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Abstract. we give an identity which can be regarded as a basic result for this paper. We give special values to the
parameters in this identity to get some wellknown identities such as Euler identity and Cauchy identity. Inspired by this

identity we introduce an operator G(@,b; D) . The exponential operator R(bD,) defined by Saad and Sukhi [11] can
be considered as a special case of the operator G(a,b; Dq) for a=0. Also we introduce a polynomials
W.(X,y,a,b;q) . Al-Salam-Carlitz polynomials U (X, y,0; Q) [4] is a special case of W, (X, Y,a,b;q) for a=0.
So all the identities for the polynomials Wn (X, y,a, b; q) are extensions of formulas for the Al-Salam-Carlitz polynomials
Un (X, Y, a, q) . We give a transformation formula of 2¢2 series. We give an operator proof for the generating function,
the Rogers formula and the Mehler's formula for W. (X, Y, &,0;Q) . Rogers formula leads to the inverse linearization

formula. We give another Rogers-type formula for the polynomials W, (X, y, a,b; Q) .
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1. Introduction

We list some definitions and terminology for the basic hypergeometric series [6]. We assume that | q |< 1. The Q -shifted

factorial is defined as
1 if n=0
(a;a), = 1y
(1-a)(l—aqg)---(1—-aqgq"™) if n=123,...

We also define
(a,0).. = f!(l— aq").
We shall use the following notation for the multiple ( -shifted fact(;rials:
(a8, 8, 0), = (8;0), (823 0), -+ (@50,
(a8, 8,:0),, = (a;0)..(3,:9),, -+ (&n; ).

The generalized basic hypergeometric series is defined by

r¢s(a1'a2"”’ar’bl’b2’ s s!q X)_r¢s(bl b21 ’ ’q Xj

B S5 MG, I Y N PP Y
w0 (4 @) (b130), (b:Q),, -+ (bs; )

where g # 0 when I' > S+1. Note that

a1 aZ' r+1 » < (a1;q)n(a2;q)n'“(ar+1;q)n n
”l¢( bl,bz,---, B ;(q;q)n(bl:q)n(bz:q)n---(br:q)nX'

The ( -binomial coefficients is defined by

{n_ _ L @t

k] (050), (050) 04
One of the most important identities is the Cauchy identity

Z (@) - (aX0),

5 (Q; q)k (x;0)..

Euler found the following special case of Cauchy identity (1.1):

.| x|<1. (1.1)

k
(1) q@xk
o (4;9),
The finite form of the Euler’s identity (1.2) is (see [3])

(x;0), = ZnZM(—l)kq[ZJXk- 1.3)

=(%0)., - (1.2)

k=0

The ( -analog of the Chu-Vandermonde summation is
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In this paper, we will frequently use the following identities [6]:

(aq), = _(&a),

1.5
(aq"a). "
(& Ao = (@), (ag";q),- (1.6)
. — —k [k;] . .
(¢/a;q), =(-a)~a (ag™:q)./(a;q),. (L.7)
"3 N=()+ (’2‘) + ken. (1.8)
The Cauchy polynomials is defined by
P (% y) = (x=y)(x—ay)---(x—yg“™) = (y/x; q), X",
which has the generating function
£k .
ZP (x,y) - (yta), .| xt|<1. (1.9)
(@.9) (xtq)..
The Cauchy polynomials can be written in the following form [7, 8]:
g [k] k n k
Pn(x,y)=2 (-1)q
k=0
In 1965, Al-Salam and Carlitz [2] defined the following polynomials, also see [9]:
: SERNCLRS
U (60) = (-a)'a " | o daval
The polynomials U® (X; Q) can be rewritten as
(@) [y | N k [;j k
U (a) =] (1) q YatP, , (x).
k=0
In 2010, Chen et al. [4] extended the definition of Al-Salam-Carlitz polynomials as follows:
nngle) (ALY
U,(xy.a;q) = (-1)"a q(ZJ 2¢1£q oy ;q.qx/a],
which have the generating function
t" at, yt;
ZU (x,Y,2;Q) - @uyta), , | xt|< 1. (1.10)

(0:q),  (xtq),

The polynomials Un (X,¥,8;Q) can be rewritten as

U,(xy,a0q) = iﬂ(—l)k q@ a“P_, (x,Y).

They gave the following idetities for Un (X, y,8;Q):
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The Rogers-type formula for Un (X, Y, a, q) :

R s" " _(asq), (YV/xsit,
mzzog(_l) q Um+n (X’ y’ q) (q q) (q q) (at,q)w 2¢1( q/at 1q’qX/a} (1-11)

provided that y/x = q_Ir for a non-negative integer r and max{| atq‘r |,| qx/a |} <1.

The inverse linearization formula for Un (X, Y, a, q) :

U . — - N _1 k ( ] U a.

(Y30 =2 | (1) a7 (80" By (VU (% ya™ 250). (L.12)
k=0

The Mehler's formula for U (X, Y, a;Q) :

t" _ (abt,ybt,avt;q),

z( 17'q 20, 06 y @, (. bia) @),  (xbtauta),

y/x,vlu, g/abt
;0,9 |, (1.13)
g/aut, g/xbt
where Y/X=(Q " or V/lu=(q " for a non-negative integer r and max{| Xtbq™" |,| autq™" [} <1.
In 2010, Abdul Hussein [1] obtained the following formulas for P, (X, Y) :
min{m,n} nim s (J
BOYPL Y= 2 | ] D 0 (@) Y P (%) (L14)
k=0
(1) gy q[k]y ZZ (x.y) s _ (yt.ys;q)
nem-k K Y = (1.15)
S, =<\ (@ Q)n (@D, (Xs0),,
In 2013, Saad and Sukhi [11] obtained Mehler’s formula for Pn (X, y)
" _(xwt;q),
P.(x,y)P,(z,w) ¢ q yzt |, | xzt|<1. (1.16)
Z (g:a), (xztq), "
The (] -differential operator is defined by:
_ f(a)-f(aq)
D {f(@)}= I (1.17)
The Leibniz rule for Dq is (see [10])
nin
D}{f (2)g(@)}= kz_o{k}q“k'"’ D{{f (2)}D} “{9(ag")}: @19

Let K bea nonnegative integer. Then the following identities are easy to verify [5, 12, 13]:
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D:{ 1 }= t! . (1.19)
(xt;q),, | (xt;q),
(@a), p
D P, (x,y)} = @D L (X Y). (1.20)
(xv;q),, (xvg*;q),,
D{(t )w} o S, -

2. The operator G(a,b;D,) and the polynomials W, (x,y,a,b;q)

In this section we give an identity which is a basic result for this paper. We give special values to the parameters in this
identity to get some wellknown identities. Inspired by this identity we introduce an operator G(a,b; Dq). Also, we

introduce a polynomials Wn (X, Y, a, b; q) .

Theorem 2.1. we have

S @Dy gk 2 g™ (ax)
kz(qq)k( ya x=0a. Z(0|><q) ey

Proof. By using (1.3), we get

€Ik A
(@), e ZM(_M S )
Kk i=0 _1 k k
Z(qq)k( )q X kz(; (0;0), LS
- (;] - k+i
(-1)'q & Kt [2) ket
qq)(qq)k(l) 1

) £
_~xv ((D'q @ 1)k [BHa) ki e
22 ST by using Loy
BN
0 | I(ax) (1)kq (qlx)k
zo (9;9); kz;‘ (9;9),

=(x;q),. zq (a)) (by using (1.2) and (1.5))
(q,x;

We give special values to the parameters in (2.1) to get some wellknown identities such as Euler identity and Cauchy
identity.

* Setting d = 0 in equation (2.1), we get Euler’s identity (1.2).

« Setting @ =1 in equation (2.1), we get

nn l
Z =

q.%0), (xa),
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The above equation is due to Cauchy [3].

* Setting @ = (] in equation (2.1), we get

. [] B o qkzxk
Z( )"q X" = (x; q)wé(q,x,q)k
* Setting X = —( in equation (2.1), we get
@Dn 300 gy = g (-a0)"
Z(q, -1)"q " (-q)" (qcll)Z‘,(q’qq)k

o (4 8

- (-1)"(@*) "(ag)"
Z: 3 RaL g (@%9%),

= (—9;0)..(ag;q%),,.  (by using (1.2))

Now, let Dq be defined as in (1.17). Inspired by the identity (2.1), we introduce the following operator:

G(a,b;D,) = i (afq)k (—1)kq[2] (bD,)". 2.2)

k=0 ' k
Setting @ = 0 in (2.2), we are led to the operator
= (@' q[z) (bD,)"
R(bD,)=>_ :
o (@A),

defined by Saad and Sukhi [11]. This means that the operator R(bD,) is a special case of the operator G(a,b; D) .

We introduce the following polynomials:

W, (x,y,a,b;q) = Z[ }( 1)kq[zjbk(a’Q)kPn—k(X1 y). (2.3)

k=0

seting @a=0 in W (X,y,8,b;Q), we get Al-Salam-Carlitz polynomials U (X, Y,0;q). This means that
U, (X, y,b;q) is a special case of W, (X, y,a,b;q) .

The polynomials W, (X, ¥,a,b;q) can be written in terms of a , @, series as:

ol X .
W_(x,y,a,b;q) = (-1) q( Jb "(a;q), 2¢2( qq,_,y Ia :9,9° x/ab]. (2.4)
3. The generating function for W, (x,y,a,b;q)

In this section, we use the operator G(a,b; Dq) to represent the polynomials Wn (X, Y, a, b; q). By using this
representation we give operator proof for the generating function for the polynomials Wn (X, Y, a, b; q) . We give a new

formula for the polynomials Wn (X, Y, a, b; q) . Also we give a transformation formula of 2¢2 series.
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From (1.20) and (2.2), we obtain the following representation for the polynomials Wn (X, Y, 4, b; q) :
G(a,b; D P, (x, Y)} =W, (%, y,a,b;q). (3.1)
Lemma 3.1. Let G(a,b; D,) be defined as in (2.2). Then

LGk, < ey
G(a’b’D“){(xt;q)w}‘(xt;q)wg @bta), T .

Proof.

}z(aq)k( ol htp { 1 }

G(a,b; D {
(0;9), (xt;q).,

C (@0 qygloh |
Z:(; q)k( )q (xt,q)w (by using (1.19))

_ (Bt0), 9" "(aby)”
00, 2 (@),

Theorem 3.2 (The generating function for W, (x,y, a, b; q)). We have

(by using (2.1))

2
t"  _(bt,yt0). <-g" (abt)”
(x,y,a,b;q) , | xt]<1. (3.3)
EN (@;9), (xtq), Z (q,bt;q),
Proof.

0 0 tn
D W, (x,y.a,b;q) =" G(a,b; D ){P, (X, )} (by using (3.1))
h=o (q, A\ (9;0),

o0 tl’]
=G(a,b;D P (X,
(@ “){; K (q;q)n}

1
(xt;q).,

= (yt;0)., G(a,b; Dq){ }, | xt|<1 (byusing (1.9))

_ (btytq), <" “(aby)”
(xt;q)., Z (a,bt;q),

Setting a = 0 in the generating function for the polynomials Wn (X, v, 4, b; q) (3.3), we obtain the generating function

(by using (3.2))

for Al-Salam-Carlitz polynomials Un (X, Y, b; q) (1.10).
Lemma 3.3. Let G(a,b; D,) be defined as in (2.2). Then

(xv;q),, | _(xv;q),  (aVv/t,
G(a,b;D ){(xt 0. }_(xt;q)w 2¢2[ Vo bt} (3.4)
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(i), | _ & (@0), . {(xv Q). }
P f. G(a,b;D
roof. &(a ){( Xtq), } 2, VO (xt),

— Z(a g)k (- 1) q[ btk (vV/it; ), % (by using (1.21))

_(xv;q),, a,v/t
(xt;q).. 2¢2( xv,0 ,q,bt]

The polynomials Wn (X, Y, a, b; q) can be rewritten as:

Corollary 3.3.1. we have

")k q“.a. k
W, (x,y,a,b;q) = (y;a), —q ¢( 1d,bq J (35)
Z @y:a. "L ox
Proof. The ( -Vandermonde convolution formula [6]
g7, (Y% n
¢( :q,CIj: =X (3.6)
oy (y:a),
Rewrite (3.6) as
D)
R.(X,y) = (y;a), q. 3.7)
Z (9, y;a)y

Applying the operator G(a,0; D,)) to both sides of (3.7) with respectto X, we get

S(a DR ()= (i), > A D g'ea ;Dq){(iz;k‘_‘fs }
By using (3.1) and (3.4), we get
W, (x, y,a,b;0) = (y;q), Zﬁ ; 2¢2[qc_) ;(a;q,bqkj.

From equations (2.4) and (3.5), we get the following transformation formula of 2¢2 series:

qk

¢2(q‘",1}/n/x;q’qxlaj (-1)"q ‘2 (YQ) °°(q‘".>.<;q)k
0,g7"/a b"(a,q), = (d,Yy:q),

,k,a
x 2¢2(qo . ;q,bqk}

In this section, we give operator proof for the Rogers formula for the polynomials Wn (X, y,a,b;q). From Rogers

4. The Rogers formula for Wn (X, y,a, b; C])

formula, we obtain the inverse linearization formula of Wn (X, Y, a, b; q) . We also find another Rogers-type formula for

the polynomials W, (X, Y, a,b;q) .
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Lemma 4.1. Let G(a,b; D,) be defined as in (2.2). Then

P.(xy)] _ (bs;q), < 3} @ xs:)
G(a,b;D b —mP ,
@ )ﬂmm} aqu{} D s, Y

Z ql |(absq2m)

(4.1)
(0;bsq™; q);

Proof. By using equation (2.2), we have

G(a,b: D ){P(X y)}
(xs;0)

(a;9), (kJ k k{Pn (X, Y)}
= 1 b*Df¢ 77
ZM)J)Q | (xsiq).,

(a Q)k m(m-k) k=m 1 usin
_Z ( 1)« q b Z{ } D!'{P, (x, y)|D} {—(qumJQ)w} (by using (1.18))

ii (a'q)k+m ( 1)k+mq[ 2 ]bk+mq—mk D(;n {Pn (X, y)}D;{ 1 }

=0k (4:9) 1 (3:0), (xsq™;0)..
3 (@0)5 (@075 A)ic g yeem U [5]+mkbk+m e (@0, p (s9™)"
Zozo CHONCH)N N ; (9:9)_ (. Y) (xsq™;q).,

(by using (1.6), (1.8), (1.20), (1.19))

= oﬁ%”w@mmmmwwzwqmwnqumq>

=
S
=)

:wmnin(anm@mm wazwwmww

(by using (2.1))
(X8;0)., m=o| M (bs;q),, (g;bsq™; a);

Theorem 4.2 (The Rogers formula for W, (x,y,a, b; q)). We have

S SW,..0(x, v.2,b:0) :

m

_bsysi0). § (a6 rd e

o (q M, @a), (xs0), mo(q,bs,ys;q),
| —i abS 2m /XO
Zq (absg™)' Zﬂ[y 0.0 x j w2

(q,bsq™; ), ysq

provided that max{| xs|,| xt [} <1.

Proof.

nm (XY, 2,0
Z‘)Z}N (q a), (@ q)
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m

- G b1D n+m >
ZZ (2:0,){Frn y)}(q 9, (@.9),

an ( )}

= t" P (X,
=(ys;q)., Z—G(a, b; D, ){M} (by using (1.9))

(by using (3.1))

=G(a,b;:D ){ZP (X, y)

7= (0, ys;9), (xs0)..
In view of (4.1), the above equation equals
R H ool o @xs10), q”" (@bsg™)
D "g " ——=EP (X))
(xs;0)., 2 q,ys; q%% (bs; a)., Z q,bsq™;q);

_(bsysia), & (@.xsi9), s d T @bSE) (), s
50, Zgbsysa, D4 O Z (@.bsq™;0), nz;‘(q ysq™; ), 0

_ 0sy5:0). § (@xsid)y gyngynsa (absely (0]
6. Zabsysg, (D O > s, L ysan

Setting @ =0 and then b = a in Rogers formula for Wn (X, Y, a, b; q) (4.2), we get Rogers formula for Al-Salam-
Carlitz polynomials U, (X, Y, 8;q) (1.11).

By rewriting Rogers formula (4.2), we obtain the following inverse linearization formula of Wn (X, Y, 4, b; q) :

Lemma 4.3. Forn,m >0 ,we have

W, (X, y,a,b;q) = Zilﬂ(—l)k q@ (a;0), (bg™)“P,_ (X, Y)W, (x,yq",aq",b; q). (4.3)

Proof. Rewrite Rogers formula (4.2) as

> 3 W (%,

A=om=0 (q S CHE)

m

_(bs,ys0), < (@50, (2] s 07 (aDST™)T (), e
(xs:0).. qus ysq)k( DA )mzo (9,bsa*;a),, nzc;(q,ysqk;q)n(xo

n+k .

)R

(&), g™ " (absq®)™ & (¥%:0), . n (BSTY, ySQ
1 bt

L@ fa ()mzé (@.bsq*;p),, Z(qq) o ),

(by using (1.5), (1.6))

@Dy v t"  (bsq*, ysq"*;q), & q" " (absg?)"
1 bt)* P (x,
kz:: q)k( ya ey 2R y)(q:Q)n (xsq“;a),  m= (a,bsq*;q),
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(sq*)"
b; .
(a; qnnZ:}N(”q 2, q)(;0|)m

(by using (3.3))

=y e 1yq bZP(xy)

Equating the coefficients of t"s™ on both-hand sides we get

Wi (X, y,a,b:q)=i{:}(—1)kq[ j(a Q) (bg™)“ P, (X, Y)W, (x, yq"*,aq", b; q).

Setting @ = 0 and then b=a in (4.3), we get the inverse linearization formula for Al-Salam-Carlitz polynomials

U.(X,y,a;q) (1.12).

Employing the Leibniz formula (1.18), we may derive the following lemma:

Lemma 4.4. Let G(a,b; D,) be defined as in (2.2). Then

| 1| _ btg). & Gtaq), (7)< g (abtg?™)"
G(a’b’D“){(xs,xt:q)w} (xS, Xt; q)wz(q bt;q),, C8)" Z (q,btg™; @), @4

Proof.

:iEaEQ)k (_1)kq[2]kag{;.}

(xs,xt;q).,

- < (a;0), 1) (;]bk < I:k} m(mk)Dm{ | }ka{ 1 }
sz;(q;q)k( s a=Lm y "xsa), ] ((xtg™;q),

(by using (1.18))

— ii (a.q)mm ( 1)k+m q( +m)bk+mq { 1 }D:{ ml }

=l CHOMCHYP (xs;0)., (xta™;q).,

- O (a q) (aq q)k k+m (k)(m}mbhm —km sm (tqm)k
2.2 G, Y T xs), (xtq™q),

(by using (1.6), (1.8), (1.19)

1 (xt,a;q) [ j qk ~* (abtg®™)*
m (—1 bs)"™ (btq"
(xsxthﬁmzo @), (DT E9" ), Z (a.btq™; ),

(by using (2.1))

(bt,q),. i(xt a'q)m( 1y q[ ](b) zqk ~(abtg™)" _

o (by using (1.5))
(xs,xt;q)., m=o (d,bt; ), = (q,btq™;q),
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The following another Rogers-type formula for the polynomials Wn (X, Y, a, b; q) :

Lemma 4.5. we have

m

W
Z(l)q yZENmmk(xyabq) >

o (a), A= (CCHe) NP (cHe) P

_ (yt,ys,bt;0),, <& (xt,a;0),, bs g (abtg®™)*
b xca), 2 @btay. o )Z (@btq™q),

(4.5)

Proof.

m

Hy
Z( 1) q y ZENmm k(X ya’ 1q) >

= (@a) == (qq)nk(qq)mk

= . (-1)* q[ ]y 58 .
=G(a,b;D d using (3.
(B8P.) kz(; (@;9), Zk:mzé s y)(q (o) IR (¢ e ) PG "

1l

= (yt,y5,0)..G(a,b; Dq){m

} (by using (1.15))

_(Lysbta), < 0Laa)y, o (2] o0 07 (abtg)"
(xs,xt;q),, mz;)(q bt;a),, =l )Z (a.btq";q)

(by using (4.4))

Setting @ =0 and then b=ain (4.5), then the above formula reduced to the following formula for Al-Salam-Carlitz
polynomials U (X, Y, &;0) :

(-1)* q( jy s"
U (XY,
g (9;9), Zk:zk v (X3, 80) (a; Q)n ()
_(ytyys,at;q), (Xt
©(xs,xt;q)., 1¢1(at,q,as}

By induction on K, we can prove the following proposition:

Proposition 4.6. Let K be a nonnegative integer, then

K i _ ik (o) i
DR (xq', )= g LD _p (i ). |
p { ) (xq Y)} q @D (xq',y) (4.6)

Proposition 4.7. we have
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G(a,b; D )P, (X, Y)P, (X, y)} = im(—l)‘ q@ (2,0);b'P, (X, YW, (xa',y,aq' ,ba';q). @7

Proof.
G(a,b; D){P,(x, V)P, (x, )}

=i§ g;< 1y 2o “DE{P, (%, )P, (%, y)}

- 533—§< g kaim ODI{P, (x,y)D P, (X' y)} by using (1.18)

— o (850) gk (k;] K ik k i
Z())Z(;—(q TR D! {P, (x, y)}D!{P, (xd', )}

(a;9); (].(q Q). (aq q)k U
Z(qq)( 1)'q b(q i P, (, y)Z (-1)q

w (0;0),
(9:9) 1«

m—k (xqi ) y) (by using (1.6), (1.8), (1.20), (4.6))

xq

Z[ }( 1)’ q[ J(a; a)ib'P, (%, y)i[ﬂ(—l)k q(2j (ag';q), (ba')* P, (xq', y)

n

ZL }( 1) q[ j (3;0);b'P,; (X, Y)W, (xq', y,aq',bq';q).  (by using (2.3)

i=0

[ |
Lemma 4.8. we have
min{m,n}| n—_m k
{k : }(—Dk q@ (00), YW, i (X, Y,2,0;0)
k=0 AL
S _n i [IZJ i i i i
: (-1)'g“(a;q);b'P, (x, Y)W, (xd',y,aq’,bq’;q). 4.8)
i=0_

Proof.

min{m,n} k
> {n}[m}(—l)k q[zj @D YW, (x,y.a.b:0)

o LKLk
min{m,n} n [ ] .
=G(a,b; D) Z M{ }( 1) (@ Oy Y P (X Y) [ (by using (3.1))

=G(a,b; D,){P, (X, Y)P, (X, )} (b using (1.14))
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{ }( 1) q( ](a:q)ib‘Pn_i(x, YW, (xq',y,aq',bg';q).  (by using (4.7))

Setting a = 0 and then b=a in (4.8), we are led to the following formula for Al-Salam-Carlitz polynomials

U,(x,y,a;0):

min{m.n}{ kj k
L(j”: :|( 1) q (q’q)ky l'Jn+m—k (X! y,a, Q)

O

nn i . _
H( 1) q(] P (X, y)U,(xq',y,aq’;q).
i=0

5. The Mehler formula for W, (X, y,a,b;q)

In this section, we give an operator proof to the Mehler’s formula for the polynomials Wn (X, Y, a, b; q) -

Theorem 5.1 (The Mehler formula for W, (x,y, a, b; ). We have

w—l"_[gj\N . v,a,b;g)W _(u,v,c,d;
HZ;( )"q YW (%, y,a,b; )W, (u,v,c q)(q;q)n

(tog™)"
(0:9),,

n (U,va")

_ (ydt,bdt;q)oo & (—but)"q [ j(y/x v/u,q/bdt;q),
), X T, e

z(bcdtq Yk gk’ k(xdtq",aq’";q)kz( xedtq“ ") g (yq"/x;q)
= (., ydt,dbtg™";q), =0 (q, ydtq*;q),

) (abdtq—n+m+2k )I 2
) (5.1)
“2 (g batg " q),

where Y/X =" or V/u=q” foranon-negative integer 3 and max{| xdtq” |,|ubtq” [} <1.

Proof. By using (3.1) and (2.3), we get

$1°q A, 00y, bW, (.6, ) oo

n

= i(—l)nq{zjc;(a,b; D ){F’n(x, y)}i{ﬂ(—l)kq[ Jd “(c; Q)P (U, V)mtT

o K [;j k(e (1)qU
=G(a,b;D —1)*a7d* (c;a) B, (X, Y)P,
@ )kz(;zk:( i (G Dl y)RA L )(q ), (9;0)
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n+k [mkj n+k
V) (1) t

=G(a,b: ww—k@dk;knk, \
(a,b;D,) sz;nz(;( 1)"q (€ )y Pk (X, )P, (u, (qq) @D, }

k=0n=0 (a;9)(a;9),

=G(a,b;D,) iipﬂ(x, Y)P. (%, yg")P, (u, V) q(Zjdk(c;q)kth (—1)”q{2]_[2]_ }

& g
=G(a,b;D “1)"q ‘P, (x, y)P.
@ q){nz.(;( 4R RO, (q q), = (:0),

S (), P (x gy ) }

=G(a,b; Dq){i—l)" 0 e Geypp, =

(dtg™)
P.(1,c)P,
q)n; & (qu)(qu}

The first sum in the above equation is finite under the terminating condition y/x = q‘ﬁ or V/u = q‘/’

3 (—t)”q[z)P(x, y)P.(u,v) (ydtq), <& (yq”/x;q),-q["'j(—xcdtq”)j
G(a,b:D n n
@012, (a;0), (xdtg™;q)., JZ(; (0, ydtq),

(by using (1.16))

A (—t)”q_{z]P (u,v) & q[;j(—coltq-")j _ P, (x, y)(ya"/x;q) ; x!
= (ydt;q).. n G(a,b; D, —
S Z;‘ (9:9), = (0,ydtq), 9 ){ (xdtq™;q)., }

(-1)"q [ ]P UWt" & q[;](—cdtq‘")j . P, (X Y)P; (X, yq")
= (yd G(a,b;D
s Z;‘ (a;a), i (g, ydt;q); 3 q){ (xdtq";q)., }

_ (-1)"q [ jF’(u t" & 0|[2](—cdtq")j _ { P (%) }
dt: G(a,b:D )} — i L
- YeEe § G0 2= @yt " P\ e a).

By using (4.1), the above equation equals

(-1)"q [ ]P (uwt" & q(ZJ(—cdtq‘”)" (bdtq™";q).,.
dt;
(ydta).. Z(; (0;a), = (q,ydtq); (xdtq™;q),

n+j n+j " [r;j (thq—n’q) o qiz—i(abdtq—n+2m)i
-b a;9),, P . (X —— —m
Z{ m }( "4 @ DnPrrn (V) i) 2 (@ beltg " 5a),

R Z‘“ (—1)”q_@P (CAYISRS q[;j(—cdtq‘”)" (bdtq™;q), ZZ
- d1 © . |
(ydt:a) P (9;a), = (q,ydtg); (xdtg™;q)., r=ic o[ }
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o gaom gy, [mJ (xdtg™;q),,
{m_k}q (=b)" o (a;a) P jm (X, Y) (bdtg ™).

z ql I(abdtq n+2m)
(a,bdtq™"; q);

e @t e g’ et
- (yagqy, 3 C' TR (v ZqU(—cdtq )’ (bdtq™;q), ZZ{ }{ }

(by using (1.4))

= (9;0), = (g,ydtq); (xdtg™;q).,, ismo

g om gl o™ (@D (KT Py XY)
(bdtq™; ).

Z ql '(abdtq n+2(m+k))
(q bdtq n+m+k . q)

= (yd5a), Y13 D P, ) o P g PHaP* gy

n=0m=0k=0 j=0 (ydt;q) ..

s (bdtq*”*m;q)w qim+mk+(2]+(2] (_b)m+k (a;Q)m+k nﬂ(X y) (xdtq n- m’q)m+k
(xdtg™™;q)., (@;9), (a;9);(a;9),(a;9), (bdtg™™;0)

Z q 2 (abdtq—n+m+2k)i
= (q,bdig™*;q),

< A (z] t" & o (@0), (tbg™)"
= (ydt; -1 P.(x,y)P. (u, P (u, m
(y tq)wn§=0( )"d P (X, Y)P, (u,v) @, mE:O . (u,va") adi

j
3 (2a";a), (bedta ") g X (bdtq™; ), 5 P& yq“)q(zj (~cdtq™*)]
k=0 (q! ydt, q) (thq_n+k , q)oo =0 (q’ ydtqk , q)J

Z ql |(abdtq—n+m+2k)

— (by using (1.6))
i=0 q bdtq “ ’ q)l

_ (ydtbdta), < o A (kv abdta), o (@30),, (000 )"
(xdt;q)., g( D' (a, a/xdt; ), (out)” 280 0. va7) (CHe)

j
xfj(thQ’",aqm:q)k(bcdtq K¢ & (ya'ix;g), (—exdtg )] q(zj
pey (g, ydt,bdtq™; q), i (g, ydtq“;q),

qu |(abdtq—n+m+2k)
< (q,bdtg™;q),

(by using (1.5) and (1.7))
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Setting @ =0, ¢ =0, then b =a andthen d =b in Mehler's formula for the polynomials Wn (X, Y, a, b; q) (5.1), we
get Mehler’s formula for Al-Salam-Carlitz polynomials Un (X, Y, a, q) (1.13).
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