=b57) +N (0 -b 5] N fxa - 2757)

21-0-8*1-(on—)*1—-(a,—Y)

and upon using the properties of the minimum operator, we get:
Na-zu-t=1-[0—-¢) + (o, —¢) + (a, — V)]
=1-[(®—-y+2(a,_€)] (since B is the smallest in (0,1), such that [y,B,s] € D, Yy € X,s > 0),

>1—-[(®—-y+2(a,_B)] (using the assumption a, < B+ i)

21—[6—y+2($)]andasn—>°°
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Therefore:

Na-zu—-t) =21-0-vY)

that completes the proof. W

Lemm (3.7):

Let be (BX, E) be a fuzzy domain normed space. If {[X,, 27k r«]} is an ascending sequence in BX, then {a,} is a
convergent sequence in (0, 1] while {x,,} is a Cauchy sequence in X.

Proof:

From the ascending sequence {[x,, a,, ]}, we have a,;1 < a,, that is {a,} is a descending sequence which is bounded
since a, € (0,1], Vn.

Hence {a,} is convergent, so it is a Cauchy sequence, i.e., for all € > 0,ng € N there exists n,m € N with a, > a.,, such
that, o, —ay, > 1 — ¢, V 2, m= ng and {[x,, a,, r,]}is an ascending sequence that means whenever r,, > rp,

Then [X,, Ay, ] E [Xm, Om, m], that yields to:
NXn = XmyTn =) =1 — (0 —0p) > 1 — €V 72, m= ng.

Then, {x,} is a Cauchy sequence in X. ®

Proposition (3.8):
Every Cauchy sequence {x,} in a fuzzy normed space (X,N,*) has a Cauchy subsequence {x  }, n,k € N, such that
{[xnk,z_k, il Tk = 0, is a descending sequence in BX.

Proof:
Suppose that {x,} is a Cauchy sequence in X then for every k € N, there exists n, € N with n, = n,,, such that:

N(i=X, =) = 1=2"%D 0 yij > n,
that means that:

Nk = Xakt1 Tk — Fks) = 1 =274, vk eN

Then, {x_ } is a Cauchy sequence in X, in fact:

NGtk = Xak 1, Frie = Frke) = 1 — (274 = 27%)

=1-(2*-(1-2")

=1— (2—k _ 2—(k+1))

Then [Xp, v Mkl E [Xnk+1, 2_(k+l), rks1] and hence {[x I rkl} is a descending sequence. W

nk’

Studying the least upper bounds of subsets of BX is equivalent to study their limits, as the following theorem shows:

Theorem (3.9):

Let (BX, E) be a fuzzy domain normed space, and {[x,, a,,r,]} be an ascending sequence in BX, [y,(3,s] is an element of
BX, then the following statements are equivalent.

1. [y,B,s]is alest upper bound of {[X,, O, rn]}nen-
2. [y, B,s] is an upper bound of ([Xn, &, mnen, With lim,_,. o = B.
3. limp.Xx, =y and lim_.0,=p.

Proof:

(1=2). Itis enough to show that lim,_,.. a, = B, that is for all e > 0 there exists ng € N, such that |a, — B| < €, V 7z > nq.
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Since [x,an, ] E [y,B,s], foralln € N, then a, > 2.

Suppose the converse, that is there exists some €>0, ny€eN, in which for every neN,
an — B = € for some ny > 7 implies a,, — B = €.

Since {[xn, 0y, rn]} is an ascending sequence then by lemma (3.7), {x,} is a Cauchy sequence in X, that is for some
€ >0,ng €N, there exists n,m € N, with r, = r,,,, such that:

N(Xn—Xmln —m) > 1—€ ¥ 7,m>ng

and

€
N (xn_xno'rn - rno) >1- (an - (B + §)>
which yields to [x,,0p, ] E [an,B +§ rno], in other wards [xno, B +§ rno] is an upper bound for {[X,, o, .1}, i.e., [y,B,S] E
[xno, B+ g rno]
Hence B + % < B, which is a contradiction and hence |a, —B| < € V, n € N.

(2 = 3). Itis enough to show that x, — y in X.
We know that [y, ,s] is an upper bound of { X, ay,rn] }, then for alln € N with a, = B and r, = s, we have:
NG -y, —s)=1—(an—B)
but a, — [, which implies that:
NXp —y,fh—s)=las n—
Then x, — yasn — «.
(83 = 1). First, to show that [y, B,s ] is an upper bound.
Since { X On, ] 3 is an ascending sequence, then for all n>m with nh=r=0,
0 <ay <ap <1; we have [X,,0n, ] E [Xm, Om, Ml
ie., N(xnaxm_rn — rm) =>1-(a, —ap),andasm — « then x,, — Y, 0y — B, which yields to [x,,an,] E [y, B,s].
Now to show that [y, B, s] is a least upper bound of { [X, &, ra] }
Suppose [z,y,t] is another upper bond of {[x ,0n,r]} with r, >t>0, 0<y<a,VneN then, Nx,—-zr,—-t)>1-
@ =Y).
By assumption x, = y,a, » B,asn >~ onehasN(y—zs—-t)>1—-(B-y), Vs>t

Then, [y,B,s] E [z v,t] thatis [y, B,s] is a least upper bound of { [x,ap,r,]}. ™

Theorem (3.10):

Let (BX,E) be a fuzzy domain normed space on a fuzzy normed space (X,N,*), then the following statements are
equivalent:

1. (X,N,*)is complete.
2. Every ascending sequence in BX has a least upper bound.
3. BXis adcpo.

Proof:

(1= 2). Suppose (X,N,*) is complete let { [x_,a,,r,] } be an ascending sequence in BX, by Lemma(3.7 ),{x,} is Cauchy
sequence in X and {a,} is convergent, but (X,N,*) is complete then {x,} is convergent in X then there exists some y € X
and B € (0,1) with x, »yanda, — B, by theorem (3.9),[y,B8,s] with r, >s, Vv neN, is a least upper bound of
{[x,, an,1n] }, the reverse way can be obtained by considering {x,} as a Cauchy sequence in X since { [x_,ay,r,] } is an
ascending sequence in BX, and that [y, £, s is a least upper bound of { [x , an, ] } then by theorem (3.9), x, — y hence
{xn} is convergent in X, then X is complete.

(2 = 3). Let D be a directed set of BX and { [X,a,, 4] } is an ascending sequence in BX then it has a least upper bound,
(by assumption), say [y, 8,s] and by proposition (3.6), it is a least upper bound of D, then BX is adcpo.
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(3=12). If BX is a dcpo, and { [x_,an,ry] } is an ascending sequence in BX, which is a directed set then it has a least
upper bound then we done. ®m
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