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1.INTRODUCTION:

Let&‘a_;denote the class of functions of the form :

=

flzi=zF+ Z Gnpz" ¥ . (pEN ={1,23...}), (11

n=1
which are meromorphic multivalent in the punctured unit diskt/* = {z:z € €.0 = |z| = 1}. Consider a subclass Jyof the
class®; consisting of function of the form:

=

FR =27 =) an 2" (2np 2 0), (12)

n=1

The Hadamard product of two functions, f is given by (1.2) and

gizi=z"7- bﬂ_pzﬂ_p, bp_p= D] (1.3)
is defined by
(Ffeg)(z)=z"P _Z En_pbn_pzﬂ_p = (g = ().

n=1L

The I-function which was introduced by Saxena [14] is an extension of Fox's H-function. On specializing the parameters, I-
function can be reduced to almost all the known as well as unknown special function.

The definition of I-functions given by Saxena [14] is as follows:
(e}, (o5 a5), P
(bj8), . (Bp By}, 0

1) = 5001 = 1§53
?i"-: (=) z%ds

where
[TZ, (B = Bis ) IT7Z, (1 — a; + ay3)
:'F:’-{ i= i"+lr(1 b +'E.ll ]Hu—lr-ﬂ.r( — i :I}

pii =1.23....7).q;(i = 1.2.3,...#),m n are integers satisfying 0 £ n = p, 0 =m = g;i = 1.23.....r).ris finite & 5. a5 5
are real and positive and ;. b . b; ; are complex numbers such that

tis) =

trj-l[bl-.: +1) * ﬁj-l[u;.: —-1-K
With all necessary conditions for existence as given by Saxena [14]. If the integral operator of f € Ry for @, 8 = 0 is denoted
by

I!';"-'? and defined as following:

Igﬁﬂzjl - Ma- leizr;"ﬁr[z]r i 1‘_,::1 q'“r'[t]f':ﬂdr’ -4
where

et = [ 00 )]

u i u i I:b .8 :“:b_.v.g_u:l':g 1)

valid when

B
(Rs(bj-] = REI:R.J:J =1+ Lrgn_i'imeE (ﬂ_j))

Then I ff(z) can be expressed for
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&

flzi=z P+ Z Opg 27 F,

as given below,

g+ I (e—p ”*1'(“ &; ][ & jia & ]
gty Iib ".3 :“ib .I'B :II:B p— ﬂ-,ll
o N om0 JiF L n—p
Iy fiz) == +ﬂz=:l - {u,l[l[r;-lg :“: e ] np
EH-:. +1i’l I:b '3 :I(bJL-'.E_lL:IEE 1|
=z P+ % Bymnafio,_z"F, (1.5)
HZ;- (2 n—-p
where
jmn+l ’ (@— P- ”*1'[“" w]( Qi :I
pFLgrhy
ﬂp[m,?‘.',, R‘-.-,B-J = ! ! (b r'l‘? :I(le-'.B_ll:II:B F' ﬂ-.:1| I:l.EI-:I

M+l
-l!'r_-,u +:|. -

[ 06w
I:b .'I-? :“:b_.v.g_.t:l':g 1)

Definition (1.1): Let f € R, given by (1.1). Then f be in the class /&7 (8.

a(i Z5(fag)(z] ) |x|"; 25 f+ g)(= )
prrrperraial ) | e
,:.E-'L_.r wgl (2 | ,;‘;ﬁ.ﬁ'[_.r g1 (2]
; . , . <1, (1.7)
i x[;;ﬁ.j.gj[xjj x[;ge.;f.g:ujxy) i
[ Frpm | w1 || HPE AR -

where #, &, £ belong to {0.1] and + belong to [,1]
We define the subclass J; * (6,6,v) = Jp 1 j_,f-'?{ﬁ', &, 1)

2.Main results:

ISSN 2347-1921

&. 1) if it satisfies the following condition:

In the first theorem, we provide sufficient condition for functions to be in the class ;,, S[E d.17).

Theorem (2.1): Let the function f(z) defined by (1.1) be in the class J£#(8.6.v). Then

Z Oy (m,n, a. ) E:m[l + &)1+ 8) —pFil- 1:]] Bnp||Pnipl = pB(1 — ¥).(2.1)
n=1

where 8,4, # belong to (0.1], v belong to [0.1Jand @,{m.n. a. Flis given by (1.6).

pI’OOfi Let the condition (2.1) hold true, then we have

2 (B8 - 9)(2) ~ 8 |= (15 (f « )()) + pISP(f = g)()| + PIEA(f <) (2)

) ‘Pﬁ?il —v)IEA(f « g)(z) -6 ’z (55 - 002)) - o

na finay by =" B) nay_gby 2" F

a Ky

‘pﬁ’[l —v)z P +pf{l—v IZ Bplm, 1, f) ap_ by pz""

=

— & [Z Op(m. ., finay_phy_pz"F —
n=1

n=1
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< (1+9) ) 0p(m n.2.f) 1 _gby plzI" P = pB(L —¥)|zIP = pB(1=1) D By(m.n, @, B)|an_pl[B_sg| 121" 7

n=1 n=1

+ (1 +6) z Dpl(m.n, a, f nja,_pf|bpp|lzI"F

n=1
= Z By (m, n.a. 5) (n(1 +8)(1 +8) —pf1—v)) p_p| | Bn_p| — PE(L — 1) < 0.
n=1

By hepothesis. Then by Maximum modulus theorem, we have f Ej;'-'?[ﬂ,ﬁ, 7).

Theorem (2.2): The function f(z) defined by (1.2) is said to be in the class [, **(8.4.v). If and only if

Op(m.n.a.f) (r(1+8)1+ 8 —pf(1- L']:Iuﬂ_pbﬂ_p =pfll—v), (2.2)

n=1

where &, &, & belong to {0.1],r belong to [0,1jand @p[‘m,ﬂ, . flis given by (1.6).

pI‘OOfZ We only need to prove the "only if" part of Theorem (2.1). For functions f(z) € J,. we can write

a(igbifegiia))  |a{1g0ifegnia)

128(feg)(2) | 1580 fog) (2]

tp|te

213 (Foghlz) )

155 fegiia) | 155 a2

_|sligocgria)

+p| +pld— (1 —v]]

+ pIEF(f = g)(2)

z(I55(f « g)(2) ) + pIEE(f = 6) (D)

: (59 - @) -5

z(f_f"? (f = gj[z]:] +pIeB(f « @) + pl6 - BL —)IISF(f = ) [z]]

& ’z (Ig"?{f £ g) {zj\]l —f

1+ ¥ O mn e Fna,_ b, _z™ P

= =3 - == —5—
T |pB(A— )+ pA(L — ) Epo, Op(mun e, Bl pbp_pz" P — 8(1+ 6) By Op(m.n. @, F)nay,_gby,_ 2"

since Re(z) = |z|. (z € U™, we thus find that

RE(P L+ Ele::lmp{m;ﬂ,ﬂ',ﬁ:lﬂﬂ,ﬂ_pbﬂ_pzi’!—p—l
B(1

—v) +pp(1 - L':IE:=1EIDI:?H,?L &, .Bt'ﬂ'n—ubn—uzﬂ_p_l_ (1 + E:'E:=1mp|:mgﬂ; 0, ﬁ:lﬂﬂ-ﬂ_nbn_nzﬂ_p_lf

If we now choose = to be real and let z — 17, we get
Z By (m.n, a. ) (nl[l +8)(1+ & —pBil— L']:Iuﬂ_pbﬂ_p =pBil—v)
n=1

which is equivalent to (2.2).

Corollary (2.1): Let the function f(z) defined by (1.2) be in the class/y*“(8.4.v). Then

- pEl—v)
T 0p(mmn e ) (n(1 +6)(1 +8) —pBl—v))byy

Ty

The result is sharp for the function

pB(t—v)
Eﬂp{m,ﬂ,w,ﬁ][ﬂ,{l+ﬁj[1+ﬁ —pBl— L']:Ibﬂ_p '

flz)=z7F—

Let the function f;(z){j = 1.2] be defined by

filad =27~ Z Qg2 s (ﬁ'r!—p._i' = 0). (2.4)

n=1

The modified Hadamard product of f;(z} and f;(=) is defined by

= 1,

\){1.
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(Foo @ =27= ) Cn_pifn 22" = (fy = F.

n=1
Theorem (2.3): Let the function f;{z)(j = 1.2) be in the classf!;-“-'?[ﬁ', §.v). Then (fy = f)(z) Ejp'-“-'?[ﬁ', &, 1), where
apf(l—v)*(1 +8)(1 +4)
0y (m, na@.B) (n(1+ 6)(1 +8) —pB(L— 1)) oy

n=1-

The result is sharp for the functions f;{z){j = 1.2) given by

pE(1 — )

T _ 2P (j=12). (25)
Bp(mn.a ,B]I:n{l + @1+ 8) —pfil- L','an-p

f:i{z} — z_p —_
where @, (m.n.a. §) given by (1.6).

proof: Employing the technique used earlier by Shild and Silverman [15], we need to find the largest i such that

- Op(m.n @ f)(n(1+ 61+ 8 —pfd—m)
pE(1—m

r!—p_iﬂ'r!—p_: =1
n=1

Since fj(z) € jr;-“-'?[ﬂ, &.17. (j = 1.2, we readily see that

=

Z Dp[m,n, @, f) [nl[l + 831+ & —pBil— L"j:lbﬂ_p

<

= pEL—1) On-ps = L
and

= 0, (mn, @, 8) ({1 + 6L + &) —pB(1—1))bp_y
Z - JR= 1) “On-p2 = 1.
= pE )
By the Cauchy-Schwarz inequality, we have

~.p (.. uf,ﬁjlim[1+ 11 + &) —pﬁ[l—r]]b - |
Z : pEL —1) : p*-" Bn-pifnpz=1.  (2.8)
n=1 3
Thus it is sufficient to show that
By (m.n, e B)(n(1+ @11+ &) — pp(1 —m)) Op(m. n, e, B) ({1 +6)(1 +8) —pp(1—1])

pE(L—m) On-pifn-pz = PB(L —1) W Tn-p1fn-n2

or equivalently, that

_ (O +el+®H -pf-w))1-1n
(0 p10np 1= 3
VIRTRERRES (1 + (L +8) —pBl—m)) (1 —v)
Hence, in the right of inequality (2.6), it is sufficient to prove that

pE(1— )
E’.’Ip[m,ﬂ, X, ﬁ](ﬂ{l +6(1+ 8 —pf1 - L']:Ibﬂ_p

(n(1+6)(1+8) - pp(1 -1))(1 -n)
- I:ﬂ[l +68)(1+ 8 —pfl —?;j:l[l — 1) '

It follows from (2.6) that
npf(l—v)* (1 +8)(1 +4)

n<l— —
Op(m e, f)(n(1 +8)(1 +8) —pB(1— 1)) by_p

Using similar arguments to those in the proof of Theorem (2.3), we obtain the following theorem.
Theorem (2.4): Let the function f,(z) defined by (2.5) be in the class [ **(8.4.). Suppose also that the function f(z)
defined by (2.5) be in the class;*#(8.8. v). Then (fy = f2)(2) € J;%7(8.8,v), where

mpf(l+ 81+ 81 —v)(1-%

¥=1- 3
Op(m.n. @, 'B:I[n{l + @)1+ 8 —pfl- L']:Iliﬂ,[l + 81+ & —pp(1l— $j|:|

3600 | Page May 24, 2015



ISSN 2347-1921

the result is sharp for the functionf;{z](j = 1.Z) given by

npfl+8)1+ 51 —v) .

fl=zF— giF
fi(z) Dy (m.na B) (n(1+8)(1+8) — pB(1l—v))by_y

il

and
apfll+81(1 +85)1(1 - %) 1em
g1
Bplmn. ﬁ][ﬂ{l + 81+ &) —pp(1l - $:|:|b:__n

fiz) =277 -

Theorem (2.5): Let the functions f;(z). (f = 1.2Z) defined by (2.5) be in the classj_.,'-"’-s[ﬁ', &.17). Then the function

=

hiz)=z"FP+ Z(ui_m + ui_p_::lz“'p

n=1
belong to the class [5 %8(8,8,1), where
Znpfl—v) (L +8)(1 +8)
O, (m.n, @ B)(n(1+ 6)(1+ &) — pB(L — 1)) bp_p + pBIL — 1)°

p=1-

The result is sharp for the function f;{z1(j = 1.2) given by(2.7).

Proof: By using Theorem (2.1), we obtain

B n—p1

ﬂ_,,l[m,n, i, ﬁ",ll:ﬂ,[l + &)1+ &) —phil— L']:Ibﬂ__,, :
l PBE=7)

n=

— O, (m na fn(l+8)(1+8 — 1—au))b,_ i
E[z B A pﬁ[g—r‘l P = )b 'n“*ﬂ—.ﬂ-i] i
n=1 ‘
and
= lﬂn[m,n, cr,ﬁj(n[l + 801+ & —pB(l— 'L':I:lbﬂ_n : .
' Ex —| & n-p2
n=1 :FJ[;'.?l:l— v
— 0, (m, ma, Mnfl+ &1+ 4 — 1—v)lb,_ i
< [Z o (. 1,2, B) (n( p,e.;i A (! M puﬂ_p_:] A7 A
n=1 d

It follows from (2.8) and (2.9) that

— 1
%

n=1

@_E,I:‘m,?’:-, &. ) (ﬂ,[l + 81 + & —pS(l— 1;",|:|£:Iﬂ__rJ :
pE(1—v)

(atn_p, + @ pnopy,) = L.

Therefore, we need to find the largest ¢ such that

Bp(m.n, a, ﬁ",l(m[l +8)(1+ &) —pfh(1l— #?:']bn_p - l’ﬂp{m, i, 5) (ﬂ[l +8)1+ 8 —pB(1l- 1,-:.]1:.”_!5 z
PRl — @) -2 pEl—1)
That is
Znpfl—v) {1+ 8)(1+ é:':l .
By (mn a F)(n(1+ 81+ 8) — pBL —1)) byp + pBL — v)°

p=1-
In the following theorem, we consider integral transforms of the functions in the class | ,, “-'?EE, &),
Theorem (2.6): Let the function f defined by (1.2) be in the classj.,,'-"’ﬁ{ﬂ, &.7). Then the integral transforms
1
Fonyf2) = ::f u™P Ll uz)dy, (D<u=1.0<c<ow) (2107
) o

is in the class]y’ "’-'9[6', £,17), where

1 enll — w1+ 831 + &)
(c+ 1][?.',[1 + 81+ &) —pp(1l - L':I:| +cpfiil — L':II

=

The result is sharp for the function f given by
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flzl==+ - — —=
¥ BuimmaB)((1+6)(1+8) —pf(1—v))

pBL-2) '

ISSN 2347-1921

(pENREN) (211)

Proof: Suppose f(z) = 2% + E3_ia,_,z" ¥ be in the class f;—“’-'?[ﬁ, .17, Then we have

1
foeps(@ = ¢ [ wP fluz)d,
i}

i =
= ::f [u"lz'!:I +Z uﬂ_nu””'lz”'p]du
e n=1

=
- C -
=z P4 E —— g,z P
c+n
n=1

In view of Theorem (2.1), it is sufficient to show that

- ::[Dﬂ{m, i, 5 (n{l +8)(1+& —pfil— p.':ljl]bn_n
; Pa

- — nop = 1.
= (e+n)pf(l—p)
Since f € j.,}':’"?[& .77, we have
— [0, (m e B) (n(1 +8)(2 +8) —pB(1 —1))]bn_s o
- — (L. .

:F'f.?l:l-'l.-':l n-pg =

n=1

Note that (2.12) is satisfies if

c[ﬂp[m,n, . ) I:n[l + 81+ &) —pfil— ,u]:I] L [E’.‘Ip[m,n, i, ﬁ](ﬂ[l +8)(1+ 8 —ppl - L':IJ]

(c+mnipEl— )

Rewriting the inequality, we have

pE(1 — 1)

[n[l +8)(1+8) —pp(1l- ,ujljl s ic+ ﬂjl[ﬂ,{l +81(1+8) —pfl1— L']:II

(1—pw) el — 1)
Solving for i, we have
1 erll — vl + 831 + &)

(c+ 1][?.',[1 + 81+ &) —ppl - L']:I + epfill —v)

=

= F(n).

(2.13)

A simple computation shows that Fix is increasing Fixn} = F{1}. Using this result follows:

Theorem (2.7): Let the function f defined by (1.2) is in the class/s (8., ). Then the integral transforms

1
Foiny(z) = ::f u Pl uz)du, (D<u<1,0<¢<w)
y )

o __n-_'g( - L+@c+p-1)
is in the class J» & T

L+@ic+p-1)

Fa =5+ i )
)=2P g )
Elp[m,n, a, 5 ([1 + 811+ &) — j:lj.?{l - %' )

Proof: By Definition of F; .1, we get

1
Foin4f2) = ::f u™PLf(uz)du
' 0

=
- C —
=z P+ E —— g,z P
c+n tF
n=1

In view of Theorem (2.1), it is sufficient to show that

3602 | Page
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- c lﬂp{m,n, a.5) (nu +8)(1+0) —pf (1 -2 )] b

1+0+0 X
n=1 ic+ ?’-‘JF'.B (1 - L+ffr1pu_1:”] e =t (=39)
Since f jp'-"'-'g[ﬂ, .17, we have
- [E‘I_ul[m, .5 (ﬂ,[l +8)(1+& —pfil— L']:I]bﬂ__,,
L 2B —1) ap_p =1
Note that (2.15) is satisfies if
c|osmnap (pa+00+0 - (2| 1o vt v+ 0 -ppa- )
(c +mpp (1~ ZHE2) = 2B —0) ’

or equivalently, when

efl —1) I(ﬂ{l + 811+ &) — F'.E(l &£ _1+3'3f+!f'—1:|§ )]

1+c+8
Hinecwfpdvd)= - <1,

(c+nl [pﬁ(l ——1+fff+i_lj‘]]|:n[1 + 811+ &) —pfl— 1)) u

since Hin.c. @ f, p. 8. v.4)is decreasing of n {n = 1. Then the proof is complete. m
Theorem (2.8): Let the function f defined by (1.2) be in the class J,*#(#.4.v), and

c+n

= AnpZ" Fuc >0 (2.16)

F(z) = %[[c +p)fE) +zf'(z)] ==7F +Zl

then F is in the class j.,,'-"’ﬁ[ﬁ', 6.v]) for |z| = v(. 5.6, 8.c. £), Where
1
el —e)(n(1+ 81+ 8 —pBl—1)) Jr*

e, 6.8, 6,c.8) =in
g fa m+ci(l— L':l[n[l +831 + &) —pf(l— E:I:|

SMEN.

The result is sharp for the function given by (2.14).

Proof: LetT = [zPf(z) + (1 + & zP**f'(z)]. Then it is sufficient to show that
IT—1] = |T+1-2¢]

A computation shows that is satisfied if

- m+ c'jl[lﬂp{m,n, @, B (n[l +81(1+ & —pBll— E:III]
cpf(l—e)

an-plzl™F= 1. (217
n=1

Since f € jp'-"’-'?[& .17, then by Theorem (2.1), we have

Z 0, (m.n, . B) (n(1+ 8)(1+ 6) —pB(1 —1)) <pB(1—v).
n=1

The inequality (2.17) is satisfied if

n+ cjl[ﬂp[m,n, . B I:?‘.‘,I:l +81(1 +8) —ppf(1- E:IJ]
cpB(1—2) n-sl

- Bplmn.a. f) I:n[l +81(1+8) —ppf1— L']:Imﬂ_pbﬂ_p
- pEl—v)

2™

Solving for |z|. we get

™2 < c(1—&)(n(l+8)(1+8) —pB(1—v))
T T mroa- ke e+ - pEa -9,

Therefore,

12l < c(1—-2)(n(l+ 81+ 8 —pBl—1)) e
T mroa-nra e+ —pB1 - )by,

Solving for |z| we get the result.
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Now, we obtain the inclusion properties of the classj_ﬂ'- “'-'9[6', &.17).

Theorem (2.9): Let 8, @.6 belong to (0,1], v belong to [0,1) and A = 0. Then

T B8, 6,v +1) € J;*F(8.6,v). where

1 (rA+Q+8 —pf2—-v))1—v) +(2 —v)(pf1l —v) —n(1+8))

-
n(2—1)(1+8) (2.18)

Proof: Let the function defined by (1.2) is in the classj_ﬂ'-"’-'?{ﬁ', d.v +17. Then by using Theorem (2.1), we have

=

Z B;,{m,n, @, f) E:n{l +81(1+d) —pfi2— L'-:I:I

— Gypbpp = 1. (2.19)
n=1 :F',B':z v
In order to prove that f € jr}“’-'?[ﬁ',ﬁ, ], we must have
— 0, (mn a8 (n(l+8)(1+ 8 —pE(1—1)) \
Z P B Gppbpp=1. (2.200

n=1
Not that (2.20) is satisfies if
I:n[l +811 +8) —pfl - L']:I L I:n[l +8)(1 +d8) —pBi(2- 1,':|:|
pEl —v) 3 pB(2—x)
Rewriting the inequality, we have

1< A+ +& —pf2—v))1—v) +(2 —v)(pfQl—v)—n(1+8))
- ni2—vi(l1+8) '

Since the right-hand side of (2.22) is an increasing function of n, thus we get (2.18). m
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