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Abstract
We investigate the global well-posedness and the longtime dynamics of solutions for the higher-order Kirchhoff-type

equation with nonlinear strongly dissipation: u, + (-a)" u, + $(0 D "u 2%y (-a)"u+ g(u) = f(x) . Under of the proper

assume, the main results are that existence and uniqueness of the solution is proved by using priori estimate and Galerkin
method, the existence of the global attractor with finite-dimension, and estimation Hausdorff and fractal dimensions of the
global attractor.
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1 Introduction

We consider the problem

m % 2 m
U + (A) Uy + (0 (=A)Tul )(-A) u+g(u)=f(x), xeQ, t>0,m>1 (1.2)
alu L
u( x, t= 0, 3 = 0, ..i=1,2,e g -1 1.2)
ov
u(x,o%u0 x(), 4 ox utu(lxo 1.3)

Where Q is a bounded domain of R", with a smooth Dirichlet boundary 9Q and initial value, the damping coefficient is
function of the Lo-norm of the gradient m power, g(u) is a nonlinear forcing, (-A)" u, is a strongly dissipation.

There have been many researches on the global attractors existence of the Kirchhoff equation with strong dissipation,
we can see [1,2,3]. There are lots of recent results on the global attractor of Kirchhoff equation, we can refer [4,5,6,7].

Zhijian Yang and Pengyan Ding [8] studied the longtime dynamics of the Kirchhoff equation with strong damping and

critical nonlinearity onR " :

u, - Au, -M (@ Vu ﬂz)Au+ut+g(x,u): f(x). 1.4)

They obtain the well-posedness, the existence of the global and exponential attractors inH = H*(R")x L*(R") in critical

nonlinearity case. Their novelty is that it overcomes the essential difficulties that is the Sobolev embedding onR" and the
critical growth of g cause the lack of compactness.
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Recently, Zhijian Yang, Pengyan Ding and Lei Li [9] also studied longtime dynamics of the Kirchhoff equation with fractional

damping and supercritical nonlinearity:

U, - MO VU )Au+ (=) u, + f(u) = g(x), x e Q, >0, (1.5)

u 0, u(x,0)=uy(x), u,(x,0)=u,(x), (1.6)

00 =

Wherea e (%,1), Q is a bounded domain in R " with the smooth boundary, they show that (i) even if p (the growth

N+4a
exponent p of the nonlinearity f (u)), 1< p < 7(,\‘ “aa)t the well-posedness and longtime behavior of the solutions of
i . . . N+4a N +4 L. . .
the equation are of the characters of the parabolic equation; (ii) when (N-da)" = p< (N-2)" the limit solutions exist

and possesses a weak global attractor.
Chueshov [10] first studied the well-posedness and the global attractor for the IBVP of Kirchhoff wave models with

strong nonlinear damping:

u,-o(vu ﬂz)Aut—¢(ﬂVu Fz)Au+g(u):h(x) 2.7)

He established a finite-dimensional global attractor in the sense of partially strong topology. In particular, in nonsupercritical
case: (i) the partially strong topology becomes strong; (ii) an exponential attractor is obtained in natural energy

spacen () = H (@)n L")« L’ ().

Guigui Xu and Guoguang Lin [11] studied the global attractor and their dimensions estimation for the generalized

Boussinesq equation:

u, - Au-Au, + an’u + ﬂAzutt -Au, -Au "= f(x). (1.8)
Under the existence of the global solution, it is discussed that the global attractor and infinte Hausdorff dimension and
fractional dimension.

The main details of this paper are arranged as follow:

In section 2, under the assume of Lemma 2.1 and Lemma 2.2, we get the existence and uniqueness of solution; in section 3,
we obtain the global attractor of the problems (1.1)-(1.3); in section 4, we consider the finite Hausdorff dimension and fractal

dimension of the global attractor.

2 Main results of the paper
For convenience, we denote the simple symbol, 0.0 represents norm, (.,.) represents inner product,
%

m

and f = f(x), H, (@) =H" ()N H;(Q), H"@)y=n"" (-a)2 =p™, 0.0= .0L,c, (=01 T)is A
constant, m, (i=0,1--- 4) is also a constant.

Lemma 2. 1. Assume
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LesoDp"u?) :RT 5 RT s a differentiable function;

1
@ ep@D "u YD Uz 0D " u ) r —¢ 0D "u0® where o' =4 ;
4

@ o@D "ur’)yz 0D "ur’ 4C,;

(@) g(u)u > 6G(u)+ £u’, whereG'(u) = g (u)u,;
(®) I (u) =[G (u)dx;

(6) f(x) e L (Q).

Then the solution (u,v) of the problems (1.1) - (1.3) satisfies (u,v) e H " (Q) x LZ(Q) , and satisfies:

at

+%(1—e’ ). 2.1)

2 mo 2 2 —at
D(U’V)DmeLzsz ull +0vDO <W (0)e

2 2 2 2 -
Wherev = u, + eu ,W (0) =0vy 0"+ Dug 0" +e0D " u 0" +23(u,), thereexist t=t >0 and r,,such that

lim 0(u,v)0°< —=R,. (2.2)
t— o

O

N

Proof : Let v =u + cu we use v multiply both sides of equation (1.1) and obtain

(U + (=8 u + @D u ) (=A) U gu)v) = (F(x),V) . (2.3)

tt

(U, v) = (v, —eu,v)=(v,v)—-e(v—eu,v)

2 (2.4)

S T SV - T T G RV G T

T2 dt 2 dt :

m
((=a) u,,v)
=(Dmv—gDmu,Dmv)
=00"vi’ —&(@"u,0"u, + D" u) (2.5)
"t —Ed ppmy® — oD "’
= 2 dt ¢

2 e d m 2 2 m 2

> _e 4 _
>moz,0vet - S dnp"ud’ -t op un’

where A,(> 0) is the first eigenvalue of the operatora " .
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(@@ D "u’)=a)"u,v)
= (¢ (O D"u Hz)(—A)mu,ut +&U)

2

gD "urHE S D" ? seg@D " u’)oD U (2.6)
2 dt
Sl D ")+ gD 0?0 D U
2 dt
>19 gup"u?)y+eoD )+ et 0D e P
2 dt 4
(g (u),v)
=(g(u),u)+e(g(u)u)
= 416 (u)dx +6 (g (u),u) 2.7)
d 2
ZWJG(u)dx +& [G(u)dx
d
ZWJ(U)+\](U).
(f(x),v)
2.8
P S T (8)
262 2
From the above ,we have
g—t[DvDZ el nun’ +e0D " 423 ()]
(2myA, —e —2e)0vD 426  0uD’ (26— )0D D’ 42273 (u) (2.9)
gziszmz +C,:=C.
Where we take proper constant m ande , such that:
a, =2m A —e —2£20
! ! 0 12 - (2.10)
[az =2c-¢ 20
Then we take « = min{al,Zg,ac—z,az} , we obtain:
g—tw (t)+ aW (1) < C , (2.11)
where
2 2 2 m 2
W (t)y=0vD 4+ 0ul +e0D ul +2J3(u). (2.12)
By using Gronwall inequality, we obtain:
—at C —at
W () <W (0)e "+ (L-e ), (2.13)
where
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W (0) =0v, 0F 42 0uy 07 +2 0D uy 0° +23(u,) . (2.14)

2 m 2 2 —at c —at
ﬂ(u,v)ﬂHmXLZ:TD ull +0vID <W (0)e +—([1-e

). (2.15)
a
And

C
lim O(uv)0° < —. (2.16)
t— o H U xL o
Thus there existt = t, (Q) and R, such that
2 c
ﬂ(u,v)HHNXLZS—:RO(t>t1). (2.17)
a

Lemma 2.2. Assume

P 2
@Wow sc,arluly ps 20 nxs;
J/JO , g—t[ p"un’so0
(2 e, <py<p(s) < pu= ;

m 2 !
[yl , HDD uld <0

@)o< 226 ¢

ds 27
@ f(x)e L (Q).

Then the solution (u,v) of the problems (1.1) - (1.3) satisfies (u,v) e H am (Q)x H " (Q), and satisfies

2m

D(u,v)D2 st
H

m m - C -
=0 EM"urt v op"vits M (0)e M 2a-e M, (2.18)
xH

wherev = u +¢,u ,M (0) =0D"v, 0" +5° 0D "u, 0" +(u-e,)0(-a)"u, 0", thereexist t = t,(Q) and R, ,such that

lim 0(u,v)0°
t> H

C,

<—=R,.

2m ,m 1
B

(2.19)

Proof Let (-2)"v=(-a)"u +¢,(-2)"u weuse (-A)" v multiply both sides of equation (1.1) and obtain
(U + (-2)"

u + D U )= U+ g(u), (=8) V) = (F (), (-a)"v) . (2.20)
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(U (-8)" V)

(v, - e,u,, (-4)"v)

P (v, (-0)" V)

O O
O O
< <
] O

2 m 2 2 m m
-, 0D vO +& (u,(-A) u +¢(-4A) u)

= &= &=
2la 2

2

NI NI
‘CL

2 2 2 3 2
00"’ -, 0D vt we, 20D u e’ s 0D e

o
—
o

t

((-2)"u, (=8)"v)
=((-0)"v-e,(-8)"u, (-8)" V)

=0 (=) " v —e () U, ()" )

=0 (-a)"v —%gl g—t[ -8)"u =gt 0 (=a)"u

m 2 1 m 2 1 m 2
z2omi, 0D vl +?H(—A) v +Z\(—A) v

+

®|=  o|

Ty v’ 7%31% ()" et —s A"t

(@O D" "ur ) =) "u, (-a)"v)

1d

mo_2 mo_2 mo2
ZdtD(—A) ul +e¢(@CD vl )d(-A) ul

—g@D"un?)

‘ a

2 2
z;l% 0-M)"uD e, 0(-)"uD".

o

t

(g(u), (-8)"v)

1 2 1 m 2
2—2Dg(u)] —2](—A) vi .

p

(2.21)

(2.22)

(2.23)

(2.24)

According to assume (1), we can get Dgu)i’s CAHUTZ +C, , and accord to Poincare inequality

2p p

Tgu)nis c,m,2,0D"un"" +c,, thenaccord to Lemma2.1. 1D "u o’

(g(u), (-8)"v)

> -C, —%[(—A)mvﬂz ,

(F(0), (-a)"v) <0 £ 07 +%D(—A)va2 .
From the above , we have

d m 2 2 m 2 m 2
H[DD vO +e 0D ul +(u-¢&)0(-A) ul]

1 m 2 3 m 2 2 m
+(Zm2/13 -2£)0D vD +2¢ 0D ul +(-2¢& +2&pu,)0(-A) ul

1 mo_2 2 -
+ID(_A) vO <0 f0O +C,:=C,.

<= ,s0,wehave 0g(u)i’<c

2

6 "

(2.25)

(2.26)

(2.27)

2
Next, accord to assume (2), we see wu-s& 20, -2¢ +2¢u,>0 and we take proper constant m, such

1
thaty-m, 4, -2z >0.
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2
—251 +2£1luo

Then, we take g = min{%m213 - 26,26, — -} , we obtain
1
S m@e+ Mm@ =c,, (2.28)
dt 3
where
m 2 2 m 2 m 2
M (t)=0D v +¢ 0D ull” +(u—-g)0(-A) ui . (2.29)

By using Gronwall inequality, we obtain

c
D, =0 Em"ur s op " vite M )e s - ). (2.30)
H " xH B
And
. 2 C3
lim O(u,v)o°,  <—=R,. (2.31)
to> o H xH B
Thus there exist t = t,(Q) andR,, such that
2 C3
O(u,v)o, — <——=R.,(t>t,). (2.32)
H xH ﬂ

Theorem 2.1. Lemma 2.1, Lemma 2.2 holds; the initial boundary value problem (1.1) with Dirichlet boundary exists

unigue smooth solution (u,v) e L ([0, +o);H " x H ")

Proof. By Lemma 2.1-Lemma 2.2 and Glerkin method, we can easily obtain the existence of solution of

m

equation (u,v) e L™ ([0, +); H 2" H "y, the procedure is omitted . Next, we prove the uniqueness of solution in detail.

Let u,v are two solutions of equation (1.1), we denote w = u - v, then two equations subtract and obtain

w, + (-A)"w, + 60D "u ") (=) "u @D v )(=a)" v+ g(u) - g(v) = 0 (2.33)

By using w, to inner product of the equation (2.33), and we have

Wy + ()" w, + gD u ") (=) "u-g@ D"V ) -a)"v+ gu) - g(v),w,) =0 (2.34)

((—A)mw‘,wt):ﬂ meI 1’ mya, 0w, o’ . (2.35)
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@O D "u ) =M)"u-g@ D "V ) (=a)"v, W)

= (OD"u ) =M "u =D "u ) (=M) v+ gD "u ) (=A)"v - D VI )(=a)" v, W)

m m m (2.36)
=4@UD"u Dz)((—A)mw,Wt)+ ¢ ()OD " un+0D v ED " uD-0D " "vI)((-A)" v, w,)
- %¢(r D"u Tz)g—tﬂ D"w i +¢(&)OD " un+ 0D v D "ui-0D" v i)((-a)" v, w,),
where
¢ (&)OD "un+ 0D "v)@D "un-0D " vO)((-a)" v, w,)
(2.37)
<0¢'(&)0, @D uD+0D" "vD)OID "Wl -0(-A)"vi-Ow, 0.
According to Lemma 2.1, Lemma 2.2 and young inequality ; so , exist a constant ¢, such that
¢ ()OD"un+0D"v)@D "un-0D"vO)((-2)" v, w,)
<0¢'(¢)0, @D "uD+0D v ID "wi-0(-A)"vI-Dw, [
m (2.38)
£C7HD WH-HWIH
C7 m 2 2
ST(DD wi +0w 0).
According to (2.37) — (2.39), we have
(@D "u ) =M "u-g@ D" Vi) (=) " v, w,)
c
o d m 2 7 m 2 2
> S qp (B w T - == (D w0+ O (w07 (2.39)
u d 2 7 m 2
ZfﬁDD w [ —T]D w [J —TDW[[
(g(u)—g(v),w,)
0o ) (2.40)
>- 20D wi' o+ nw, 0%,
From the above , we obtain
Lpw, 0" w00 Wi e 2m 2, - m i - C ) 0w, 0 (€, +m,2) 0D Wi <0 (2.41)
. —(C7+m415)
Take y = mln{#,ZmBM -m,i, - C.}, we have
g—tN(tHyN(t)so, (2.42)
where
N(t) =0w, 0" +u 0D "wn® (2.43)
By using Gronwall inequality, we obtain
N (t) < N(0)e”" =o0. (2.44)
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Therefore
u=v. (2.45)
So we prove the uniqueness of the solution .

3 Global attractor

[12] .
Theorem 3.1. Let E, be a Banach space , and {S(t)}(t=>0) are the semigroup operator on E, .

S(t):E, > E,, S(t+s)=S(t)S(s) (Vt,s =20), $(0)=1,where | is a unit operator .set S (t) satisfy the follow conditions.

1) S(t) is uniformly bounded , namely vR >0, Duf, <R , it exists a constant C(R) , so that
1

IS (Ul < C(R) (te[0,+));

2) It exists a bounded absorbing setB, = E, , namely,vB < E_, it exists a constant t, ,sothat S(t)B < B, (t > t,);
Where B, and B are bounded sets.

3)When t > 0, S(t) is acompletely continuous operator A .

Therefore , the semigroup operator S (t) exists a compact global attractor.

Theorem 3.2. "4 Under the assume of Theorem 2.1, equations have global attractor

A=o0o(Bj)=N U S()B,.
s>o0t>S

2m

Where B, = {(u,v) e H " (@) x H " (Q) 0 (u,v) .
H

2 2 . .
o =Du ﬂH +Ov THm <R, + R}, B, is the bounded absorhing

xH
setof H’"(Q)x H"(Q) and satisfies
(1) S()A = A, t>0;

(2) lim dist(S()B,A)=0,here B« H-" xH " and itis a bounded set,
t—> o

lim dist(S(t)B,A)= sup (inf OS(t)x—-y0O
H

m)—)0,t—>oo.
t— o0 xeB YEA H

2m
x

2m m

Proof .Under the conditions of Theorem 2.1, it exists the solution semigroup s (t), s(t):E, » E,, here E, =H " xH

(1) from Lemma 2.1 to Lemma 2.2, we can get that vB c H 2™ wH" is a bounded set that includes in the ball

{00 (u,v) FHZmXHm < R},
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2 2 2 2
om m:ﬂuﬂH2m+Fv mgﬂuoﬂH +C <R +C (t=20,(u,,v,) e B)

H 2m

m

2 2
0S(t)(uy,vy) O +0v, 0
H H

xH

m m

This shows that S (t) (t > 0) is uniformly bounded H " x H

(2) Furthermore, for any (u,.v,) € H " H™ when t>m ax{t,,t,} ,we have,

2m m 2m m 0 1

2 2
7S () (U, vy) —oun®, +0v0® <R, +R
H xH H H

So we get B, isthe bounded absorbing set.

(3) Since H'"xH™ » H" xL® is compact embedded, which means that the bounded set in H>" xH" is the
compact setinH " x L?, so the semigroup operator S (t) exists a compact global attractor A .

4 Hausdorff and fractal dimensions for the global attractor

Theorem 4.1. under the conditions of Theorem 3.2. , the global attractor A of problem (1.1)-(1.3) has infinte Hausdorff

dimension and fractal dimension, andd , (A) < #n, d_(A)< fn.

Proof .problem (1.1) can be written

m

un+Amut+¢(HA?u \Z)Amu+g(u): f(x), (4.1)

where —A = A.

Let w =R_p = (u,v),¢ = (u,u),v=u +eu,R, :{uul > {uu +eu},is an isomorphic mapping, so the equation of

4.1)is

v+ Ay aw) = 1. 4.2)

Where y = {u,u, +cu} , §(»)=£0.g(w)} . f(x)={0.F ()}

( el —1

3
AS* m .
GO A2 Uy )ALl A" gl
wo=f-Ay-g). (4.3)

Let F :E, — E, is Frechet differentiable, the linearized equation of (4.3) is

P+A_P+q'(y)P =0, (4.4)
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whereP = (U, U, +&U), g'(w)U = (0,9,(u)u). Uis solution of (4.2).

For a fixed(u,,v,) e E, ,let y,,7,... v, are N elements of Eg, let P, (t),P,(t)... P, (t) are N solutions of linear

equation (4.4) with initial value P, (0) = y,, P, (0) = », ... P, (0) = ,, , SO, we have
t
0P ()AP, (A ... AP, (1) DiElzj AT ATy e exp(Jo trF ‘(v (£))-Q, (r)dz). (4.5)

Where A represents the outer product, Tr represents the trace, Q (z) is an orthogonal projection from the space E; to
the subspace spanned by{P, (t), P, (t),... ,P (1)} .
For a give timez , let 6 (7) = (fj(r),nj(r))T, j=1,2,... N ,is the standard orthogonal basis of the space

span{P,(t), P, (t),... , P, (1)} .

We denote inner product in E1, ((£,7),(&,7)) = (&, &) + (1, 7).

From the above , we have

N
TR (v (£)):Q (1) = £ (Fw(£)-Q, (£)8,(r), 0, ()
1

= 4.6
" (4.6)
=T (Fw (1)8,(2),0,(0))
j=1 !
Where (Ft(y/(r))ﬁj(f),ej(z‘))El = —(A,60,,0,)-(9,0,.0,). 4.7
(A,0,.0))
= (e, -0 GO AT =) A" =T e AT e ) )
m (4.8)
=(eg, -0, )+ GO AT ) —e)A"e —ee v ATy —en )
2 2 % 2 m m 2 2
:EijE -1+ ¢ )(fj,nj)+(¢(EA ull)-¢)(A éj,nj)+]D njD —.S]I]j] .
—@a e N E )+ O AT ) - 8)(A"E )
>0, (g~ )& )~ (W e )E ) (4.9)

(U, Gty = ) = @t &2 )

v

There exists a constant |, such that
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| (u,—e)-(@+z")=0. (4.10)
So we have
(A,0,.0))
2 m 2 2
=el&, 00 +0D 7,0 —ln,; 0 (4.11)

v

2 2
gﬂfjﬂ +(|2—5)—\77jﬂ

There exists a constant |, , such that

I,-£20 (4.12)
Take & = min(e,l, —¢), S0
(A,60,.0))
Zsufjuer(lzfg)Unjuz (4.13)

v

s(¢, 0" +0n, 0.

(9, (¥)0;.0,)
= (Oigt(u)fj)((:]vnj)
(4.14)
=(9,5;m;)
>-0g¢,0-0p,0.
Now, suppose that(u,,u,) e A, A isabounded absorbing setin Ei; w (t) = (u(t),u (t)+ su(t)) e E,,
u(t) e D(A). Then there exists as  [0,1], we have mapping g, : D(A) » o (V , H "y, such that
sup g, 0<r < o, (4.15)
According to (4.7),(4.13),(4.14), we have
(Fely (e0)0,(2),0,(z))
1
< -5, 0" +0n, 0 )4r0g, 00p, 0 (4.16)
s—%(mfj il +0n, f)+%u¢ju2 ,
Because ofaj (r) = (&, (T),nj(r))T. j=1,2,... N, is the standard orthogonal basis, so
2 2
0,0 +0p,;07=1. (4.17)
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So we have

Let

According to (4.20), we have

Then, exist as € [0,1], such that

where 2 , is eigenvalue of A" ,and 4, < 4, < < 2
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(R (0,).0, ()
1
Ns r N )
-—+—3x g0, (4.18)
2 2=t

™Mz

J

<

(4.19)

(4.20)

sup (FItrF /(S (r)wy)-Q, (£)dr).

q, (1) = sup
(4.21)

A
Vi€ ;€ E,
DnjDsl

4.22)

= lim t).
ay tﬁOoqN()

N r N o1
b (4.23)

(4.24)

N &
, (4.25)
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And
NJ r N s-1 5
J:
So
. 2 (4.27)
max < =, .
1< j<N |4, 5
So,wecanacquiredH(A)<%n , dF(A)<%n.
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