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Abstract:    

In this paper we have derived  generating function for a restricted partition function. This is in conjunction two 

identities of Euler provides new partition theoretic interpretation of two identities of Euler. 

1. Introduction , Definition and the Main Results 

  The following two “ Sum –Product” Identities are known as Rogers – Ramanujan identities : 

∑
𝑞𝑛2

(𝑞; 𝑞)𝑛

=  ∏
1

(1 − 𝑞5𝑛−1)(1 − 𝑞5𝑛−4)

∞

𝑛=1

                                                                          

∞

𝑛=0

 

∑
𝑞𝑛2+𝑛

(𝑞; 𝑞)𝑛

= ∏
1

(1 − 𝑞5𝑛−2)(1 − 𝑞5𝑛−3)
                                                                           

∞

𝑛=1

∞

𝑛=0

 

Where  |𝑞| < 1   𝑎𝑛𝑑 (𝑞; 𝑞)𝑛  𝑖𝑠 a rising factorial defined by 

(𝑎; 𝑞)𝑛 = ∏
1 − 𝑎𝑞𝑖

1 − 𝑎𝑞𝑛+𝑖

∞

𝑛=0

                                                                                                    

If n is a positive integer , then obviously 

(𝑎; 𝑞)𝑛 = (1 − 𝑎)(1 − 𝑎𝑞)(1 − 𝑎𝑞2) … … . (1 − 𝑎𝑞𝑛−1)  

(𝑎; 𝑞)∞ = (1 − 𝑎)(1 − 𝑎𝑞)(1 − 𝑎𝑞2) …  …   …                                                                                                          

In this paper we give the  partition theoretic interpretation of the following two identities of Euler : 

∑
𝑞𝑛2

(𝑞2; 𝑞2)𝑛

= (−𝑞; 𝑞2)
∞

                                       …  …   (1)                         

∞

𝑛=0

 

∑
𝑞𝑛(𝑛+1)

(𝑞2; 𝑞2)𝑛

= (−𝑞2; 𝑞2)
∞

                                       …  …   (2)                         

∞

𝑛=0

 

Theorem1  : For a positive integer   k , let 𝐴𝑘(𝑛)  denote the number of partition of n such that the     smallest 

part (or the only part ) is ≡ 𝑘 (𝑚𝑜𝑑2)  and the difference between any two parts is 

 ≡ 0(𝑚𝑜𝑑2)𝑡ℎ𝑒𝑛 

∑ 𝐴𝑘(𝑛) =  ∑
𝑞𝑛(𝑛+𝑘−1)

(𝑞2; 𝑞2)𝑛

                                                                                                                                   

∞

𝑛=0

∞

𝑛=0
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Proof :   Let 𝐴𝑘(𝑚, 𝑛)𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑛 𝑒𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝐴𝑘(𝑛)   into m parts. We shall first 

show that 

𝐴𝑘(𝑚, 𝑛) = 𝐴𝑘(𝑚 − 1, 𝑛 − 𝑘 − 2(𝑚 − 1)) + 𝐴𝑘(𝑚, 𝑛 − 2𝑚)      …   …    (3) 

To prove the identity (4) we split the  partitions enumerated by 𝐴𝑘(𝑚, 𝑛) 𝑖𝑛𝑡𝑜 𝑡𝑤𝑜 𝑐𝑙𝑎𝑠𝑠𝑒𝑠 ∶ 

(𝑖)𝑡ℎ𝑜𝑠𝑒 𝑤ℎ𝑜 ℎ𝑎𝑣𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑎𝑟𝑡 𝑘  

(𝑖𝑖) 𝑡ℎ𝑜𝑠𝑒 𝑤ℎ𝑜 ℎ𝑎𝑣𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑎𝑟𝑡 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 𝑘  

For those whose  smallest part is equal to k , we delete k and then subtract 2 from  all the remaining parts . This 

produces a partition of 𝑛 − 𝑘 − 2(𝑚 − 1)  𝑖𝑛𝑡𝑜 𝑒𝑥𝑎𝑐𝑡𝑙𝑦  𝑚 − 1 𝑝𝑎𝑟𝑡𝑠. 

Those who have smallest part greater than k , we subtract 2 from each part that produced a partition of  

𝑛 − 2𝑚 𝑖𝑛𝑡𝑜 𝑚 𝑝𝑎𝑟𝑡𝑠. 𝑇ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒   

𝐴𝑘(𝑚, 𝑛) = 𝐴𝑘(𝑚 − 1, 𝑛 − 𝑘 − 2(𝑚 − 1)) + 𝐴𝑘(𝑚, 𝑛 − 2𝑚)       

𝐹𝑜𝑟 |𝑞| < 1  𝑎𝑛𝑑 |𝑧𝑞| < 1 , 𝑙𝑒𝑡  

𝑓𝑘(𝑧, 𝑞) = ∑ ∑ 𝐴𝑘(𝑚, 𝑛)𝑧𝑚𝑞𝑛

∞

𝑚=0

∞

𝑛=0

                    …  …   (4)                                                              

Substituting 𝐴𝑘(𝑚, 𝑛)𝑓𝑟𝑜𝑚 (4)𝑖𝑛 (3)𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦𝑖𝑛𝑔 , 𝑤𝑒 𝑔𝑒𝑡 

𝑓𝑘(𝑧, 𝑞) = 𝑧𝑞𝑘𝑓𝑘(𝑧𝑞2, 𝑞) + 𝑓𝑘(𝑧𝑞2, 𝑞)      …  …   (5) 

Setting         

𝑓𝑘(𝑧, 𝑞) = ∑ 𝛼(𝑛, 𝑘; 𝑞)𝑧𝑛   

∞

𝑛=0

 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑐𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑧𝑛 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (6) 𝑤𝑒  

see that 

𝛼(𝑛, 𝑘; 𝑞) =
𝑞2𝑛−1+𝑘

1 − 𝑞2𝑛
 𝛼(𝑛 − 1, 𝑘; 𝑞)     …  …   (6)                                                                     

Iterating (6), n times and observing that 𝛼(0, 𝑘; 𝑞) = 1 , 𝑤𝑒 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 

𝛼(𝑛, 𝑘; 𝑞) =
𝑞𝑛(𝑛+𝑘−1)

(𝑞2;𝑞2)
𝑛

  

∴      𝑓𝑘(𝑧, 𝑞) = ∑ 𝛼(𝑛, 𝑘; 𝑞)𝑧𝑛

∞

𝑛=0

                                                                                                                                     

                      = ∑
𝑞𝑛(𝑛+𝑘−1)

(𝑞2;𝑞2)
𝑛

 𝑧𝑛∞
𝑛=0               

                      = 𝑓𝑘(1, 𝑞)                          

                     = ∑
𝑞𝑛(𝑛+𝑘−1)

(𝑞2 ;𝑞2)
𝑛

∞
𝑛=0           
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This completes the proof of Theorem1. 

Particular Cases : 

For k = 1 , theorem 1 reduces to the identity (1) 

For k =2 , theorem reduces to the identity  (2) 
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