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1. INTRODUCTION

After Zadeh [8] introduced the concept of fuzzy sets in 1965, many authors have extensively developed the theory of fuzzy
sets and its applications. Specially to mention, fuzzy metric spaces were introduced by Deng [2], Erceg [3], Kaleva and
Seikkala [5], Kramosil and Michalek [6]. In this paper we use the concept of fuzzy metric space introduced by Kramosil
and Michalek [6] and modified by George and Veeramani [4] to obtain Hausdorff topology for this kind of fuzzy metric
space.

Recently, Bhaskar and Lakshmikantham [1] introduced the concept of mixed monotone mapping and coupled fixed point
in complete metric space. After that, Lakshmikantham and Cirié [7] gave a new concept of commutative mapping with
mixed monotone property in complete metric space which was the extended and improved version of result of Bhaskar
and Lakshmikantham [1]. In the present paper, inspired by the result of Lakshmikantham and Cirié [7], we prove coupled
common fixed point theorems in a partially ordered fuzzy metric space.

2. PRELIMINARIES

In this section we recall some definitions and known results in fuzzy metric space.

Definition 2.1. [4] A binary operation * : [0, 1] < [0, 1] — [0, 1] is called a t-norm if ([0, 1], *) is an abelian topological
monoid with unit 1 suchthata*b < c*d whenever a< c¢ and b<d for ab,cde[0, 1]

Examples of t-normsare a*b=ab and a*b=min{a b}

Definition 2.2. [4] The 3-tuple (X, M, *) is said to be a Fuzzy metric space if X is an arbitrary set, * is a continuous t-norm
and M is a Fuzzy setin X2 x [0, «0) satisfying the following conditions :

forall x,y,ze X and s,t>0.

(FM-1) M(x,y,0) =0,

(FM-2) M(x,y,t) =1 forallt>0 ifand only if x=Yy,
(FM-3) M (xy,t) = M (Y, x, t),

(FM-4) MY, 1) *M(Y, z,S) <M(X, z, t + ),

(FM-5) M(X,Y,.) : [0, <) — [0, 1] is left continuous,
(FM-6) !m M(x, v, t) =1.

Note that M(x, y, t) can be considered as the degree of nearness between x and y with respect to t. We identify x =y with
M(x, y, t) =1 for all t > 0. The following example shows that every metric space induces a Fuzzy metric space.

Example 2.1. [4] Let (X, d) be a metric space. Define a*b=min {a, b} and M(x,y,t) = ﬁx—y—) forallx,y € X and
+ )

allt>0. Then (X, M, *) is a Fuzzy metric space. lItis called the Fuzzy metric space induced by d.

Definition 2.3. [6] A sequence {x,} in a Fuzzy metric space (X, M, *) is said to be a Cauchy sequence if and only if for
each ¢ >0, t> 0, there exists ng € N such that M(X,, Xm, t) >1-¢ forall n,m> n,.

The sequence {xn} is said to converge toa point x in X if and only if for each € >0, t > 0 there exists N € N such that
M(x, X, ) >1-¢ forall n> n,

A Fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence in it converges to a point in it.
Definition 2.4. Anelement (x, y) € X x X is called a
(i)  coupled fixed point of the mapping f: X x X — Xif f(x,y) =%, f(y, x) =yV.
(i) coupled coincidence point of the mappings f: X x X — Xand g : X — X if f(x, y) = g(x), f(y, X) = g(y).
Definition 2.5. The mapping f: X x X — X and g : X — X are called commutative if gf(x, y) = f(gx, gy) forall x,y e X.

Definition 2.6. Let (X, <) be a partially ordered set and G : X x X — X. The mapping G is said to have the mixed monotone property
if G is monotone, non-decreasing in its first argument and is monotone non-increasing in its second argument, i.e., for any x, y € X,

X1, Xz € X, X1 < X, implies G(xy, y) < G(Xy, Y) 0
and yuY2€Y, y1 <y, implies G(x, y1) < G(x, Y2). @
Definition 2.6. Define ® = {¢: R* — R}, where R* = [0, +o0) and each ¢ e ® satisfying the following conditions :

(b0) ¢ is strict increasing.

(d2) ¢ is upper semi-continuous from the right.
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(¢3) id)"(t) < +o0 for all t >0, where ¢"™(t) = ¢ (¢"(t)), n € N.

Clearly, if ¢ € @ then ¢(t) <tforallt>0.

Definition 2.7. Let (X, <) be a partially ordered set and G : X x X — X and g : X — X. We say G has mixed g-monotone
property if G is monotone g-nondecreasing in its first argument and is monotone g-nonincreasing in its second argument, i.e. for any X,
y e X,

X1, X2 € X, 0(X1) < g(xz) implies that G(xy, ¥) < G(Xz, ¥) (3)
and Vi, Yo € X, 9(Y1) <9(y2) implies that G(x, y1) £ G(X, ¥»). 4)
Remark 2.1. If we assume g = I, then definition 2.8 reduces to 2.6.
Lemma 2.1. [4] Let (X, M, *) be a fuzzy metric space. Then for all x, y € X, M(x, y, t) is a non-decreasing function.
Using FM-6, we can prove the following lemmas :
Lemma 2.2. Let (X, M, *) be a fuzzy metric space. If there exists ¢ € @ such that for all x, y e X,

M, y, () = M(x,y,t) V t>0,then x=Yy.

Lemma 2.3. Let (X, M, *) be a fuzzy metric space. If we define G, : X x X — R*U{0} by

Gu(x, y) =inf{t>0, M(x,y,t)>1-A} (A)
forall & € (0, 1] and X, y € X, then we have
n-1
0] for each A e (0, 1], there exists u € (0, 1] such that G; (Xy, Xp) < ZGH (xi,xm), for all xg, ..., X, € X.
i=1
(i) The sequence {X,}nen in X is convergent if and only if G; (X, X) > 0asn — « forall A e (0, 1].

Proof. (i) Forany A € (0, 1], let u € (0, 1] and p <2, so by triangle inequality and for any & > 0, we have
n-1

M (xl, X G, (X Xi1) + (D —1)6)
i=1

> M(Xq, X2, G(X1, X2) + 8) * M(X, X3, G(Xg, X3) + 8) *...* M(Xn.1, Xn, G(Xn-1, Xn) + 0)
> min{(1- ), (1- ), ..., (1- W} = (1- 1), which implies
GA(XL Xn) 5 Gu(xlx XZ) + Gu(XZ: X3) i Gu(x3| XA) oot Gu(xn-ln Xn)
n-1
GilX X) £ DG, (X X,.y)-
i=1
(i) Since M is continuous and G, (X, y) = inf{t >0, M(x,y, t) >1-21}
we have
M(Xn, X, ) >1-A forall n>0.
This proves the lemma.

Lemma 2.4. Let (X, M, *) be FM-space and {y,} be a sequence in X. If there exists ¢ € ® such that

M(¥nr Yns1, 6(8) = M(Yn1, Yoo 1) * M(Yn, Yoo, 1) (B
forallt>0andn=1,2, ..., then {y,} is a Cauchy sequence in X.
Proof. From (A) and foreach A € (0, 1]and n € N, putting a, = G;(Vn-1, Yn), We will prove that

an+<P(@n), Vne N. ©
Since ¢ is upper semi-continuous from right, for given ¢ > 0 and each a,, there exists v, > a, such that ¢(v,) < ¢(a,) + &.
From (A), it follows that

Vi > an = G (Vn1, Vo) that M(Vno1, Yy Vo) >1-Aforalln e N.
Thus, by (B), (C) and lemma 2.1, we get

M(Yn.Yn+1, G(Max{Vn, Vns1}))

> M(Yn-1, Y, Max{Vp, Vo1 }) * M(Yn, Yne1, Max{vy, Vn+1})
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2 M(Yn-1, Y Vo) * M(Yn, Ynsts Vis1)
> 1-A
This implies that
Go.(Yn Ynsa) < d(max{Vn, Vns1}) = max{o(vn), ¢(Vos1)}
< max{d(vn), d(Vn+1)} + €.
By arbitrariness of €, we have
ans1 = Gi(Yn, Ynet) < max{d(an), d(an1)}- (D)
So, we can infer that
an+1 < ¢(an). If not, then by (D), we have
an+1 < ¢(an+1) < an+1, Which is a contradiction.
Hence, (D) implies that
an+1 < 0(a,) and (C) is proved.
Now, using (C) again and again, we get
Go(Yn, Yne1) < 9G¥t Vo)) < - < 9"(Go(Yo, V1)), foralln e N.
By lemma (2.3), for each A € (0, 1], there exists u e (0, A) such that

(Yo Yo ) < leG y,,y,+1 forallm,ne N withm>n. (E)
ion
Since ¢ @, by condition (¢3) we have
;q)”( L (VoY) < +0.
So, for given € > 0, there exists ng € N such that

20(6, (Vo) <

i=ng

Thus, from (E),

G, (VoY) < 2.0 (G, (Youys)) <& n>ng
which implies that M(Yy, Ym, €) > 1-Aforallm,n e N withm >n2n,.
Therefore, {y,} is a Cauchy sequence in X.

3. MAIN RESULT.

Theorem 3.1. Let (X, M, *) be a complete fuzzy metric space and (X, <) be a partially ordered set and let G : X x X — X and
g : X = X be two mappings such that G has a mixed g-monotone property and there exists ¢ € @ such that

M(G(x, y), G(u, V), §(1)) = M(g(x). G(x, ¥), ) * M(g(u), G(u, V), 1) ®)
for all x,y, u, v e X, t >0 for which
9(x) = g(u) and g(y) < g(v)
or 9(x) < g(u) and g(y) = g(v).
Suppose G(X x X) < g(X), g is continuous and commutes with G and also suppose either
0] G is continuous or
(i) X has the following properties :
(a) If a non-decreasing sequence x, — X, then x, < x, for all n and
(b) If a non-increasing sequence y, — Y, then y, >y, for all n.
If there exist Xq, Yo € X such that g(Xo) < G(Xo, Yo), 9(Yo) = G(Yo, Xo)
then there exist x, y € X such that g(x) = G(x, y) and g(y) = G(y, x).
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Then G and g have a coupled coincidence point in X.
Proof. Let xo, yo € X be such that g(xo) < G(Xo, Yo) and g(yo) = G(Yo, Xo).
Since G(XxX) < g(X), we can choose X;, y; € X such that

9(%:) = G(xo, Yo) and g(y1) = G(Yo, Xo)-
Continuing in this way, we can construct sequences {x,} and {y,} such that

9(Xn+1) = G(Xn, Yn) and g(Yn+1) = G(Yn, Xn), for all n> 0. ®)
We shall show that

9(Xn) < 9(Xn+1) @
and  9g(¥n) 29(¥nes), foralln=0. ©

Now, we shall use mathematical induction. Let n =0. Since g(Xg) < G(Xo, Yo) and g(Yo) = G(Yo, Xo) and as g(X1) = G(Xo, Yo) and g(yi)
= G(Yo, Xo), We have

9(Xo) <g(x1) and g(yo) = 9g(ys).
Thus, (7) and (8) hold for n = 0.
Suppose now that (7) and (8) hold for some fixed point n > 0. Then since

0(Xn) < 9(Xn+1) and g(yn) = g(Yn+1) and as G has the mixed g-monotone property from (6) and (3)

9(%y.1) =G (XY ) < G(Xm,yn)} o
G(yn+1’xn) < G(yn,xn) = g(yml)

and from (6) and (4),
g(xn+2) — G(Xml’yml)Z G(Xn+1‘ yn)‘}_ (10)
G(yn+1' Xn ) = G (yn+1' Xn+1) = g(yn+2)

Now, from (9) and (10), we get
9(Xn+1) < 9(Xns2) aNd g(Yne1) = 9(Ynr2)-

Thus, by mathematical induction, we conclude that (7) and (8) hold for n > 0.

Therefore, g(Xo) < 9(X1) <g(X2) <... <9(Xn) < I(Xn+1) < ... (1)

and 9(Yo) = 9(y2) 29(y2) =-.. =29(¥n) 2 9(Ynst) = ... (12)

Now, putting X = Xn.1, Y = Vo1 and u = X,, vV =Y, in equation (5), we get

M(G(Xn-L Yn-l)- G(an Yn)- ¢(t)) 2 M(g(xn-l)r G(Xn-ln Yn-l)r t) * M(g(xn)- G(Xn- Yn)- t)-
By using (6),
M(9(Xn), 9(Xn+1), (1)) = M(9(Xn-1), 9(Xn), 1) * M(9(Xn), G(Xn+2), 1).

Thus, by lemma 2.4, we conclude {g(x,)} is a Cauchy sequence in X.

Similarly, {g(y,)} is a Cauchy sequence in X.

Since X is complete, there exist X, y € X such that

lim g0x) =x and fim gy) = . (13

Since g is continuous, therefore

lim g(g(xa)) =9(x) and lim g(g(yn)) = 9(y)- (14)
Using the commutativity of g and G and equation (6), we have

9(9(Xn+1)) = 9(G(Xn, ¥n)) = G(9(Xn), 9(¥n)) (15)
and 9(9(Yn+1)) = 9(G(Yn, Xn)) = G(9(Yn), 9(Xn)). (16)

Now, we show that g(x) = G(x, y) and g(y) = G(y, X).
Suppose that (i) holds.
Taking limit n — oo in equations (15) and (16), by equations (13), (14) and continuity of G, we get
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909 = lim g(g(xe-1)) = lim G(g(xy), 9(yn)
= G(lim g(x,), lim g(yn)) = G(x, y)
and 9(y) = lim g(9(¥n+1)) = lim G(g(¥n), 9(*n))
= G(lim g(y), lim g(x,)) = G(y, X),
ie. g(x) =G(x,y) and g(y) = G(y, ).
Suppose that the assumption (ii) holds.
Since {g(x,)} is non-decreasing and g(x,) — x and {g(y,)} is non-increasing and g(y,) — Y, we have
0(xy) < x and g(y,) = vy foralln.
Thus, by FM3, (5), (15) and (16), we have
M(g(x), G(x, y), ¢(t)) = M(9(X), 9(9(Xn+1)), §(t) - d(at)) * M(g(9(Xn+1)), G(X, ¥), #(qt))
forallt>0,q (0, 1).
Taking n — oo and solving, we get

M(9(x), G(x, ¥), $(B) = M(g(x), G(x, y), qt).

Taking g — 1, which implies that g(x) = G(x, y) by lemma 2.2 & similarly we can show that g(y) = G(y, x). Thus G and g have a
coupled coincidence point.

Theorem 3.2. In addition to the hypothesis of theorem 3.1, suppose that for every (x,y), (x*, y*) € X x X there exists
a (u, v) e X x X satisfying g(u) < g(v) or g(v) <g(u) such that (G(u, v), G(v, u)) € X x X is comparable to (G(x*, y*),
G(y*, x*)). Then G and g have a unique common coupled fixed point, i.e. there exists a unique (X, y) € X x X such that

x=9(X) =G Yy), y=9@) = Gy, x).

Proof. we have to show that if (x, y), (x*, y*) are couple coincidence points i.e., if g(x) = G(x, y) and g(y) = G(y, x) and g(x*) =
G(x*, y*) and g(y*) = G(y*, x*) then

9(x) = g(x*) and g(y) = g(y*). 17)
By assumption, there is (u, v) € X x X such that
(G(u, v), G(v, u)) e X x X is comparable to
G(x,Y), G(y, X)) and (G(x*, y*), G(y*, x*)).

Put up = u, Vo = v and choose u;, v; € X so that g(uy) = G(ug, Vo) and g(vi) = G(vo, Ug). We define a sequence {g(u,)} and {g(v.)}
such that

0(Un+1) =G(Up, V) and  g(Vn+1) = G(Vp, Up).

These two sequences {g(u,)} and {g(v,)} exist and their existence follows from theorem 3.1. In addition, put Xo = X, Yo = Y, Xo* = X
and yo* = y and on the same way, we define the sequence {g(x,)} and {g(y.)} and {g(x,*)} and {g(y,*)}. Since

(G(x, y), G(y, X)) = (9(xa), 9(y2))) = (9(X), 9(y)) and (G(u, v), G(V, U)) = (9(u1), 9(v1))

are comparable, now we assume that g(x) >g(u;) and g(y) <g(vy). It is easy to show that (g(x), g(y)) and (g(u,), 9(v,)) are
comparable, i.e. g(X) > g(u,) and g(y) < g(v,) for all n > 1.

Thus from equation (5), we get

M(9(X), 9(Un+2), &) = M(G(X, ¥), G(Un, Va), $(1))
= M(9(x), G(x, y), t) * M(g(Un), G(Un, Vn), )
= M(g(un), 9(Un+a), 1).

M(9(y), 9(Vn+a), &) = M(G(Y, X), G(Vn, Un), (1))
= M(g(y), G(Y. X), t) * M(g(Vn), G(Vn, Un), )
= M(g(Vn), 9(Vn+a), 1).

for each n> 1. Letting n — o, we get

lm g(un+1) = g(X) and lm g(Vn+1) = g(Y) (18)

Similarly, we can prove that
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lim g(un+1) = g(x*) and lim g(vn.1) = 9(y*). (19)
By FM-4, equations (18) and (19), we have
M(9(x), g(x*), t) > M(9(X), 9(Un+1), t/2) * M(9(Un+1), 9(X*), t/2) — 1 as n — oo which shows that g(x) = g(x*).
Similarly, we can prove that g(y) = g(y*).
Since g(x) = G(x, y) and g(y) = G(y, X), by commutativity of G and g, we have

9(9(x)) = 9(G(x, ¥)) = G(9(x), 9(¥)) (20)
and 9(a(y)) = 9(G(y, x)) = G(g(y), 9(x))- (21)
Say g(x) =z, g(y) = w, therefore, from equations (20) and (21)

0(z) = G(z, w) and g(w) = G(w, 2). (22)

Thus, (z, w) is a coupled common fixed point. Then from equation (17) with x* =z and y* = w, it follows that g(z) = g(x) and g(w) =
g(y), i.e.

9(z) =z and g(w) = w. (23)
Now from equations (22) and (23),
z= 9¢(2) =G(z,w) and w =g(w)=G(w, 2).
Therefore, (z, w) is a coupled common fixed point of G and g.
To prove the uniqueness, assume that (p, q) is another coupled common fixed point. Then from equation (17), we have
P=9(P) =9(z)=z and q=g(q)=g(w)=w.
This completes the proof.

If we take g = I, then we get Corollary 3.1 :

Corollary 3.1. Let (X, M, *) be a complete fuzzy metric space and (X, <) be a partially ordered set and let G : X x X — X such
that G has a mixed monotone property and there exists ¢ € @ such that

M(G(X, y), G(u, v), ¢(t)) = M(x, G(x, y), t) * M(u, G(u, V), t)
for all x, y, u, v e X, t> 0 for which
X>Uuand y<v
or X<u and y> V.
Suppose either
(iii) G is continuous or
(iv) X has the following properties :
(c) If a non-decreasing sequence x, — X, then x, < x, for all n and
(d) If a non-increasing sequence y, — Y, then y, >y, for all n.
If there exist Xq, Yo € X such that
Xo < G(Xo, Yo), Yo = G(Yo, Xo)
then there exist x, y € X such that
Xx=G(x,y) and y=G(y, X).
Then G has a coupled coincidence point in X.

Now taking ¢(t) = kt in theorem 3.1, we get Corollary 3.2.

Co roIIary 3.2. Let (X, M, *) be a complete fuzzy metric space and (X, <) be a partially ordered set and let G : X x X — X and
g : X — X be two mappings such that G has a mixed g-monotone property and there exists k € (0, 1) such that

M(G(x, y), G(u, v), kt) = M(g(x), G(X, y), t) * M(g(u), G(u, v), t)
for all x,y, u, v e X, t >0 for which
9(x) = g(u) and g(y) < g(v)
or 9(x) < g(u) and g(y) = g(v).
Suppose G(X x X) < g(X) is continuous and commutes with G and also suppose either
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G is continuous or
X has the following properties :
(e) If a non-decreasing sequence x, — X, then x, < x, for all n and

(f) Ifanon-increasing sequence y, — Y, then y, >y, for all n.

If there exist Xq, Yo € X such that

9(Xo) < G(Xo, Yo)» 9(Yo) = G(Yo, Xo)

then there exist x, y € X such that

9(x) = G(x, y) and g(y) = G(y, X).

Then G and g have a coupled coincidence point in X.

Co roIIary 3.3. Assume hypothesis of Corollary 3.1 holds. If X, and y, are comparable, then x =y, where x and y are the coupled
fixed point of G, i.e, x = G(X, X) .
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