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ABSTRACT

In this paper we prove a common fixed point theorem for weakly compatible mappings satisfies certain contractive
condition in non- empty closed subset of a separable Hilbert Space. Our results generalize and extend the result Chauhan

[71.
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1.INTRODUCTION

The study of random fixed point theory is started by Prague school of Probabilists in 1950 [8, 11]. Bharucha-Reid [5] has
attracted much attention of many mathematicians by his survey article in this literature. Bharucha-Reid and Reagan [5, 10]
obtain the solution of non linear random system by using random fixed point theory.

The structure of common random fixed point and random coincidence points for a pair of compatible random operators in
Polish space studied by Beg [1, 2] and Beg and Shahzad [3, 4].Chouhan [7] has proved a fixed point theorem for four
random operators in Separable Hilbert space.

In this paper we will prove a common fixed point theorem for weakly compatible random operators by using contractive
condition in separable Hilbert spaces. For this we construct a sequence of measurable function of random fixed point to
the four random operators.

2.PRELIMINARY NOTES

Let £ be a closed subset of Separable Hilbert space H and [ﬂ, E:] a measurable space.
Definition 2.1: Afunction f: £ = C is called measurable if f “*(B N €) € I for each Borel subset B of H.

Definition 2.2: A function F: 11 % C — C is called random operator if F(., x}: 01 = C is measurable for all
xe .

Definition 2.3: A measurable function ¥: £ — C is called a random fixed point to the random
operator F: 1 X C — Cit F(t,y(t)) = ¥(t) forall t € Q.

Definition 2.4: A random operator F: {1 % C — C is called continuous if for fixed £ € (1, if F(t,.):C = C is

continuous.

Definition 2.5: Two random operators E, F: £} % C — C are called compatible if E(t, .} and F(t, .)are
compatible for all £ £ 1.

Definition 2.6: Two random operators E, F: {1 3 C — C are called weakly compatible if
E(t, v(t)) = F(t, ¥(t)) for some measurable mapping compatible ¥: £} = C

E[t,F[t,y(t})] = F[t,E[t, }r(t])], Forall t € 0.
3. MAIN RESULTS

Theorem 3.1: Let £ be a non-empty closed subset of a Separable Hilbert space H. Let E, F, 5 and T be four

continuous random operators defined on € suchthatfort € Q,E(t,. ), F(¢t,.),5(t,. ), T(t,.):C = C satisfy the
following Conditions

(1) IEx—Fyll* < r {lEx—Fyll* + ITx — 5ylI* + ITx — EylI* + lI5x — Fx|[*}
Where % =r < %

(2) The pair (E, T') and (F, 5 are weakly compatible.

Then E, F, 5 and T have unique common random fixed point in .

Proof: Let ¥;: 2 = C be an arbitrary measurable mapping for all t € 1.

We construct a sequence of mappings {¥, [i':] }

Suppose that {}F’n [f] }, {}T”n [l‘]} are two sequences such that
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V' (D)=E(t, 5", (£)) = T(t, 72,21 (2)),
V'one1(D)=F (£, 2041 (8)) = S(6 ¥242(8)).
Firstly we show that {¥""',, ()} is a Cauchy sequence.
If V23 (£) = ¥2,, (£) = ¥2,41(£) and
Vo +1(8) = 33,51 (8) = 32,52 (8) = 32, (£).
Then 3", (=E (. 3", (£)) = T(t, 32, (1)) = F(t.3" 2, ()) = 5 (£, y3,, ().
Therefore "', (t) is a common random fixed point of £, F,S and T.
Now let the sequence {¥"",, (t)} and {¥',, () have no two consecutive terms equal at the same order.
Forallt € land 1. = 1,2, ... ... ...
13" 2n42(8) = 3" 2 41 (D= IE(t, ¥ 20 +2(8)) — F(£,3 35 41 ()7
Sr{lEY 10 +2()) — F(£, 3 201 O+ 1T (85 20 42(8)) — S8 ¥ 2021 (DI
H Tt Y 2042(8)) = E(8, 9 1 41 ODIE H NS (89 2042 (8)) = F (9 2020 ()17
=1 (¥ 2n22(t) = ¥" 2, 41(2) 1%+ 19" 341 (8) — 3", ()12
Y 2 208 — ¥ 0041 O + Iy 341 () — ¥"' 2 11 (1}
=7 203" 542(8) = 3" 20 51 (O + 13" 2051 (&) = "2 (DI}

= (1 T 21'ﬂ:]||--'|'F|I|12;*:+2(t] ] }T”gn+1(t:] r = T”}T”En+1 (t:] - }F”En (t:]llz

z r i
= ||}F”2n+2(t:] I J’F”z;-H:L':’:jJ | = {m}"}’”:nﬂ(ﬂ — 3" (0I°

1

@)
P 1y e (= 0 @

T

o ER G N ] = {m

= ||}F”2n+2 (tj - Fff2n+1[:tj || 5 qu}FHZ:I'z-I-l (tj - }FHEn (tj |I

BC
}

WheS {':1—2?"}

=q.

So in general for all £ € {1 we have,

7" (B =" (O = g™y (0 = ¥ (D)

Taking 11 —* 0 we get ||}F”n+1(t] — }F”n(t]" -0

Thus forall t € Q, {¥" . (t)}is a Cauchy sequence.
Hence {}T”,2 (l‘j} is convergent in Separable Hilbert space.
Suppose that {v"', (t)} = ¥"(t)asn = wfort € 0
Since C is closed and ¥'" is a function from C to C.

Now we shall show that }?”,,n (t) is a common random fixed point of E, F,5 and T.
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Fort € {1,

Iy"(8) = E(e.y" (@) |* = [¥"(6) = ¥ 201 (8) + 3" 2022 (8) — E(2,5"(D)
< 2]9"(8) = 3" 31 (D12 + 2013 5eq () — E(£, 3" (D) ||

= 2]y () =" s DI + 2] F (6.5 200 () — E(£5" @)

= 2|y @ =y (NP + 2] Bt y"(6) — F (£, vhar ()]

2
<2y (O =¥ 4 DI +27 HlE(tJ}F”E‘}) —F(t,}r’mﬂ(r])‘l + ”T(r,y”'ir}) _

S(t’}rrznﬂ(ﬂ)”z + ”T(t;}’”m) —E(t,}r'zﬂﬂ{t])”z +

Is(ey"®) - F ey @)}

<2y 5", O
+2r {[|EEY" () = 7" s O + [T 5"(0) = 5, @D
+ 175" @) ~ ¥ s DI + [5( " @) = F(e,3"@)|[]
Letting . — 2, we have {(¥a, (£)}, (V2,21 ()} = (3" (£)] because {vay, (£)}, {3;,+1 (£)} are subsequence of
(D).
= [ly"&) = E(t." @)
< 2|y @ -y @)’
+2r {|IEGy" ) = " + |7(6y"@) = y" @I + IT(6y" @)= 3" @I
+ 158Gty ) = F(t.y" )|}
= (1= 2r)|[y"(0) — E(t,y"(®)|’

< 2r {IT(t¥"() = ¥" (O + ITEY" () = y" (O
+lIs(e () — F (£ y" (D)%}

since (E,T) and (F., 5) are weakly compatible.

Therefore
(=20 [y"(®) - E(t.y"(@®)||* < 2r 2UEEY" () = v" ()%

= (1—6n)|y"() - E(t.y"®)|" <0

= (6r — D)y (0 — E(t.y"®)|" z 0

o | =

y'i(t) = E(t,}r”{t:]:l Forall t € {l,since T =

Similarly we can prove that forall t € Q. %" (t) = F(t, " (t)),

v =5ty"'(®)). YO =T(y" (1)
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Himmelberg [9] had proved if G: {1 X C — ' is a continuous random operator on closed subset { then for any

measurable function f: {1 — C the function f(t) = & [t,f(t] ), is also measurable function.

Thus {¥",, ()} is a sequence of measurable function. And hence ¥''(t) is also a measurable function.

This implies that ¥'' () is a common random fixed point of E, F, 5 and T
Uniqueness

Suppose that g''(t): £ = C be the another common random fixed point of E, F, 5 and T
Therefore for all t € 0,
E(t.g"(®) =g" (), F(t.g"(®)) = g"(®)

5(t.g"(®) = g"(t), T(t.g"(®)) = g"(t)
Now
ly"(6) — g"(O11 = [|E(t,y"(®)) — F(t. g" @)’
<r {||E(t.y"(®)) —F(t.g"(®)|" + |7(t.¥"(©) — 5(t. g"(D)
+[|7(e.y"(®) - E(. g"@)II" + [[5(t.y"®) = F(e.y" D)
< 2r{lly" (& — g" (I + lly" (&) = g"(DII* + lly" (&) — g" ®I* + lly" (&) = y" (DI
=2r{3lly" (5 —g" (D%
= ly"(®) —g" (O < erlly"(t) — g"(DI*

= (1—-6r)lly"(t) —g"(DI* <0

"
|£

= l¥"(t) — g"(£)1I* = 0, Since %5 &

y'(t) =g"(t)

Hence E,F,5 and T have a common unique random fixed point in £

Example

Supposethat E, F, 5, T:C —+ CdefneasEx =1+ x, Fx =2+ x,5x =3+ xandTx = 3 + x.

1 1
Let {x,, } and {¥,, } are two sequence such that x,, = 1 + —andV, = 1o p =

Nowsince ETx =E(3+ x) =4+ xandTEx=T(1+ x) =4 + x;
FSx=F(34+x)=54+x AndSFx=5(2+x) =5+ =x.
Then clearly( E, T) and (F, 5) are weakly compatible.

Now

|Ex, — Fy,lI* <+ {llEx, — Fy,|I* + ITx, — Sy, lI* + ITx, — Ey,|I* + [ISx,, — Fx,|I*}
= 12-31F=r{ll2— 317 + 14— 4lII* + l4—2I* + I+ —31*}
=1<r{l+ 4+1)
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1

=y = —

Hence theorem is verified with condition (1) and (2).
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