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ABSTRACT

We determine the structure of the lower central terms and the structure of the minimal central terms of the nilpotent
product of free abelian Lie algebras of finite rank.
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1 INTRODUCTION

Let F be a free Lie algebra of finite rank over a field K of characteristic zero. By 7n (F) we denote the N—th term

of the lower central series of F .
The minimal central series of F determined by a subalgebra A is the decreasing series of ideals whose terms are given
by the recursive formulas [1] :

o(A): <A>, (A= [F,H A] for 1 >0, where <A> is ideal of F generated by the subalgebra A. The
lower central series of F is a well known example of a minimal central series of F .

The lower central series of a free Lie algebra has been studied by T.C. Hurley [3,4] and the minimal central series has

been defined for groups by Baer [1] The terms of these series serve as a tool for the construction of new classes of Lie
algebras.

Is it possible to define and classify all operations on a set of Lie algebras which share some properties with the free
product and yet different from this operation? Investigation of the possibility of defining new constructions similar to those
of the free product which would be a suplementary means in the study of various classes of Lie algebras.

Solvable and nilpotent operations were studied by Levi [6] Golovin [2] and Struik [7] for groups.

In this work we determine the structure of the terms of the lower central series and minimal central series of nilpotent
product of free abelian Lie algebras.

All Lie algebras considered in this work will be over a field K of characteristic zero.

A Hall set of a free Lie algebra containing the elements of weight k is denoted by H s
2 Lower Central Series
We need the following theorems.

Theorem 1 [8] Let F be the free Lie algebra freely generated by the set {Xl,...Xn} and let H be a Hall basis for

F .if f isanyelementin F then

f= ah(mody,,(F))

i=1

where ,,..., € K and h,,..h, are elementsof H, U..H,.
For i =1,...,m let A be the free abelian Lie algebra generated by the set {ail,...ai } and let
f

A=A *..*% A Dbethefree product of A,..., A, .By D we denote the cartesian subalgebra of A.

Definition 2 The k —th nilpotent product of the free abelian Lie algebras A ,..., A, is defined to be the Lie algebra

L=, A = Al (A),
where K >1.
Theorem 3 suppose that U,,..., U, are basic commutators of weight less than K +1, on the letters a ..., &, ,
1

where i=1,...,m, I >1. Then every element U of L can be uniquely expressed as

u=>au,

where o; € K,i=1,...,t
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Proof. Let A=A *..*A_ be the free product of A,...,A,. Then L= Aly,.,(A). Clearly every element U of

L can be written as
:I_|<m ﬂljalj +W,
1<i<j

where ﬂij eK,weD.

By lemmal of [5] the set of basic commutators of weight > 2 on the set {aij [1<i<ml<i<r,r 2> 2} @

is the set of free generators of D .

Thus the element W can be expressed as
—S
W= W

where W,,..., W, are basic elements constructed on free generators of D . Therefore the element

ij Ij +DI\NI

is an expression of basic commutators of weight 1,2,...K . This completes the proof.

Theorem 4 Let L=, A bethe k—th nilpotent product of the free abelian Lie algebras A,..., A, . Then
i) if N>k then 7,.,(L)=1{0},
it N <K then 7,:(L)=7,,.(A)7.(A)

and every element U of 7n+1(|—) can be expressed as U= Za,u,, where ¢; € K,U,,...U, are basic

elements of weight N+1,n+2,...,K ontheletters &;,1<i<m,1<j<r,r >2.

ij 1
Proof. i) it L= A then L= A0y ,(A), where A=A*..%A . Hence 7,,(L)={0} Therefore
yn+l(L) {0} for N2 k

i) 1f L=, A then
V(L) = 702 (AT74(A)
= (ot (A)+ 70 (A7
= 71 (A) 701 (AN 71 (A)
= Va(A) 72 (A),

where N<K and A=A *..%x A be the free product of A,..., A,.

A)

Let A=<ai yeeQl >,i:1,...m. Also let F be the free Lie algebra generated by the set
1 hi

X Z{Xi- |1£ism,1sjsri} and Y be the set of basic elements of the form lxijl’xiizl where

X, > X, 1<i<m,1< j <r.Then Theorem 1 implies that

L= F<Y> +7k+1( )
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So

70a(L)= 2o (FO)+ 710 (F))
=(7n+1(F)+< )+ 7PN )+ 71 (F)
Yo (F) 701 (F)(Y) + 7 (F))
= (7a(F )Dm(F))@fm( F)A(Y)+70a(F)7ca(F))
= (1o (F) e (FDGroua(F)NY))+ 7 (F) 7 (F)

By Theorem 1, 7n+1(F)[ 7|<+1(F) is a free nilpotent Lie algebra with basis H,,, U...0UH,, where H,,...,H, are

Hall sets constructed on the set X .
Set M = (7n+1(F)m<Y>+7/k+1(F))D7k+l(F)'

Clearly every element ( of (7n+1(|:)ﬂ 7k+1(F ))W M can be expressed as

=>ch+M,

where C, € K, ht els(=n+l Hs. Consider the isomorphism

P: (7n+1(F)D7k+1(F))[M - 7n+1(|—)

defined as ¢(ht)= 0, if h, contains the words |_XJ, u l as subwords, where

1S|Sm,1£ j1| jz <K ' h[ els( n+1

S'

¢(ht)= ( ) if N, does not contains the words |_X l as subwords, where h(aij) is a basic word on

|J ! |j
the letters &;,1<i<m,1<j, j, <r,h e . H..

Then the image of any element ¢ = Z:CthI +M of (7,,(F)Ir.(F)IM is ¢(g ZC ht( U)

Therefore any element of 7n+1(|—) can be expressed uniquely as a linear combination of basic elements of weight
n+1,...,K onthe letters au,1<|<m1<1§ri.

3 Minimal Central Series

Let Ay,..., A, be free abelian Lie algebras of finite rank, and let A= A *...* A be the free product of A,..., A,,.

The terms of the minimal central series of the free product A= A1 *.0% Aﬂ defined by the commutator subalgebra

A" = ((AAZ),, An) of A are called free commutator subalgebras of A, namely, the K —th term k(Am) is called

the K —th free commutator subalgebra.

The O—th commutator subalgebra of A is the commutator subalgebra Aim of A

Definition 5 The k —th nilpotent product of the free abelian Lie algebras A,,..., A, is defined as

N=A ..+ A =A(A")
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where k>0, A=A *..xA_.

The commutator subalgebra ((AiAz),, Aﬁ) in N is called the K —th nilpotent commutator subalgebra. We shall
denote it by (Am )N.

Note that the O—th nilpotent product of t A,..., A, is the direct sum A @...® A,.

By n(Am )N we denote the N —th term of the minimal central series of (Am )N .We have for an arbitrary N <k

(A, =, (A7) (A7)

Therefore

o(A"), =(A"), = (A7), 22 (A7), = {0}

Theorem 6 The factor algebra NL;(A‘m)N is isomorphic to the N —th nilpotent product A *" ...*" A . Namely,

NL(A™), = A" A

Proof. The proof is a direct consequence of the second isomorphism theorem:

NL(A"), = A(am ) (AT )d(AT)
= A A7)
= Ai M %" An
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