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Abstract

In this paper we will study the real character on order Banach algebra with identity, and study character onorder Banach
algebrawithout identity. We proved some properties on real character it. We define set of all character and prove it with some
condition convex set and used it to prove all character is extreme point, we introduce dual cone in order Banach space .Also we
show any order Banach algebra satisfying certain conditions is isomorphic to the space valued continuous function Co(x)
forsuitable a locally compact Housdorf space.
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Introduction

The study of Banach algebra entails combining the use of algebraic and analytic (or topological) methods. It has become
an important field modern operator theory having many practical and theoretical applications.

We will show that Banach algebra techniques combine with order structures yield new insights. We prove our results in

structure will called order Banach algebra A , the ordering which is induced by a subset C of A with certain special

properties, called an algebra cone which is compatible with the algebraic structure of A, and this the useful references for

the material on Banach space are [J.B.Conway,1990].References for Banach algebra are [D,Holland,2015],

[J.M.Erdman,2011] and references for order Banach Algebra are[D.Robimsond,1983],[H.Rouben,1996], and
[R.Dejong,2010].

1-order Banach algebra

Definition 1.1[1 ] :- Let A be a Banach with respect to real numbers. Ais called Branch algebra , if there exist operation
from A x A to A such that (x,y) - xy . for all x,y and z belong to A and « € Rwith the following properties

1—-(xy)z = x(yz)
2 — (Ax +y)z = Axz + yzandz(Ax + y) = Azx + zy (commutive)
3-llxyll < Izl (Sub multiplicative)

Definition 1.2[1]:-We called a Banach algebra4 is until, if it has a unite element e such that
e.x =x.e = xVx € A. If Ahas unite then |le|[=1

Definition (W*-topology) 1.3[5]:-Let A be a Banach space and A* be the dual space of A ,the weak topology is the

weakest topology such the map T: A— R is continuous .A weak*topology is the weakest topology making all functional on A‘are
continuous.

Theorem (Hahn Banach) 1.4[6]:- Let X be a linear space in a real numbersR and let g be a sub linear functional on X, if M be a
linear subset of X and if :M — R be a linear functional with f(x)<q(x) for all xeM.Then there exist a linear functionalK : X - R
with K (x) < q(x) for all xeX.

Proposition 1.5[6]:-If X is a normal space and x in X.Then ||x|| = sup{|f()|:f € X*: |f|| <1}

Definition1.6 [6]:-The closed unit ball in X which denoted by CL(x) when X is normed space is define by CL(x) = {xeX: || x| <
1.

Theorem(Alaoglu's theorem) 1.7[4 ]:-CL(x) is a W*-compact if X is normed space.
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Definition(Extreme point) 1.8[6 ]:-If X is a linear space and K X ,such K is convex and xeK ,then x is extreme
point if there is no proper open line segment in K, i.e ifx =ta + (1 —t)b ,such that a, be Kand 0 <t <1 thena = b. And we
denote to the set of extreme point by e(K)

Theorem (The KrienMilman theorem) 1.9[4]:-Let X be a locally convex space andK bea non-empty compact
convex subset of X .Then e(K)#¢ and is equal to theclosed convex hull of e(K).

Definition 1.10[3]:- Let A be a real Banach algebra with unit e and C non-empty subset of A .We call C a cone if it
satisfies the following

1. a+beC foralla,beC,
2. lae C forallaeCandA >0.

In addition if C satisfies C n —C= {0}, then C will be called a proper cone induced an ordering (<) on A by a <b if and only if
b-a e C for all a, beC.We say that C is algebra cone if it is satisfies the following:

1. a-beC foralla, b eC,
2. eeC.

Definition (Ordered Banach Algebras) 1.11[ 3]:- Let A be a real Banach algebra with unit e is called
order Banach algebra (OBA) when A is ordered by a relation (3) such that for every a,b,ceCand 1 > 0

a b= 0 =a+b>0
ax0,1>0=1a>0
ab>0=ab>0.
ex>0

PO bdPR

So if A ordered by an algebra cone C, we will obtain (A, C) is an order Banach algebra.
Definition 1.12[6 ]:- Let A be OBA and C be algebra cone so

e We will say that C is normal if there is # > 0,and foranya,be A, 0<a < b = |a| < g||b] -
e We will say that C is « —normal if there is « > 0,and foranya, b,c e A, b< a < ¢ = |a|| < a maxi]b| |-

If =1 we say that C is 1—max —normal.

Proposition 1.13[ 6]:-Every normal algebra cone C is a proper algebra cone.

Definition 1.14:- Let A be aorder Banachalgebra, we called the function fismultiplicative if satisfies:f (ab) = f(a)f(b).A
functional f from order Banach A into the set of real numbers R is called real character if f is linear, multiplicative, and f(e)=1

. Notation:-When A is ordered by an algebra cone C .If we denote M, to the set of all real characters, and M, * to the subset of
Musuch that f(x) = 0 ,for all x in C.

Lemma 1.15: -M, and M, ™ are convex sets.
Proof: - Letfi,f, EMgyand0<B<1,a,b€A

1-@Bfi+ Q=P f)a+b)=pfila+b)+ (1 —pf(a+b)
=pfi(a) +Bfi(b) + (1 — B)fza(a) + (1 — B f2(b)

=pfi(a) + (1= P)f2(a) + Bf1(b) + +(1 = B)f>(b)
=i+ A =@+ Bfi+(A-=pBf2)b)

2= Bfi+ A =pf)(aa) = Bfi(aa) + (1 - )f2(aa)

Since fi, f2 € My then we obtain
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= apfi(@) +a(l = B)f2(a) = a[Bfi(a) + (1 - f)f2(a)] =a[pfi + 1= B)f2l(a)

3-To prove that [Bfi + (1 —B)f2l(ab) = (Bfi + (1 = B)f2)(@) . (Bfi + (1 = B)f2)(b)
LetOS ﬁ <1 , E> 0 and fl,fZEMA

Lett= zinfor somei,neN,such that |8 —t| < e

And tf; + (1 — t)f,eMa.
Let{f; },enbe netin Ma satisfy f; - 8,2e/A and

fifiab) + (1 - fi)f2(ab) = ffi + (1 — f)f2)(2)-(fa f1 +(1-/3)f2)(b) for every a,beA.

Hence (ffi(ab) + (1- B) f>(ab)) =Bfi+(1-B)f2)(a). (Bfi+(1-B)f>)(b), for every a, b €A .Then from (1) ,(2) ,(3) we
obtain Bf; + (1 — B) f,eMA.

M, Will be convex by follows the covexity of Ma.o

Proposition 1.16:- Let A be anOBA without identity and f be linear, multiplicative on A .Then we can extended f to real
character f on OBA with identity 4, such that Ais sub algebra ofA, and f /4 = f.

Proof:- Let A be a OBA ,and let A, = A x R
To prove that4, is an OBA with identity asfollows :
a- Algebra
We, define operations on,A4, as follows:
1-—(a,0)+ b,uw)=(a+ba+p) foralla beA,a ueR
2- B (a,n)=(Ba,Bp) for all BeR,ae A
3—(a,a).(b,u) = (ab + ab + ua, au) .
It clear that A4, is an algebra with identity (0,1) and A is sub algebra of A,.
b- Normed algebra
If | (e, )| =||al|=| «| forall aeA, aeR .Then 4, be a normed algebra.
c- Banach algebra
To prove that A.be a complete.
Let {x,,a,} be a Cauchy sequence in 4,
for all € > 0, there exist ke Z* such that” (2 ) — (o, ) || < evn>k
| Cep = xm, an — ) || < evn>k
10 = xm || #] @0 — am | < &
||xn —xm||< eand|an —am| <e

Since {x,3 be a Cauchy sequence in A Jan} be a Cauchy sequence in R.
since A is Banach algebra ,there exist xeA such that x,, » x asn — «

i.e ||xn —x||<eforalln =k

SinceR is complete so there exist aeR such that | a, — a| <e
Obtain ||xn —-X ||+|an - a| <esforalln=k

Implies that|| (x, , @) — (e , @) || < eeforalin >k

Since {x,}in A and, {«,} in R.
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Then {(x,, a,)}in A, so A, is complete .

d- Order Banach algebra

Leta,bed,a >0,b >0 since Ais OBAthenatb>0and ifa >0,u>0thena+u=o .
Now to show that C, = C x R be an algebra cone, let a, beC and «, ueR such thatx = (a, @),y = (b, 1) €C, .
1) x+y=(@a)+b,u =(@+ba+p)eC, forallxyeC,,
2) wux=up(a a) = (ua ua) €C,,
3) x.y=(aa).(bu) = (ab+ ab + ua, au).
4) (0,1)eC,

A cone C, on A, induced an ordering relation > on A, by the way for all (a, a), (b, w)eC, if a = b,a = u .This ordering
satisfies:
1-[reflaxive]

for all (a, a)€eA, sincea = aand a = a .Then (a,a) = (a, a)
2-[transitive]

For all(a, a), (b, u), (c,1)eA, sincea = b ,b > c obtaina > c,and sincea = u,u =1
obtaina = Asoif (a,a) = (b,u) and (b, 1) = (c,A) then (a,a) = (c, 1)
Now to satisfy conditions of OBAfor all(a, a), (b, )eA, , (a,a) = (b,u)suchthataz=ba = pu

1-(aa)>0,(bbp) 0= (a+ba+p) >0

2—(a,a) »0,1=>0 = A(a,a) = (Aa,Aa) =0

3—(a,a) #0,(b,u) 0= (a,a).(b,u) = (ab + ab + pa,au) > 0,
4-(0,1) > 0.
e- f character

We definef:4, - Rasfollows:f((a,a)) = f(a) + a forallaed , aeR
To prove that f is character

fl@B)+ (b,a)=fla+bf+a)=f(@+fb)+a+p= flaa)+ f(ba)
f((1a,2a) = f(1a) + da = Af (a, @)
f((aa)(b,w) = f(ab + ab + pa. ap)

= f(ab+ ab + ua) + au
= f(ab) + f(ab) + f(ua) + au
= [f(a) + a]. [f(b) + 1]
= f((a,@). f((b,w))for all ueR

Hence we obtain that f is realcharacter. O

Definition1.19:-4, is called order adjunction with identity of an order Banach algebra without identity(A,C).

Proposition1.20 [1]:- Let Abe a real Banach algebra with identity and aeAis an invertible element,suppose b €A with||b — a|| <
Y

—L_ thenb is invertible and [|(a — b)~1|| < o I Jb—al

fla=t’ 1-lab-a]

Lemmal.21:- let A be a real Banach algebra without identity. Then for every character in M, is bounded.
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Proof: - Since A without identity then we extend f to the character f of A, = A x R in this way we have foi such that i:A - A,
defined by (a) = (a.0) ,which is inclusion map.Toprove thatfis bounded i.e.to prove|f(a)| < ||al|

Assume that a € A with|f(a)| > ||a]|.

Take B = f(b)and a; = B~'b which has a norm||a; | < 1 by proposition (1.20)a = 1 and b = 1 — a;, which follows that 1 —a; =1 —
B~Ibis invertible,

since B # 0 ,so we have ¢ = B(1 —a;) = B1 — bis invertible ,

weobtainf(c) = Bf(1) — f(b) =B —f(b) =0,

but

1= f(1) = f(cc™?) = f(c™1)f(c) = 0 which is imposible, so |f(a)| < [la]|. ©

2.Dual cone in Order Banach algebra

Definition 2.1[6 ]:- Let A*be a dual of order Banach space with algebra cone C ,a dual cone is the set of all continuous
(bounded) linear functional and it is non-negative on C which isdenoted by C* i.e C* = {feA*": f(x) = 0, for all xeC}

Lemma 2.2[ 6]:- Let S be a closed and convex set of aBanach space A with respect to real numbers and ag S.Then there
is a continuous (bounded) linear functional f such that f(a) < f(b)for all beC.

Lemma 2.3:- Let C be an algebra cone in A.Then aeCif and only if f(a) =0 forall feC*and C # A implies C* # {0}

Proof:- Suppose thata € C , since C is closed and convex cone so from above
lemmawithf (a) < f(b)forall beC ,thus f(a) < 0= f(0) ,since b eCthen we obtain fbeC and >0 .
Thenf(b) = 0,Hence feC*.o

Definition2.4]:- Let A* be a dual of order Banach space and C* be a dual cone in A* which is called —generated , if for
each feA" and g, g,eC*such that f = g,_g, satisfies that a||f|| > ||g1 || + ||g2 || At f=g1-9g; foreach g, g,eC*and ||f|| =
lgu Il + 1l g21l-

we will call that C* by 1-generated .

Proposition 2.5[ 2]:- Let (A, C) be an order Banach algebra .Then C isa — normal if and only if C* is a — generated .In
particular Cis 1 — normalif and only if eachfeA” satisfies f = g;,_g, for each g; g,eC".

Definition 2.8:- A closed ball of A* which is denoted by3, = {fed*: || f| < 1}.
Lemma2.9:- M, and M," and 33}= 3, + C*are W*- compact

Proof: -Since [Ifll <1and M, c 3, then we obtain J, is W*-compact
sinceA* is normed space. Then3J, = CL(A*) by [Alaoglu’stheorem].

To show that My, is W*-compact we have to prove My is W*-closed in 3,4
Let take a net(f3),ep in My and f € I such that f = limyep f; to show that f € My
f(ab) = ﬁig\lfl (ab),Va,beA
It is clear from that £ is liner and Multiplicative and f is not trivial since f(e) = limyep fi (€) = 1
Hence f € Myand M, is W*- closed in 3.

To show that M, *is W*- compact we have to prove that M, *is W *-closed
Let (f)en be anetin M,* and let f € M, *

Then fora € C we get (fy)(a) = 0so f(a) =0 forallaeC

Thus f € M,* and M, " is W*-closed
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To prove that 3}is W*-closed

Let (f2)aer be anetin 5 and let||f|| < 1, such that f € Myand f = limyep fi-
Hence therefor a € € we have| f,(a)|| = 0 and |If(a)ll =0

Thus f € Sfand we obtain 3Jis W*-closed. o

3. Main results
Proposition3.1:- every character in M, is extreme point.

Proof: - Let f be a characterand let f = tf; + (1 — t)f; such that f;, f, € M,
To prove that f; = f,

Assume thatf; # f, ,there exist aeA such thatfi(a) # f,(b).Thentfi(a) # tfo(b)and(1 —t)f;(a) # (1 — t)f,(b),implies that
tfi(a).f1(b) + (1 = )fi(a) f1(b) # tfr(a). f2(b) + (1 — t)f>(a). f>(b) for someb= 0.

tfi(a).-f1(b) + (1 = O f(a). 2(B) # (t fi(@) + (1 = ) f2(D)). (tf1(B) + (1 = ) fo(D)) .
Thenf(ab) # f(a)f(b) this impossible because f character. o

- Now we consider the following conditions
1- f(yab)=0forevery f e M,* and a,b,y € A,
2- (ya) € C,foreverya e C,,andy € A,.

Lemma 3.2:- let A be real order Banach algebraand {f;},.n be a netd, satisfying that fia — a for all a € 4, ,let y €
A, then A, satisfies the conditions (1) and (2).

Proof: - Let {filzen @ net and fya—a for all ac4,, let yeA, ,then we haveyf; € C, and (abf;) € C, so (vf3)(abf;) € C,
Then (yf;)(abf;) is positive, thus (yf;)(abf;) = 0

Lety',a',b' €Aanda,f € Rsuchthaty = (y',ﬁ) ,ab = ((a'b'), a)
Without products(yf;) (abf;)and yab , since f is continuous and liner map we obtain f((yf;)(abfy) — aBf;)

Convergent to f((f;)(abfy) — ap) , since [If]l < 1

We have f(Baf;) < Ba

0< ff)(abf)=fyfi) (ab) — Baf) + f(Bafy) < f(¥fi)(abfy) — Baf) + Ba Convergent tof (y ab — Ba) + fa = f(y ab)
so condition (1) is satisfied and condition (2)directly by a limy A(y f3)a .0

Proposition3.3:-let X be a locally compact Hausdorff spaceand Co(X)= {f:f. X—>R,continuos},let Cf(X) = {feCo(X): f(x) =
0,vxeXthenC0+4Xbe an algebra cone and make C0X by an OBA by C0+X.

Proof:-To show that € (X) be an algebra cone let f;, feCi (X),A = 0 and xeX such thatf;(x) =0, f,(x) = 0

- i+ =0i+f)x)=0
2- Afi(x)=0 foralll=0

3- fifz(0) = i) f(x) 20,
4 f(1)=120.
It can show for every f;, fi, f;eCi (X) this satisfies that ordering is
a-[reflexive] i.ef; = fi if fi(x) = f1(x).
b-[transitive] i.ef; > f, and f, » fothenf; = f3 iffi(x) = f,(X)andf;(x) = f3(x) thenfi(x) = f3(x).

So we obtain that Cif (X) = {feCy(X): f(x) = 0,VxeX} be an algebra cone which is makeCy(X) an order Banach algebra(OBA).o
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Theorem3.4:- Let (A, C) be an order Banach algebra andC be a closed anda — normal cone. Then A isomorphic to
Co(X),if and only if for a in A there is a net{f; },.a such thatf,a—a.

Proof:- let F be a set of extreme points of M, .
By (Urysohn'sLemma) that there is a net {f; },.a such that f;a—a satisfying for all a eA.

Now let X = F/{0}with w* — topology .

Suppose that C=A .then for all a, bcAhave <a < b .
Since C is @ — normal this a contradiction,

ThusC # AandC* + {0},

so by lemma2.3 M} # {0}, thus X # @,

So X = F/{0} is a locally compact Hausdorff space.
Lety:C(X) » Adefined by y(f) = f(a) forall f €X.
Sincef is character, soy is an algebra homomorphism.

Andy will be isomorphism to show that , let a,beAsuch that a <b ,soy(f)(b—a) = f(b—a) = 0forall feX and y(f)(b) —
y(H(@eC*(X,R),

thus y(f)(b) Z y(f)(a) .
Conversely, let a, beAand  y(f)(b) = y(f)(a).
Thenf(b—a) = 0,forall f eC(X) ,
so by(Klein- Mailman theorem) and since M} = F is the w* — closed convex hull and M, generates C*,

sof(b—a) = 0forall feC*and b — a eC that by lemma 2.3o

Lemma3.5:- Let (A, C) be a real order Banach algebra with closed andnormal C.Then A is an isomrphisim toCo(X) if and
only if the following conditions are satisfies:-

1. Fora, beAand ||a||=||b||= o, there existc eAwith || c||= asuch thatc > a,band c > 0
2.For 0 <a, b< 1,a > 0 and ||a||=| b||= «aThen ab<a and ab<b

3.For every xeC there is two nets{fy;}en {fiahren Of psitive elementsand||fy;[|< 1| fiz]|< 1 such that lim, ffy; = f =
lim, f,, f, let C be an algebra cone .Then there exist a net {f; },easuch that f;a — a satisfies for all a €A .

Proof:- To prove that ¢,(X) satisfies condition (1),(2) and (3)
letfy, fCo(X) and ||y =]l f2ll=a et fz = maxi®] f1| | fa|}
then f3eCo(X) and | f3]|= a with f5 = f1, f> andf; > 0 ,so condition (1) satisfies.
If 1, f€C5 (X) i.e fi(x) = 0 and f,(X)= 0 for all xeX and || 1 |=]| £2]|= -
Then (f, — 1 £,)®) = (fi(x) — £ () f2(x)) = 0 for all xeX .
Thenf; f, < fi . Inthe same way we obtain f; f, < f; .
To show that condition (3) satisfies .
Letkfy. (1 +kfi)teCy (X) and| kfi. (L + k)7 <1,

0 <Kfy (x). (1+ kfy (1)) ™" < 7 for each keN.
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Therefor

2 2 ¢2
I = RCkf- (4 k)™ =N XS =) A = |

=1/ + k) | =supf () (A + kfy () xeX }<

It follows that lim,, f; (kfy. (1 + kf;) ™! = lim, (kfi. (1 + kf) L. f; .
there is a net {f; },cn ,such that fya—a satisfying for all acA.
Now to prove the sufficient part
i.e. Proved thatf;a—a satisfying for all a€A.

obe the normality constant and A be the set of all positive elementsA with ||A||=a and let f; = A such that {f;};cn be a net we
first show that fja—a for all acAanda> 0 leta> 0 .If a = 0 the equation directly , suppose a # 0.We will assume that

la]l=a Jlet 0 <& <1 from (3) there is b > 0 and||b|| < 1 such that|a - ba|< e leta; = |b||"'b and suppose that Ae4 such
that 1 > 4; obtain 2> ||b|| 'b = b so (1 — b)aeC and thus a — fya = a— da < a — ba.

From (2) obtain ffa<a,soa—-f,a=0
this shown ||a - fLa || < a||a - ba|| < oge forall A ,A = 44 .
then with arbitrary ¢ obtain f;a—a for all aeA witha > 0 .

Now when aed .If a = 0 the equation directly. Suppose a # 0, from (1) there exist b > 0 such that b > —al|a| " ,a]a| .

Leta = a; — a, such that a; = %(b |la|| +2) anda, = %(b ||| — a).therefore ay,a; > 0 .Since f; a—a for all aeA witha > 0.
Then limyp fia; = aq andlimyep fiaz = a,.

Thus limyp fia = limyep f1(a; — ap) =limyep fLaq — limyep fra; = a4 — a; = a.

Then we obtain f;a—a for all acA o
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