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ABSTRACT 
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   INTRODUCTIONAND PRELIMINARI                                  
Let X be a Hilbert space, ∅ ≠ C   be a convex  closed  subset of X and  A be amultivalued mapping with domain D  A  and 

range R A .The mapping  A  is called monotone mapping if the following inequality hold 

< x1  − x2 , y1 −  y1 >≥ 0,∀xi ∈  D  A ,    ∀yi ∈  R A . 

Also, any mapping A  is called maximal monotone  mapping of A if the graph 𝐺(T) of T  is not properly contained in the 

graph of any other monotone mapping ,where 

G T =   u, v ∈ X × X ; u ∈ A(x) .Monotone mappings play a crucial role in 

modern nonlinear analysis and optimization ,see the books  1,2,3,4,5  

The single valued  nonexpansiveself- mapping onCis defined as: Jrn
= (I + rnA)−1 x ,and is called  resolvent mapping on 

C,where < rn > be asequence of positive real  numbers. In 6 Moudafi, studied the strong convergence of both  

thefollowing iterative schemes in Hilbert space 

xt  =  tf xt +  1– t Txt  
                            as  t →   ∞                                    (1) 

      xn+1  = α
n

f xn +  1– t Txn
                       as  n →   ∞                                   (2) 

where fbe a contraction mapping ,  T is  nonexpansive mapping and< α
n

>   be a sequence  in (0,1).In this paper we 

study the stronglyconvergenceof common fixed point of  sequence of nonexpansive mapping which is also a solution of 
varational  inequality, 

< (I − fn)x , x − x >≤ 0,           x ∈ A−1 0  

Now, We recall some definitions and lemmas which will used in the proofs: 

Definition1.  [ 6]and [ 7] 

1- A mapping  𝑇 ∶  𝐶 →  𝑋  is called  Lipchitz continuous with constant 𝛼 > 0 

|| Tx −  Ty|| ≤ α|| x − y||, for any x, y ∈ C 

2- I f  α ∈ (0,1) ⇒ T is called  contraction mapping . 

3- If  α = 1 ⇒ T is called nonexpensive  mapping. 

Definition2. [ 6]and [ 7]A mapping  𝑇 ∶  𝐶 →   𝑋  is called    

1.firmly nonexpensive mapping if for any𝑥,𝑦𝑖𝑛𝐶 then,   

||  Tx − Ty||2 + ||( I  –  T)x – ( I –  T) y||2 ≤  ||x  – y ||2 

2.strongly nonexpansive mapping if  it is  nonexpensive  and for any <xn> and 
>yn>are sequences  in  C such that>xn– yn<  is bounded  and ||xn–  yn  || – || T xn–  T yn     ||  → 0 it follows that 

(xn–  yn  ) – ( Txn–  Tyn)  → 0  . 

mailto:salwaalbundi@yahoo.com
mailto:mrs_%20zena.hussein@yahoo.com


ISSN 2347-1921                                                                                                                                                                        
                                                                                                                                       V o l u m e  1 2  N u m b e r 1 2   

J o u r n a l  o f  A d v a n c e s  i n  M a t h e m a t i c s 
 

6846 | P a g e                                                                             
   J a n u a r y  2 0 1 6                                            w w w . c i r w o r l d . c o m  

                                                          

Note that Both firmly nonexpansive and strongly nonexpansive imply nonexpansive. 

Theorem3.[7] If  T be a mapping fromX into X , then the following are equivalent 

1- 𝑇is firmly  nonexpensive 

2- (𝐼 − 𝑇) is firmly nonexpensive  

3-  (2𝐼 − 𝑇) is nonexpensive  

4- || T𝑥–  T𝑦|| ≤ < 𝑥– 𝑦, T𝑥–  T𝑦 >for all 𝑥, 𝑦𝑖𝑛𝑋 

5- 0≤ < 𝑥– 𝑦, T𝑥–  T𝑦 >for all  𝑥, 𝑦𝑖𝑛𝑋 

Lemma4.[8]If  X be a real  Hilbert  space  , ∅ ≠ C   be a convex  closed  in X and  Tbe anonexpansive  mapping 

with F(T) ≠ ∅ . suppose that<xn> converge weakly to  x If (I − T)xn→y   then I − T x = y  . 

Lemma5. [9]be a sequence of nonnegative real number  such that<an>If;  n ≥ 0an+1 ≤ (1 − γn  ) an  +  γnSn 

Where   <Sn>be a   sequence  in the real number and <γn> be a sequence in (0,1)  such 

that | Sn  | < ∞  and  0 ≥ lim n→∞  sup an/ γn . .Thenan   →  0   as   n →∞. 

Lemma6. [10] Let ∅ ≠ C   convex  closed inCand  T be a multivalued nonexpansive  mapping. If  xnconvergence weakly 

to pand || xn − T xn
|| → 0.Then   p ∈ F T .  

2.MAIN RESULTSLet 𝑋 be a real Hilbert space and 𝐶 be a nonempty convex closed subset of 𝑋. Denote by :                                                                                                                                                   

 ℱ is the class of the sequence < 𝑓𝑛 > of mappings on 𝐶 such that  

 𝑓𝑛 𝑥𝑛 − 𝑓𝑛−1 𝑥𝑛−1  ≤  𝑓𝑛−1 𝑥𝑛 − 𝑓𝑛−1 𝑥𝑛−1   

 𝑇𝑡  be a mapping on 𝐶such that : 𝑇𝑡 𝑥 = 𝑡𝑓𝑛 𝑥 +  1 − 𝑡 𝐽𝑟𝑛  𝑥  ; 𝑡 > 0 

Now, we give the following definition. 

Definition 2.1.  Let < 𝑇𝑛 > be a sequence of mappings on 𝐶, then 𝑝 ∈ 𝐶 is called asymptotic common fixed point 

of< 𝑇𝑛 > if there exist a sequence < 𝑥𝑛 > in 𝐶 converges weakly to 𝑝 and lim𝑛→∞ 𝑥𝑛 − 𝑇𝑛 𝑥𝑛  = 0. 

In this paper, we study the strong  convergence of types of iterative schemes in real Hilbert space. 

Remark 2.2.If < fn > be a sequence of nonexpansive mappings then Tt  is also nonexpansive. 

ProofFor all x, y ∈ C, 

 Tt x − Tt(y) ≤ t fn x − fn y  +  t − 1  Jrn  x − Jrn (y)  

≤ t x − y +  1 − t  x − y  

≤  x − y  

Theorem 2.3Let A be a maximal multivalued mapping , < fn > be a sequence of bounded and contraction mappings on 

C and A−1 0 ≠ φ. Then < xt > converges strongly to the point x , where x = pE fn x    or x  is the unique solution of 

variation of variational inequality.<  I − fn x , x − x > ≥ 0   ,     𝑥 ∈ 𝐸 = A−1 0 . 

Proof Let p ∈ A−1(0) 

 xt − p ≤ t fn xt − p + (1 − t) Jrn  xt − p  

≤ t fn xt − p + (1 − t) xt − p  

t xt − p ≤  t fn xt − p  

 xt − p ≤  fn xt − fn(p) +  fn p − p  

≤ α xt − p +  fn p − p  ;  α = max αi , iϵN  ;  0 < 𝛼 < 1 

 xt − p ≤
1

1 − α
 fn p − p  

But < fn > is bounded sequence, and hence < xt > is bounded sequence, So < Jnr > also bounded. 

 xt − Jrn xt =  tfn xt +  1 − t Jrn  Xt − Jrn  xt   

= t fn xt − Jrn  xt   → 0 as t → 0 

Since < xt > is bounded then there exists a subsequence < xtn > of < xt > such that xtn ⇀ x . 

By lemma (1.4), we get x ∈ A−1(0) 
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Now, sincext − x = t fn xt − x  +  1 − t  Jrn  xt − x  , 

 xt − x  2 = t < fn xt − x , xt − x > + 1 − t < Jrn  xt − x , xt − x > 

≤ t < fn xt − x , xt − x > + xt − x  2 

 xt − x  2 ≤< fn xt − x , xt − x > 

≤< fn xt − fn x  , xt − x > +< fn x  − x , xt − x > 

≤ α xt − x  2+< fn x  − x , xt − x > ; 

 α = sup  αi  , i ∈ N such that 0 < 𝛼 < 1 

 xt − x  2 ≤
1

1 − α
< fn x  − x , xt − x > 

And hence, xtn − x  2 ≤
1

1−α
< fn x  − x , xtn − x > 

But xtn ⇀ x , then as n → ∞ we get 

< fn x  − x , xtn − x > → ∞ and hence ,  xt − x  → 0 

Now, to prove that x  is unique solves of the variational inequality. 

Since, xt = tfn xt +  1 − t Jrn xt ⇒  I − fn  xt = − 
1−t

t
  I − Jrn   xt  

And for all z ∈ A−1(0) 

<  I − fn  xt , xt − z >= − 
1 − t

t
 <  I − Jrn   xt , xt − z > 

= − 
1 − t

t
 <  I − Jrn   xt −  I − Jrn   z , xt − z > 

≤ 0 as  I − Jrn   is monotone. 

Therefore, x  is a solution of variational inequality 

<  I − fn  xt , xt − z > ≤ 0   ,∀ 𝑧 ∈ A−1(0) 

To prove the uniqueness, suppose that 

xtn → x ∈ E = A−1 0  and x  is solution of variational inequality 

<  I − fn  x  , x − x > ≤ 0                                                          (3) 

Interchange x  and x  

<  I − fn  xt  , x − x > ≤ 0                                                         (4) 

Adding up (3) and (4) we have 

< x − x ,  I − fn  x  ,  I − fn  x  > ≤ 0 

By lemma (1.5), we getx = x  

corollary 2.4.Let A be a maximal multivalued mapping and < Tn > be a sequence of firmly non expansive. If the 

scheme < xn > is defined as:  

xn+1 = αn fn xn + βnTn
αn  xn + (1 − γn)(xn ) 

Where < fn >, < αn >, < γn > 𝑎𝑛𝑑 < βn > as in theorem (2.3) and  

Tn
αn  xn =  1 − αn xn + αn Tn xn  

Then < xn > converges strongly to an asymptotic common fixed point of  Tn
αn , ∀n ∈ N. 

ProofFor any x, y ∈ X 

 Tn
αn  x − Tn

αn  y  ≤  1 − αn  x − y + αn Tn x − Tn y   

≤  1 − αn  x − y + αn x − y  

=  x − y  

Therefore, < Tn
αn > is a sequence of nonexpansive. Then by theorem (2.3) we get the result. 
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Theorem 2.5.Let A be a maximal monotone multivalued mapping, < fn > be a sequence of contraction mapping on C 

and < Tn > be a sequence of nonexpansive mapping on C, < fn > and < Tn > lines in  ℱsuch that A−1(0) ∩ (∩ F fn ∩

 ∩ F Tn  ≠ φ..If the iterative scheme < xn > is defined as: 

xn+1 = αn fn xn + β
n

Tn xn +  1 − γ
n
 Jrn  xn  

Where < αn > and < βn > are decreasing sequences in  0,1  converges to 0,such that 

 αn = ∞∞
n=0   and αn + βn +  1 − γn = 1. 

1

2
≤ αn + βn < 1 and ( fn xn  +  Jrn

 xn  ) < ∞∞
n=0 .Then the iterative scheme < xn > converges strongly to an asymptotic 

common fixed point of Tn , ∀ n ∈ N 

ProofLet p ∈ A−1 0 ∩  ∩ F Tn  ∩  ∩ F fn   

 xn+1 − p ≤ αn fn xn − p + βn
 Tn xn − p +  1 − γn  Jrn  xn − p  

≤ ααn xn − p + βn
 xn − p +  1 − γn  xn − p  

where                       α = sup αi  , i ∈ N  and 0 < 𝛼 < 1 

 xn+1 − p       ≤ (αn + βn +  1 − γn ) xn − p  

 xn+1 − p ≤  xn − p ⇒< xn > is bounded sequence, So < fn >, < Tn > and  < Jrn > also bounded. 

Now, since < fn > and < Tn > lies in ℱ.Therefore, 

 xn+1 − xn       ≤  αn−1 fn−1 xn − fn−1 xn−1   

+β
n−1

 Tn−1 xn − Tn−1 xn−1  + 

                                      (1 − (α
n−1

+ βn−1)) Jrn
 xn − Jrn−1

 xn−1   

≤ αn−1α xn − xn−1 + βn−1
 xn − xn−1  

+(1 − (α
n−1

+ βn−1)) Jrn
 xn − Jrn−1

 xn−1   

         ≤  αn−1α + βn−1  xn − xn−1 + (1 − (α
n−1

+ βn−1)) Jrn
 xn − Jrn−1

 xn−1   

+(1 − (α
n−1

+ βn−1)) Jrn
 xn − Jrn−1

 xn−1   

≤  αn−1α + βn−1  xn − xn−1 + 

(1 − (α
n−1

+ βn−1)) Jrn
 xn − Jrn−1

 xn−1   

+(αn−1 + βn−1) Jrn
 xn − Jrn−1

 xn−1   

And hence,  xn−1 − xn → 0     as     n → ∞                                                  (5) 

 

 xn − Tnxn ≤  xn − xn+1 +  xn+1 − Tn xn  

<  xn+1 − xn + αn fn xn  + 2βn
 fn xn    + 

(αn + β
n

) Jr xn   

But < fn > and < Jn > are bounded and by (5), we get 

 xn − Tnxn → 0     as     n → ∞                                                                          (6) 

Since < xn > is bounded sequence then there exists as a subsequence < xnk > of < xn > such that xnk ⇀ x . 

By equation (6) and by using lemma (1.6) we get    x ∈∩ F(Tn) 

 xn−1 − x  ≤ αn fn xn − x  + βn
 Tn xn − x  +  1 − γn  Jrn

 xn − x   

≤ αn fn xn − x  +  1 −  1 − γn + αn  xn − x  + 

(αn + βn) Jrn
 xn − x   

=  1 − αn  xn − x  + αn fn xn − x  + 

(αn + βn) Jrn
 xn − x   

By lemma (1.5), we get,  xn − x  → 0     as     n → ∞.And  hence < xn > converges strongly to an asymptotic fixed point of 

Tn  ,∀n ∈ N. 
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Corollary2.6.Let A be a maximal monotone multivalued mapping, f be a contraction self-mapping on CandT be a non-

expansive self- mapping on C such that A−1(0) ∩ (F f ∩  F T  ≠ φ and f and T lines in  ℱ .If the iterative scheme < xn > 

is defined as: 

xn+1 = αn f xn + βn T xn +  1 − γn Jrn  xn  

Where < αn > and < βn > are decreasing sequences in  0,1  converges to 0,such that 

1.  αn = ∞∞
n=0   and αn + βn +  1 − γn = 1. 

2. 
1

2
≤ αn + βn < 1 and  f xn  +  Jrn

 xn  < ∞∞
n=0 .Then the iterative scheme < xn > converges strongly to an 

asymptotic common fixed point of Tn , ∀ n ∈ N 

Corollary2.7.Let A be a maximal monotone multivalued mapping, f be a contraction  mapping on C and T be a non-

expansive mapping on C such that A−1(0) ∩ (∩ F f ∩  ∩ F T  ≠ φ and f and T lines in  ℱ.If the scheme < xn > is defined 

as: 

xn+1 = αn f xn + β
n

TnT  xn +  1 − γ
n
 Jrn  xn  

Where < αn > and < βn > are decreasing sequences in  0,1  converges to 0,such that 

1.  αn = ∞∞
n=0   and αn + β

n
+  1 − γ

n
 = 1. 

𝟐.
1

2
≤ αn + βn < 1 and  f xn  +  Jrn

 xn  < ∞∞
n=0 .Then the iterative scheme < xn > converges strongly to an 

asymptotic fixed point of Tn , ∀ n ∈ N. 

Corollary2.8.Let A be a maximal monotone multivalued mapping, f be a sequence of contraction mapping on C and T 

be a sequence of non-expansive mapping on C such that A−1(0) ∩ (∩ F f ∩  ∩ F T  ≠ φ and  f and T lines in  ℱ.If the 

scheme < xn > is defined as: 

xn+1 = αn f xn + β
n

T xn +  1 − γ
n
 Jrn  xn  

Where < αn > and < βn > are decreasing sequences in  0,1  converges to 0,such that 

𝟏.  αn = ∞∞
n=0   and αn + β

n
+  1 − γ

n
 = 1. 

𝟐.
1

2
≤ αn + β

n
< 1 and  f xn  +  Jrn

 xn  < ∞∞
n=0 .Then the iterative scheme < xn > converges strongly to an 

asymptotic fixed point of Tn , ∀ n ∈ N. 

Corollary 2.9.Let A be a maximal multivalued mapping and < Tn > be a sequence of nonexpansive. If the iterative  

scheme < xn > is defined as:  

xn+1 = αn fn xn + βn Tn
αn  xn +  1 − γn Jrn

(xn ) 

Where < fn >, < αn > 𝑎𝑛𝑑 < βn > as in theorem (2.5) and  

Tn
αn  xn =  1 − αn xn + αnTn xn  

Then < xn > converges strongly to common asymptotic fixed point of  Tn
αn , ∀n ∈ N. 

ProofFor any x, y ∈ X 

 Tn
αn  x − Tn

αn  y  ≤  1 − αn  x − y + αn Tn x − Tn y   

≤  1 − αn  x − y + αn x − y =  x − y  

Therefore, < Tn
αn > is a sequence of nonexpansive. Then by theorem (2.5) we get the result. 

Corollary2.10.Let A be a maximal multivalued mapping and < Tn > be a sequence of strongly nonexpansive. If the 

scheme < xn > is defined as:  

xn+1 = αn fn xn + β
n

Tn
αn  xn +  1 − γ

n
 Jrn

(xn ) 

Where < fn > , < αn > 𝑎𝑛𝑑 < βn > as in theorem (2.5) and  

Tn
αn  xn =  1 − αn xn + αnTn xn  

Then < xn > converges strongly to common asymptotic fixed point of  Tn
αn , ∀n ∈ N 

Corollary 2.11.Let A be a maximal multivalued mapping and < Tn > be a sequence of firmly nonexpansive. If the 

iterative  scheme < xn > is defined as:  

xn+1 = αn fn xn + βn Tn
αn  xn +  1 − γn Jrn

(xn ) 
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Where < fn >, < αn > 𝑎𝑛𝑑 < β
n

> as in theorem (2. 5) and 

Tn
αn  xn =  1 − αn xn + αnTn xn  

Then < xn > converges strongly to common asymptotic fixedpoint of  Tn
αn , ∀n ∈ N. 

Corollary2.12.Let A be a maximal multivalued mapping and T: C →  C  be a nonexpansive mapping . If the iterative  

scheme < xn > is defined as:  

xn+1 = αn f xn + βn Tαn  xn +  1 − γn Jrn
(xn ) 

Where < fn >, < αn > 𝑎𝑛𝑑 < βn > as in theorem (2. 5) and  

Tαn  xn =  1 − αn xn + αn T xn  

Then < xn > converges strongly to asymptotic fixed point of  Tαn , ∀n ∈ N 

Corollary2.13.Let A be a maximal multivalued mapping and T: C →  C  be a strongly nonexpansive. If the iterative  

scheme < xn > is defined as:  

xn+1 = αn f xn + β
n

Tαn  xn +  1 − γ
n
 Jrn

(xn ) 

Where < fn >, < αn > 𝑎𝑛𝑑 < βn > as in theorem (2. 5) and  

Tαn  xn =  1 − αn xn + αn T xn  

Then < xn > converges strongly to asymptotic fixed point of  Tαn , ∀n ∈ N 

Corollary2.14.Let A be a maximal multivalued mapping and T: C →  C  be a firmly nonexpansive. If the iterative  

scheme < xn > is defined as:  

xn+1 = αn f xn + β
n

Tαn  xn +  1 − γ
n
 Jrn

(xn ) 

Where < fn >, < αn > 𝑎𝑛𝑑 < βn > as in theorem (2. 5) and  

Tαn  xn =  1 − αn xn + αn T xn  

Then < xn > converges strongly to asymptotic fixed point of  Tαn , ∀n ∈ N 

3.APPLICATIONS 

Let X be a real Hilbert space and C be a nonempty closed convex of X. If f be a proper lower semi continuous 

convex mapping of X into  −∞, ∞  then the sub differential ∂f of f is: 

∂f x =  z ∈ X; f y ≥ f x +  z, y − x , ∀y ∈ X , ∀x ∈ X. 

Rockefeller [11] proved that ∂f is maximal monotone multivalued mapping .we recall the normal cone Nc(x) of C 

at x is define as: 

Nc x =  z ∈ X;  z, y − x ≤ 0, ∀y ∈ C  

And the indicator mapping of C is define as: 

            ic: X →  −∞, ∞      such that           ic x =  
0     if  x ∈ C

∞   if   x ∈ C
  

ic is proper lower semicontinuous convex mapping, ∂ic is maximal monotone and ∂ic x = Nc(x).Now,we 

introduced application for the results presented in this paper 

Corollary 3.1.If f be a proper lower semicontinuous convex mapping of X into  −∞, ∞  , < fn > be a sequence of 

bounded and contraction mappings on C and (∂f)−1 ≠ φ. Then < xt > converges strongly to the point x , where x =

p
E
 fn x    or x  is the unique solution of variation of variational inequality. 

<  I − fn x , x − x > ≥ 0        ,     𝑥 ∈ 𝐸 = (∂f)−1. 

Corollary3.2.If f be a proper lower semi continuous convex mapping of X into  −∞, ∞  , < fn > be a sequence of 

contraction mapping on C and < Tn > be a sequence of firmly nonexpansive mapping on C such that (∂f)−1 ∩ (∩ F fn ∩

 ∩ F Tn  ≠ φ 

< fn > and < Tn > lines in ℱ.If the scheme < xn > is defined as: 

xn+1 = αnfn xn + β
n
Tn xn +  1 − γ

n
 Jrn xn  

Where < αn > and < β
n

> are decreasing sequences in  0,1  converges to 0, such that 

1.  αn = ∞∞
n=0   and αn + β

n
+  1 − γ

n
 = 1. 
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2. 
1

2
≤ αn + β

n
< 1 and  fn xn  +  Jrn

 xn  < ∞∞
n=0 .Then the iterative scheme < xn > converges strongly to an 

asymptotic common fixed point of Tn, ∀ n ∈ N. Then the iterative scheme < xn > converges strongly  

to  common asymptotic fixed point of Tn, ∀ n ∈ N. 
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