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Abstract. We give an identity which can be regarded as a basic result for this paper. We give special values to the 

parameters in this identity to get some wellknown identities such as Euler identity and Cauchy identity. Inspired by this 

identity we introduce an operator );,( qDbaG . The exponential operator )( qbDR  defined by Saad and Sukhi [11] can 

be considered as a special case of the operator );,( qDbaG  for 0=a . Also we introduce a polynomials 

);,,,( qbayxWn . Al-Salam-Carlitz polynomials );,,( qbyxUn  [4] is a special case of );,,,( qbayxWn  for 0=a . 

So all the identities for the polynomials );,,,( qbayxWn  are extensions of formulas for the Al-Salam-Carlitz polynomials 

);,,( qayxUn . We give a transformation formula of 22  series. We give an operator proof for the generating function, 

the Rogers formula and the Mehler’s formula for );,,,( qbayxWn . Rogers formula leads to the inverse linearization 

formula. We give another Rogers-type formula for the polynomials );,,,( qbayxWn . 
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1.  Introduction 

We list some definitions and terminology for the basic hypergeometric series [6]. We assume that 1|<| q . The q -shifted 

factorial is defined as  
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We shall use the following notation for the multiple q -shifted factorials:  
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The generalized basic hypergeometric series is defined by  
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where 0q  when 1> sr . Note that  
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The q -binomial coefficients is defined by  
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One of the most important identities is the Cauchy identity  
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 Euler found the following special case of Cauchy identity (1.1):  
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 The finite form of the Euler’s identity (1.2) is (see [3])  
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 The q -analog of the Chu-Vandermonde summation is  
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 In this paper, we will frequently use the following identities [6]:  
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 The Cauchy polynomials is defined by  
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 The Cauchy polynomials can be written in the following form [7, 8]:  
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 In 1965, Al-Salam and Carlitz [2] defined the following polynomials, also see [9]:  
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 The polynomials );()( qxu a

n  can be rewritten as  
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 In 2010, Chen  et al. [4] extended the definition of Al-Salam-Carlitz polynomials as follows:  
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 which have the generating function  
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 The polynomials );,,( qayxUn  can be rewritten as  
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 They gave the following idetities for );,,( qayxUn : 
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 The Rogers-type formula for );,,( qayxUn :  
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 provided that 
rqxy =/  for a non-negative integer r and max 1<|}/||,{| aqxatq r
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 The inverse linearization formula for );,,( qayxUn :  

).;,,(),()(1)(=);,,(
2

0=

qayqxUyxPaqq
k

n
qayxU kn

mkn

km

k

k
n

k

mn














 







                       (1.12) 

 The Mehler’s formula for );,,( qayxUn :  
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 where 
rqxy =/  or 

rquv =/  for a non-negative integer r and max 1<|}||,{| rr autqxtbq 
. 

In 2010, Abdul Hussein [1] obtained the following formulas for ),( yxPn :  
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In 2013, Saad and Sukhi [11] obtained Mehler’s formula for ),( yxPn   
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The q -differential operator is defined by:  
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 The Leibniz rule for qD  is (see [10])  
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 Let k  be a nonnegative integer. Then the following identities are easy to verify [5, 12, 13]:  
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2.  The operator );,( qDbaG  and the polynomials );,,,( qbayxWn  

In this section we give an identity which is a basic result for this paper. We give special values to the parameters in this 

identity to get some wellknown identities. Inspired by this identity we introduce an operator );,( qDbaG . Also, we 

introduce a polynomials );,,,( qbayxWn . 

Theorem 2.1.  We have  
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Proof. By using (1.3), we get  
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     (by using (1.2) and (1.5)) 

We give special values to the parameters in (2.1) to get some wellknown identities such as Euler identity and Cauchy 
identity.   

    • Setting 0=a  in equation (2.1), we get Euler’s identity (1.2). 

    • Setting 1=a  in equation (2.1), we get  
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      The above equation is due to Cauchy [3]. 

    • Setting qa =  in equation (2.1), we get  
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    • Setting qx =  in equation (2.1), we get 
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Now, let qD  be defined as in (1.17). Inspired by the identity (2.1), we introduce the following operator:  
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 Setting 0=a  in (2.2), we are led to the operator  
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defined by Saad and Sukhi [11]. This means that the operator )( qbDR  is a special case of the operator );,( qDbaG . 

We introduce the following polynomials:  
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 Setting 0=a  in );,,,( qbayxWn , we get Al-Salam-Carlitz polynomials );,,( qbyxUn . This means that 

);,,( qbyxUn  is a special case of );,,,( qbayxWn . 

     The polynomials );,,,( qbayxWn  can be written in terms of a 22  series as:  
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3.  The generating function for );,,,( qbayxWn  

 In this section, we use the operator );,( qDbaG  to represent the polynomials );,,,( qbayxWn . By using this 

representation we give operator proof for the generating function for the polynomials );,,,( qbayxWn . We give a new 

formula for the polynomials );,,,( qbayxWn . Also we give a transformation formula of 22  series. 
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     From (1.20) and (2.2), we obtain the following representation for the polynomials );,,,( qbayxWn :  

).;,,,(=)},(){;,( qbayxWyxPDba nnqG                                                    (3.1) 

Lemma 3.1. Let );,( qDbaG  be defined as in (2.2). Then  

                     1.|<|,
);,(

)(

);(

);(
=

);(

1
);,(

2

0=

xt
qbtq

abtq

qxt

qbt

qxt
Dba

n

nnn

n

q


















G                                         (3.2) 

Proof.  

        
































);(

1
1)(

);(

);(
=

);(

1
);,(

2

0= qxt
Dbq

qq

qa

qxt
Dba k

q

k

k

k

k

k

k

qG  

 













);(

1)(
);(

);(
=

2

0= qxt

t
bq

qq

qa k
k

k

k

k

k

k

     (by using (1.19)) 

 .
);,(

)(

);(

);(
=

2

0= n

nnn

n qbtq

abtq

qxt

qbt 



       (by using (2.1)) 

Theorem 3.2 (The generating function for Wn(x, y, a, b; q)). We have  
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Proof.  

              
n

n

nq

nn

n

n

n qq

t
yxPDba

qq

t
qbayxW

);(
),();,(=

);(
);,,,(

0=0=

G


      (by using (3.1)) 

 











n

n

n

n

q
qq

t
yxPDba

);(
),();,(=

0=

G       

 1|<|,
);(

1
);,();(= xt

qxt
Dbaqyt q











 G      (by using (1.9)) 

 .
);,(

)(

);(

);,(
=

2

0= n

nnn

n qbtq

abtq

qxt

qytbt 



      (by using (3.2)) 

Setting 0=a  in the generating function for the polynomials );,,,( qbayxWn  (3.3), we obtain the generating function 

for Al-Salam-Carlitz polynomials );,,( qbyxUn  (1.10). 

Lemma 3.3. Let );,( qDbaG  be defined as in (2.2). Then  
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Proof. 
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The polynomials );,,,( qbayxWn  can be rewritten as:  

Corollary 3.3.1. We have  
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 Proof. The q -Vandermonde convolution formula [6]  
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Rewrite (3.6) as  
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Applying the operator );,( qDbaG  to both sides of (3.7) with respect to x , we get  
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From equations (2.4) and (3.5), we get the following transformation formula of 22  series:  
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4.  The Rogers formula for );,,,( qbayxWn  

 In this section, we give operator proof for the Rogers formula for the polynomials );,,,( qbayxWn . From Rogers 

formula, we obtain the inverse linearization formula of );,,,( qbayxWn . We also find another Rogers-type formula for 

the polynomials );,,,( qbayxWn . 
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Lemma 4.1. Let );,( qDbaG  be defined as in (2.2). Then  
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Proof. By using equation (2.2), we have  
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Theorem 4.2 (The Rogers formula for 𝑊𝑛(𝑥, 𝑦,𝑎, 𝑏; 𝑞)).  We have  
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      Setting 0=a  and then ab =  in Rogers formula for );,,,( qbayxWn  (4.2), we get Rogers formula for Al-Salam-

Carlitz polynomials );,,( qayxUn  (1.11). 

 

     By rewriting Rogers formula (4.2), we obtain the following inverse linearization formula of );,,,( qbayxWn :  
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     Setting 0=a  and then ab =  in (4.3), we get the inverse linearization formula for Al-Salam-Carlitz polynomials 

);,,( qayxUn  (1.12). 

 

     Employing the Leibniz formula (1.18), we may derive the following lemma:  
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∎ 

 

     The following another Rogers-type formula for the polynomials );,,,( qbayxWn :  

Lemma 4.5. We have  

            

km

m

kn

n

kmn

kmknk

k

k

k

k qq

s

qq

t
qbayxW

qq

yq




















);();(
);,,,(

);(

1)(

==

2

0=

 

 .
);,(

)(
)(1)(

);,(

);,(

);,(

);,,(
=

22

0=0=

2

k

m

kmkk

k

mm

m

m

m qbtqq

abtqq
bsq

qbtq

qaxt

qxtxs

qbtysyt
m





 









  (4.5) 

Proof.  

  

km

m

kn

n

kmn

kmknk

k

k

k

k qq

s

qq

t
qbayxW

qq

yq




















);();(
);,,,(

);(

1)(

==

2

0=

 

        



































km

m

kn

n

kmn

kmknk

k

k

k

k

q
qq

s

qq

t
yxP

qq

yq
Dba

);();(
),(

);(

1)(
);,(=

==

2

0=

G      (by using (3.1)) 

        












);,(

1
);,();,(=

qxtxs
Dbaqysyt qG      (by using (1.15)) 

        .
);,(

)(
)(1)(

);,(

);,(

);,(

);,,(
=

22

0=

2

0= k

m

kmkk

k

m

m

m

m

m

m qbtqq

abtqq
bsq

qbtq

qaxt

qxtxs

qbtysyt 












        (by using (4.4)) 

∎  

     Setting 0=a  and then ab =  in (4.5), then the above formula reduced to the following formula for Al-Salam-Carlitz 

polynomials );,,( qayxUn :  
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By induction on k , we can prove the following proposition:  
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Lemma 4.8. We have 
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     Setting 0=a  and then ab =  in (4.8), we are led to the following formula for Al-Salam-Carlitz polynomials 

);,,( qayxUn :  
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5.  The Mehler formula for );,,,( qbayxWn  

In this section, we give an operator proof to the Mehler’s formula for the polynomials );,,,( qbayxWn . 

Theorem 5.1 (The Mehler formula for Wn(x, y, a, b; q).  We have  
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 where 
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quv =/  for a non-negative integer   and 1<|}||,{|max   ubtqxdtq .  

Proof. By using (3.1) and (2.3), we get  
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 The first sum in the above equation is finite under the terminating condition 
qxy =/  or 

quv =/ .  

     



















































j

jn

j

j

n

j
n

n

nn

n

n

n

q
qydtq

xcdtqqqxyq

qxdtq

qydt

qq

vuPyxPqt
Dba

);,(

)();/(

);(

);(

);(

),(),()(
);,(

2

0=

2

0=

G  

                                                                                                                                         (by using (1.16)) 

          







































 
);(

);/)(,(
);,(

);,(

)(

);(

),()(
);(=

2

0=

2

0= qxdtq

xqxyqyxP
Dba

qydtq

cdtqq

qq

vuPqt
qydt

n

j

j

n

n

q

j

jn

j

jn

n

n

n

n

G  

          







































 
);(

),(),(
);,(

);,(

)(

);(

),(1)(
);(=

2

0=

2

0= qxdtq

yqxPyxP
Dba

qydtq

cdtqq

qq

tvuPq
qydt

n

n

jn

q

j

jn

j

jn

n

n

n

n

n

G  

         .
);(

),(
);,(

);,(

)(

);(

),(1)(
);(=

2

0=

2

0= 




































 
qxdtq

yxP
Dba

qydtq

cdtqq

qq

tvuPq
qydt

n

jn

q

j

jn

j

jn

n

n

n

n

n

G  
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       (by using (1.6)) 
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 Setting 0=a , 0=c , then ab =  and then bd =  in Mehler’s formula for the polynomials );,,,( qbayxWn  (5.1), we 

get Mehler’s formula for Al-Salam-Carlitz polynomials );,,( qayxUn  (1.13). 
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