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ABSTRACT

In this article, the generalized exp(—¢(§)) expansion method has been successfully implemented to seek traveling wave
solutions of the Eckaus equation and the nonlinear Schrédinger equation.

The result reveals that the method together with the new ordinary differential equation is a very influential and effective
tool for solving nonlinear partial differential equations in mathematical physics and engineering.

The obtained solutions have been articulated by the hyperbolic functions, trigonometric functions and rational functions
with arbitrary constants.
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1. INTRODUCTION

In the nonlinear science, many important phenomena in various fields can be described by the nonlinear evolution
equations (NLEEs). The study of exact solutions, especially traveling wave solutions, for NLPDEs plays a significant role
in the study of nonlinear physical phenomena. These exact solutions when they exist can help to understand the
dynamical processes that are modeled by the corresponding nonlinear evolution equations (NLEES).

In recent years, quite a few methods for obtaining explicit traveling and solitary wave solutions of nonlinear evolution
equations have been proposed.

A variety of powerful methods, such that,(%) expansion method[1-2], (%%) expansion method[3], the exp(—¢(§))

expansion method[4-6], the modified tanh method [6], the coth, () expansion method [7], sine-cosine method [8], Jacobi
elliptic function expansion method [9], and the F expansion method [10]. The solution procedure this method, with the aid
of Maple, is of utter simplicity and this method can easily extended to other kinds of nonlinear evolution equations. In this
research, we use the new generalized of exp(—¢(§)) expansion method to obtain new solitary wave solutions for the
Eckhaus [11,12] and Schrddinger equations[12,13].

2. Description of The Generalized of exp(—¢(£)) expansion method

Suppose that we have a nonlinear PDE in the following form :

F (U, Ue, U, W, U U Ut ----) = 0 (2.1)

where u = u(x, t) is an unknown function F is a polynomial in u = u(x,t) and its partial derivatives, in which the highest
order derivatives and nonlinear terms are involved.

The main steps of this method are as follows
Step 1: Use the traveling wave transformation :

u(x, t) =u(é) ; E=kix + kyt (2.2)

where k1, k, are a constants to be determined latter, permits us reducing (2.1) to an ODE for u = u(¢) in the form

P(w, kyug, kpug, kikouge,....) =0 (2.3)

where P is a polynomial of u = u(¢) and its total derivatives.

Step2 - Balancing the highest derivative term with the nonlinear terms in (2.3),we find the value of the positive integer
(m). If the value (m) is noninteger one can transform the equation studied.

Step3 . Suppose that the solution of (2.3) can be expressed as follows :

u(®) =Y a; [exp (— %)]i (2.4)

where, «;(i = 0,1,..m) are constants to be determined, such that a; # 0 and ¢(¢) satisfies the following differential
equation :

, _ (A39(©)+44)? A9 (+4A2 A1 (§)+4,
) = Garray (eXp( A3¢(§)+A4) + pexp (A3¢(€)+A4) + ’1) (2.5)

where (4;4, — A,A3) # 0. Eq. (2.5) gives the following solutions:
Family 1: when

(4144 — A3A3) #0,u = 0,(A2 —4pu) > 0,4, =0
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Family 2: when

Family 3: when

Family 4: when

Family 5: when
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——

— [(A2—4y)tanh (4(124”)(§+c))—/1\
|
|

)

(2.6)

$:1(5) =

(A4, — A3A3) £ 0,u + 0,(A1* —4u) < 0,4, =0

$,(8) =

(A1A4 — A2A3) # 0, = 0,1 # 0,(A* —4u) >0

A
Az +A4ln (exp (A (§+c))—1)
Aq +A31n(

$3(8) = [—

o)
exp (A (§+c))—1

(A1A4 —A2A3) * O;H * O;A * 0; (Az - 4’#) = OrAZ =0

—2A(¢+c)—4

—2A(§+c)—4
A‘*l“( 12(E+0) )
Al_A3l“( 12(E+0) )

$4(8) = [

(A1A4 — A243) # 0, =0,1=0,(2* —4p) = 0

January 06,
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Ay—Ayln (§+c)

$s5($) = [—m (2.10)

Family 6: when
(A Ay — AyAs) # 0,1 # 0,4 # 0,(A2 — 4) = 0, 4; % 0(i = 1,2,3,4)

Az—A4ln (_A(Zz(ij)ciz)l
= |- 2.11
¢6 (E) [ A1—Asln (_A(Zz(ij)ciz) ( )
Family 7: when
(A1Ay — A3A3) #0,u # 0,(A> —4p) > 0,4, # 0
l[ 2A22A41n<exp< AZ 4u)(§+c)><< <4u+/1 (A2-4p) )) (A;wz (124;1)))“141‘1@2_4#)}
2pu| ex ( 4p)(E+c)
$7(8) =|- (2.12)

exp( (12—4p)(§+c)><12—4y+1 (A2-4p) ) (/12—4#—/1 (/12—4,1))
241—-2A31n
2u<e (W(GU) )

>+A31n(12—4/1)

i
Step 4 : Substituting (2.4) into (2.3) and using (2.5), and then setting all the cofficients of (exp (—%)) of the
3 4

resulting systems to zero, yields a system of algebraic equations for kq, k;, A, 4 and a;(i = 0,1,2,...m).
Step 5 : Suppose that the value of the constants kq, k,, A, 4 and a;(i = 0,1,2,...m) can be found by solving the algebraic

equations which are obtained in step 4. Since the general solutions of (2.5) have been well known for us, substituting
ki, k2, A, u, a; and the general solutions of (2.5) into (2.4), we have the exact solutions of the nonlinear PDEs (2.1).

3.ECKAUS EQUATION

In this section, we will apply the The Generalized of exp(—rp(f)) expansion method to find the exact solutions of the
Eckaus equation. Let us consider Eckaus equation:

iW, + Wy, +2(|W|2),W + [W|*IW =0 (3.1)
We may choose the following traveling wave transformation
W(x,t) =u(@exp(i(ax + Bt)); & =k(x — 2at) (3.2)
where k,a and § are costants to be determined later.

Eq. (3.1) becomes
k?uge — (B + a®)u + 4kugu® +u® =0 (3.3)

By balancing the height order derivative term (ug) with the nonlinear term (uguz) in (3.3), gives (m = %) To obtain an
analytic solution, (m) should be an integer. This requires the use of the transformation

u= v(%) (3.4)
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That transforms (3.3) to

2k?vvge + 8kvivg — kz(v§)2 — 4B+ a®)v? +4v* =0 (3.5

By balancing the height order derivative term (vvs;;) with the nonlinear term (v*) in (3.5), gives (m = 1).

Therefore, the generalized of exp(—q,’)((f)) expansion method allows us to use the solution in the following form:

4 4
v(&) = ap + ayexp (—%) (3.6)

Substituting (3.6)and(2.5) into(3.5), the left-hand side is converted into polynomials in

J
<exp (— %)) .G =0,12,....). We collect each coefficient of these resulted polynomials to zero, yields a set of
3 4

simultaneous algebraic equations (for simplicity,which are not presented) for ag, a1, k, a, 8,1, u, A1, A, Azand A,. Solving
these algebraic equations with the help of algebraic software Maple, we obtain

k(A+y2%2—4p k k2
“o=¥,a1Zglﬁzj(lz—‘*ﬂ)—az,ﬂzﬂ (3.7)

Al =A1,A2 =A2,A3 =A3,A4 =A4,k =k,ﬂ.=1,a =a

Substituting (3.7) into(3.6), and use (3.2),(3.4) we have :

W) = \/Z—Fexp (i (ax + (I;—Z (22 —4w) — az) t)) \/(/1 + /2% — 4u) + 2exp (— %) (3.8)

where
& =k(x —2at)

Consequently,the exact solution of the Eckaus equation (3.1) with the help of Eq. (2.6) to Eqg. (2.12) are obtained in the
followin form:

Case (3-1): when

(A1Ay — A3A3) # 0, # 0,(A* —4u) > 0,4, =0
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\/Z—F exp <i <a'x + <kTZ (2% —4p) — a2> t)) X

W13 (f) — A1—Azln|

\.
(2+ V2 =4n) + 2exp| - \ )

e L 1sa,

I/— (2244 )tanh I/ (122_4#)(54—5) I—A\I
m,. L )|
\ J
& =k(x — 2at) (3.9)

In particular setting

p=4A =1A4;=14,=1k=21=5a=1c=0

we fined :

fexp(i(x + 8t)) x

NEoE)
Wiy (§) = 1-In <3ta"hg(%f)4>) (3.10)
4 +exp| — - _3tanh8@§)_4>
— A !
| =)
& =2x—4t

See Figure (3 .1):
Case (3-2) : when
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4u) < 0,4, =0

gexp< (ax + ( K2 (A2 — 4p) — az) t)) X
2
I/ (4;412)tan< (4u A )(§+c))l\|
A41n| 2u I
| |
'\ )
A1
2
I/ Wm( 4”2 ! )(m))a\l
WS(E) _ Al_A3ln| 2u I
2R | |
(/1+,//12 —4u)+2exp - \ /
( (fam )\
I (4;4—/12)tank > (§+C))—A I
A4lni o i
Az k ) +A4
/ / (4n—22) \ \
} (4p—22)tan | > (§+c)/|—a I
A1—A31ni \ 75 i
| [
Al \ )
& =k(x— 2at) (3.11)
In particular setting
p=241=-14;=14,=1Lk=41=2a=1c=0
we fined :
'exp(i(x — 17t)) X
Hl' tan (f) 1 '|
wiy© = | | ( ( 2| (3.12)
|(2 + 2i) + 2exp tan 7@ 1 |
ql 1+l tan (f) 1 +1 J
& =4x—8t
See Figure (3 .2)
Case (3-3) : when
(A1Ay — A3A3) #0,u = 0,1 % 0,(A* —4u) >0
2911 |Page January 06, 2015



ISSN 2347-1921

gexp( (ax + (kz 22— az) t)) X
[
W33(f) — ” / ( A2+A41n<exp /1(§+c)) 1)>+A2\] (313)
| A1+A3In
i| A+ 121) + 2exp | — 12l o G¢22)- ) il
I[ \ ( Az-%—A41n<eXp (1(§+c)) 1)) /J
| +A44
N svan (o)) /|l
& =k(x — 2at)
In particular setting
u=0A4=-14,=-1,43=1,4,=2k=41=1a=1c=0
we fined :
[
i|[ /(12111 (=5 (llg)—1)>+1\]|
3 _ . I T (eXp (6)*1)
W3 (&) = exp(i(x + 3t)) (|2 + 2exp | : [l (3.14)
” \(121n (exp (15)—1>>+2/ |
\Il —1g (eXp (6)—1) J

E=4x -8t
See Figure (3 .3)

Case (3-4): when
(A14, — AA3) #0,u = 0,1+ 0,(A2—4u) = 0,4, =0

g exp(i(ax — a?t)) x

i/ Agin(Z2AEFO4 22(§+c) 4 \
Wi (&) = i / A1< 1235(2)4) \ (3.15)
|
|
|
|

Al—A31n AZ(E+0)

A+ 2exp| — ~ 1n< e o) 4>
4 = 22(E+¢) A
E —2A(E+0)-4 4

A1—A3In A2(E+0)

where

& =k(x — 2at)

In particular setting

=14, =-1,A43=1,4,=2k=41=2,a=1,c=0

we fined :
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o B
\ )

|
\

W2 (&) = exp(i(x — 1)) || 2 + 2exp | NEzy (3.16)
\(7 <—>>
& =4x -8t
See Figure (3 .4)
Case (3-5): when
(414, — A2A3) #0,u=0,1=0,(A* —4p) = 0
g exp(i(ax — a?t)) x
W2 () = ny(LAhan ey (3.17)
zexp (- AHECY )
A3(~Fi s ro) e
& =k(x — 2at)

In particular setting

A=-1,4,=-1,4;=1,A,=2k=4a=1c=0

(1+Zln (5))_1
W53,0 & = \/Eexp(i(x — t)) exp <%) (3.18)
(1+ln ©) )_2

E=4x -8t

we fined :

See Figure (3 .5)
Case (3-6): when
(A1A4 — AyA3) # 0, # 0,1 % 0,(A% — 4p) = 0,4; # 0(i = 1,2,3,4)

g exp(ia(x — at)) x

W) = i/ >+A2 \ (3.19)
|

E=k(x—2at)

In particular setting
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Aj=-1,4,=-1,A;=1,A,=2k=4a=1c=01=2,u=1

we fined :

'exp(i(x — t)) X

l( / f: 1\\ (3.20)
i 2+2exp| 1+21n |
NG )“//

W (6) =

& =4x -8t

See Figure (3 .6)
Case (3-7): when
(A1A4 — A3A3) #0,u # 0,(A%2 —4p) > 0,4, # 0

|[§ exp (i (ax + (é (22 — 4p) — a? ) X ]I
W) = | | (3.21)
|l j((a + VT Hg) + zexp (- ;;;;g;;gi))}

where

+A4In (A2 —4p)

2u<e ( 22—4u)(§+f1)> )
$7(8) = -
exp( (A2—4p)(E+c1) <12 4u+2 (/12 —4p) <12—4;4—z (/12—4[1))
241—-2A43In +A3In (12 —4p)
Zu(exp( 12 4#)(§+61)) )

(exp( (12—4u)(§+c1)> 12—4u+/1 (/12—4;4 —<12—4u—2 (22—4;4))\
2A2—2A4In

& =k(x — 2at)

In particular setting

Ay=-14,=-1A;=1,A,=2k=4a=1c=01=4u=3

we fined :
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fexp(i(x + 15¢t)) x
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3(exp (2§)-1)

3 —
W7,0 (E) - 1+ln( 6exp (28)+2

< 142l (76‘”‘" (2¢)+2 )—m )

3(exp Gon) @

(3.22)

>+1

1+21n( 6exp (26)+2

3(exp @)@

6exp (26)+2

6 + 2exp
&
E=4x -8t
See Figure (3 .7)

Figure (3.1)
3D plot of |W|
& =2x—4t

0.s

0.4

Figure (3.3)
3D plot of |W3,|
§=4x—8t
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)

Figure (3.2)
3D plot of [W3,|
& =4x -8t

Figure (3.4)
3D plot of [W|
& =4x—8t
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Figure (3.5) Figure (3.6)
3D plot of |[Wg,| 3D plot of [W,|
E=4x -8t E=4x -8t

Figure (3.7)

3D plot of [W3,|
&§=4x -8t
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4.NONLINEAR SCHRODINGER EQUATION

In this section, we will apply the The Generalized of exp(—d)(f)) expansion method to find the exact solutions of the
nonlinear Schrédinger equation. Let us consider nonlinear Schrodinger equation:

iW, = =3 Wy + SIW W 4.1)
We may choose the following traveling wave transformation
W(x,t) = u(f)exp(i(ax + ﬁt)); E=k(x — at) (4.2)

where k,a and g are constants to be determined later.
Eq. (4.1) becomes
—(a? +2B)u + k*ug —26u® =0 4.3)

By balancing the height order derivative term (ug) with the nonlinear term (u?) in (4.3), gives (m = 1). Therefore, the
generalized of exp(—d)(f)) expansion method allows us to use the solution in the following form:

A1 (@E)+A
u(®) = ap + ajexp (— A—::é)Hé) (4.4)

J
Substituting (4.4)and(2.5) into(4.3), the left-hand side is converted into polynomials in (exp (— m%)) .G =012,...).
3 4

We collect each coefficient of these resulted polynomials to zero, yields a set of simultaneous algebraic equations (for
simplicity,which are not presented) for ay, a1, k, a, 8, 4, 1, A1, A, Az and A,. Solving these algebraic equations with the help
of algebraic software Maple, we obtain

St === (RP@ -4 + 20, = pt (4.5)

Al =A1,A2 =A2,A3 =A3,A4 =A4,k =k,/1=l,0( =a

Substituting (4.5) into(4.4), and use (4.2) we have :

- 7 _ Y202 2 e |k _ A9 (©)+4,
W (&) = exp (1 (ax 4(k A% =4 + 2a )t)) [2\/5+\/3exp( A—3¢(§)+A4)] (4.6)

where
& =k(x — at)

Consequently,the exact solution of the nonlinear Schrédinger equation (4.1) with the help of Eq. (2.6) to Eq. (2.12) are
obtained in the followin form:

Case (4-1): when
(4144 — A3A3) #0,u = 0,(A2 —4pu) > 0,4, =0
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Wit (€) =
e
2V§
E=k(x—at)

In particular setting

[exp <i (ax - % (kK222 —4p) + Zaz)t)> X

Aq

ISSN 2347-1921

(4.7)

A3

+A44

u=4A,=143=1,4,=1k=2,1=5a=16=1c=0

we fined :

Wffo (S( ) =

See Figure (4 .1):
Case (4-2) : when

2918 |Page
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(A1A4 - A2A3) * O,‘Ll * O, (/12 - 4,[1) < O,AZ =0

[exp <i (ax - % (k222 —4p) + Zaz)t)> X
22
I/ (4u—12)tan( (4”2 ! )(§+c))—a\|
A4ln| 7 I
| )
Aq
22
I/ (4u_/12)tan< (4”2 ! )(§+c))—l\|
A1—A3ln| o I
AGE |\ }| (4.9)
Ak k
=t =exp| —
2V V8 / / () \ \
I (4[1712)tan|\ > (§+c)/|7/1 I
A4ln| 21 I
| |
'\ )
A3 +A4
iy
I{ (4;1—/12)tan( (4#2 A )(§+c)>—l\|
A17A3ln| g I
| )
& =k(x—at)
In particular setting
u=2,4,=-1A43=1,4,=1k=41=2,a=1c=06=1
we fined :
[ . 31
4exp (l (x ok 7t)) X
4 —
Wy (§) = (e 0o (4.10)
—1+In (—tan (§)—1)
1+ exp <( Tn (—tan (©)—1) )_1>
| —1+In (—tan (§)-1) ]
E=4(x—1t)
See Figure (4 .2)
Case (4-3) : when
(A1A4 - A2A3) * 0,‘[1 = 0,/1 *0, (AZ - 4’#) >0
2919 |Page January 06, 2015
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_exp (i (ax — % (k?2% + Zaz)t)> X

we fined :

2920 |Page

A2+A4In
Wi(§) = / / ( e () ) +A2\\ (4.11)
| A expl A1+A31n< p(l(fﬂ)) 1)
2
\/_ \/_ \ ( A2+A4ln( p(/'{(f+c)) 1)
+A44
_\ A1+A31n( p(l(f+c)) 1)
& =k(x — at)
In particular setting
u=0A4,=-14,=-1,43=14,=2k=41=1,a=1c=08=4
exp ( (x o t))
W:;l:o(f) - / /<1 21n exp ({) 1 1\ (4.12)
i 1+ 2exp| — s @) o |
<1 21n o ({) 1 _a
| 10 (1)
§=4(x—1t)
See Figure (4 .3)
Case (4-4): when
(A1A4 —A2A3) * O,H * O,A * 0, ().2 2= 4.[1) e O,AZ - 0
1
exp( (ax -5 t))
22(E+c)— 4
Agln
W44('>r) = / / A1< < /12(;(;1)6) 4) \\‘ (4.13)
A1—A3In
| e ko] T2 G [
25 175 exP oy e zuem ) N
43 T 22(E+0) /
22(E+c)— 4
i Al_Agl“( I /
& =k(x— at)
In particular setting
January 06, 2015
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p=14,=-14;=1,4,=2k=41=2a=1,c=0,6 =16

we fined :

[exp <i (x-2 t)) x

(O = »EE)
Wiy (6) ( . <(§:3)> )
O \ER

E=4(x—1t)

See Figure (4 .4)
Case (4-5): when

(A1A4 —A2A3) * O,H = O,A = 0, ().2 e 4#) = 0

We(é) = l;—gexp (i (ax —%(Zaz)t) — jl

& =k(x — at)

In particular setting

Al = —1,A2 = —1,A3 = 1,A4 = 2,k=4‘,a= 1,C=

we fined :

(1+21n [€3)
1+1n (&)

1
WS%O(E) = 2exp <l (x = %t) +(1+er17(§)2

1+In (&)

E=4(x—1t)

See Figure (4 .5)
Case (4-6): when

_A2-A4ln (§+c)
Aq1—A3In (§+c)

(4.14)

_A2—A4In (§+c)
Aq1—A3In (§+c)

)+4;
ol W s

0,6 =4

(4.16)

(A1Ag — AyA3) # 0,u # 0,4 % 0,(A2 — 4u) = 0,4; # 0(i = 1,2,3,4)

wio =|[ k /A<

2921 |Page
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&E=k(x — at)
In particular setting
A =-1,4,=-1A;=1,4,=2k=4a=1c=01=2u=186=16

we fined :

1_
Wio(©) = ( H)ﬁ (4.18)
—1+In(—5*
1+ exp 1f
1-2In (T) -
\ ~1+In (15;5) /_
E=4(x—t)
See Figure (4 .6)
Case (4-7): when
(A1A4 B A2A3) ¢ O,H #: 0, (/’{2 -» 4’#) > O,Az 7‘—' 0
W#(&) = exp <i (ax - % (k222 — 4p) + Zaz)t)> [% + %exp (— :;:Zg;:zi)] (4.19)

where

exp ( /(/12—4u)(§+01)>(12—4u+l (/12—4,1))—(,12—4,4—,1 f(/lz—zm >

)
24;-244In " (exp < (,12—4;4)(§+c1)>—1> +441n (12 —4y1)
@ ==
¢7 f exp( (/12—4;4)(§+c1)>(,12—4u+,1 (/12—4;1))—(,12—4,4—,1 /(/12—4,1)>
241—243In +43In (A2 —4p)
2H<6XP< (/12—4M)(€+C1)>—1)
& =k(x — at)

In particular setting

Ay=-1,4,=-1,A;=1,4,=2k=2,a=1c=0A=4pu=308=4

we fined :
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W7o =

E=2(x—1t)

See Figure (4 .7)

exp (i (- 20)) »

6exp (26)+2
3(exp (2§)-1)

—41In (2)

24+4In
24+2In

6exp (26)+2
3(exp (2§)-1)

2In (2)

6exp (26)+2
3(exp (2§)-1)

—41In (2)

2 + exp < 24+4In

2+2In

Figure (4.1)
3D plot of [Wi|
& =250t
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)
Figure (4.2)
3D plot of [Ws|
E=4x —4t
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Figure (4.3) Figure (4.4)
3D plot of [Ws'| 3D plot of [Wy|
& =4x — 4t §=4x —4t

Figure (4.5) Figure (4.6)
3D plot of || 3D plot of [Wg|
E=4x -4t & =4x—4t
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Figure (4.7)
D plot of |[W|
¢ = 2t

5.Conclusion

In this artical, we considered two complex equations and the generalized exp(—d)(f)) expansion method has been
successfully implemented to obtain new generalized traveling wave solutions of the Eckaus equation and the nonlinear
Schrédinger equation. these solutions have rich local structures, It may be important to explain some physical phenomena
. This work shows that, the new approach of exp(—¢(g’)) expansion method is direct, effective and can be used for many
other NLPDEs in mathematical physics.
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