Journal of Advances in Mathematics Vol 21(2022) ISSN: 2347-1921 https://rajpub.com/index.php/jam

DOI: https://doi.org/10.24297/jam.v21i.9159
Jordan Generalized Centralizerhomo on Prime Rings
Mazen Omran Karim
Department of Mathematics, College of Education, University of Al-Qadisiyah
Email: mazen.karim@qu.edu.iq
Abstract

In this article we introduce the concepts of generalized centralizerhomo and Jordan generalized
centralizerhomo on prime ring. The aim object of this paper we prove: Every Jordan generalized centralizerhomo
of 2-torsion free prime ring R is Jordan generalized triple centralizerhomo on R.
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1. Introduction

The objective of the definition of generalized left centralizerhomo is to generalize the definition of left
centralizerhomo on rings and to specify the relation between two concepts: generalized left centralizerhomo
and Jordan generalized left centralizerhomo with in certain conditions.

The definition of prime ring and semiprime ring was presented in [1]. The definition of 2 — torsion free was
presented in [2] while the definition of centralizerhomo was presented in[3].0n the other hand, [3] was first to
introduce the concepts of left centralizerhomo, Jordan left centralizerhomo and generalization on rings, many
results were found by the researchers,

one of these results was that “"every Jordan left centralizer of a 2 — torsion free prime ring R is a centralizer”.
For more information of left centralizer and homomorphism see [4,5,6,7]

One important question can be answered in this paper whether there is a relation between a concept of Jordan
generalized left centralizerhomo and a concept of Jordan triple generalized left centralizerhomo within certain
conditions.

In this paper we refer to the left centralizerhomo by centralizerhomo for short.
2. Generalized Centralizerhomo on Prime Rings.

Definition 2.1: Let W be an additive mapping on a ring R then W is called generalized centralizerhomo on R
into itself associated with centralizerhomo g on R is

Whu)= gu + Y)g(u) , vH,u € R.

W is called Jordan generalized centralizerhomo on R associated with Jordan centralizerhomo g on R if for all
a€eR then W 2)= g n + Y)g)

W is called Jordan generalized triple centralizerhomo on R associated with Jordan triple centralizerhomo g on R
if for all », u € R ;then WHun) = gun + Y)g(u)g).

Example 2.2: Let R ={(0a00):a € Q} then Ris a ring we define an additive mapping WonRby W({0a00) =
(03a°00) and we defend centralizerhomo h on R by h(0a00)=(02a00) , for all aeQ. Then Wis
generalized centralizerhomo on R.

Lemmal: Let R be aring and W is Jordan generalized centralizerhomo on R then,
Wru+un) = g u + Yg(u) + g(u) m + W(u)g) Vn,u€ R

Proof:

W+ u)(m+ u)) = g + u)(m + u)+ W + u)gn + u)

= (@M +g(u)(n+ u) + (P + W) (h()+g(u)

= g0 n +g() u +g(u) 1 +g(u) u + Y)g()+ Yg(u)+ Pu)gh)+ W(u)gh)  ...(1)
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W+ u)(m+ u)) = WM 2+ mu +un + u2)
=Wn2)+ WPu2) + Yru +un)
= g)n + Y)g) + g(u) u + W(u)g(u) + Y u +un) ..(2)
Comparing (1) and (2) we get
W +un) = gl u + Y)g(u) + g(u) m + W(u)g)

Definition 2.3: Let be Jordan generalized centralizerhomo on a ring R then we define the mapping p on R
x Rinto R by @, u) = WM u)-gm) u - W)g(u) vv,u € R

In the following lemma we present the properties of ¢:
Lemma 2: Let W be Jordan generalized centralizerhomo on a ring R then
NP, u) = -@(u, 1)
ieM+c, u) = e, u)+e(c, u)
e, u +c)=eM, u)+ eH,c)
Holds for all v,u € R
Proof: i) By lemma 1 we get
Whu +un) = g u + Yegg(u) + g(u) u+ Y(u)g)
Wru) —g) u -Y)g(u) = - W(un) + g(u) m+ Y(u)gh)

PO u) = -o(u, )
i) e(+c, u)= W((n+c) u)-gm+c) u - Ym+c)g(u)

=Whu +cu)- g9 u - g(o) u - (PH)+ W(o)g(u)
= WYu)-gi) u - Pg(u) + W(cu)-g(c) u - Y(c)g(u)

= @M, u) +o(c, u)
iii) by using the same way of (ii) we get (iii).
Remark 2.4: Let R be a ring. Then W is generalized centralizerhomo on R if and only if @(t,u) =0,v®,u€e R.
3. The Main Results
Lemma 3: Let W be Jordan generalized centralizerhomo on a ring R where homomorphism
acts as centralizer on R then (&, u)ri,b]=0 Vu,u€ R
Proof: Let w= murun + unxnu
Yw) = Wr(u rum + ummu)

= g) urun + W)g(u ru)gm)+ g(u) mmu + W(u)gmm)g(u)
= g0 urux + WHOg(u)g(Ng(u)go + g(u) nncu + Y(u)ghog(Ngt)g(u) (1)
On the other hand
WPw) = Y(u)r(uw)+ (u)rim u))
= g u)mu + WYru)g(r)g(un) + glum)rmnu + Y(un)g(r) gt u) ...(2)
Comparing (1) and (2) we get
0= (WHtu)-gi) u - Weogu)rnu +(W(un-gum - Wu)goo)run

= @M, u)r vu —@(u, Wrun
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= e, u)rix, u]

Lemma 4: Let W be Jordan generalized centralizergomo on a prime ring R then for every w u,cdeR ,
¢, u)rc,d]=0

Proof: replace  +c for v in Lemma 3 ,then

@eMm+c, u)rin +c,u] =0

e, u)rin, u] + @O, u)rfc, ul + o(c, urpx, ul + @(c, urc, u] =0

By Lemma 3 we get

e, urfc, u]l + @(c, wrix,u] =0

Therefore

0= @M, u)r[c, ulr e, uric, u]

= - @M, urlc, ulr e(c, u)rir, u]

By primness of R

¢, u)rlc, u] =0 (1)

Replace u +d for b in Lemma 3 we have

@M, u +d)ri, u +d] =0

e, u)rin, u] + e, urin,d] + E,d)rin, ul + e(,d)rind] =0

By Lemma 3

e, u)rin,d] + e, d)rin, u] =0

Therefore

0= @M, u)riv,d] r @, u)rin,d]

= - @, urind] r e, d)r[n, u]

By primness of R oM, u)rin,d] =0 ..(2)
Now, @&, u)riu+c, u +d]=0

eM,b)rin,b] + eMm,b)rin,d] + em,b)rlc,b] + @(,b)r(c,d]=0

By (1), (2) and Lemma 3 we obtain

eM,b)r[c,d] =0

Theorem 5 : Every Jordan generalized centralizerhomo on 2 — torsion free prime ringR is
generalized centralizerhomo on R.

Proof: Let Wbe Jordan generalized centralizerhomo on 2 — torsion free prime ringR.
By lemma 4 and since R is prime then we get either @(», u) =0, for all®n, u €R or
[c,d] =0 for all c,de R.

If [c,d] #0, for all c,d€ R then @(», u) =0, for all w, u €R, then by remark 2.4 we get W is
centralizerhomo on R.

If [c,d] =0 for all c,de R then R is commutative and hence by Lemma 1 we get
W@unu) = 2(900 u + YhH)g(u)

Since R is 2 — torsion free we get Wis generalized centralizerhomo.
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Proposition 6: Every Jordan generalized centralizerhomo of 2 — torsion free ring Ris
Jordan generalized triple centralizerhomo on R.
Proof: Let Wbe Jordan generalized centralizerhomo on R.
Replace mu +un by u in Lemma 1 we get
W (u+ur)+ (u+un) W)= g (uu+un) + Y)gu+un)+ giu+ur) n + Yuu+un)g)
=g nu +g(un + P (gig(u)+g(u)g()) + ghgun +glupo +
(PoOg(u)+ P(u)gh)gm
= g0nu +gun + Y)g)g(u)+¥)g(u)gr)+ Y)g(u)gr)+ Y(u)gi)g) ...(1)
On the other hand
Yru+un)+ Mu+udn) = WU + Mur + UM + UMK)
= Woow) + W2 mun) + Y(u)
= g(m) »u + Y)g()g(u)+ g(u) » + W(u)g)g)+ 2WHmun) ..(2)
Comparing (1) and (2) we get
2 Whun) = giun + Wig(u)gn) + gijun + Y)g(u)g(n)
Since R is 2-torsion free we get
Wun) = gun + YH)g(u)gm)
Hence W is Jordan generalized triple centralizerhomo.

Corollary 7: Every generalized centralizerhomo on 2 —torsion free ring R is Jordan generalized triple
centralizerhomo on R.

Proof: Let W be generalized centralizerhomo on a ring R, then W is Jordan generalized
centralizerhomo on R, hence by Proposition 6 we obtain W is Jordan generalized triple
centralizedhomo on R.
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