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ABSTRACT

In this work an extremal principle driving the far from equilibrium evolution of a system of structureless patrticles is derived
by using the stochastic quantum hydrodynamic analogy. For a classical phase (i.e., the quantum correlations decay on a
distance smaller than the mean inter-molecular distance) the far from equilibrium kinetic equation can be cast in the form
of a Fokker-Plank equation whose phase space velocity vector maximizes the dissipation of the energy-type function,
named here, stochastic free energy.

Near equilibrium the maximum stochastic free energy dissipation (SFED) is shown to be compatible with the Prigogine’s
principle of minimum entropy production. Moreover, in quasi-isothermal far from equilibrium states, the theory shows that,
in the case of elastic molecular collisions and in absence of chemical reactions, the maximum SFED reduces to the
maximum free energy dissipation.

When chemical reactions or relevant thermal gradients are present, the theory highlights that the Sawada enunciation of
maximum free energy dissipation can be violated.

The proposed model depicts the Prigogine’s principle of minimum entropy production near-equilibrium and the far from
equilibrium Sawada’s principle of maximum energy dissipation as two complementary principia of a unique theory where
the latter one is a particular case of the more general one of maximum stochastic free energy dissipation.

Following the tendency to reach the highest rate of SFED, a system relaxing to equilibrium goes through states with higher
order so that the matter self-organization becomes possible.
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INTRODUCTION

The research in the field of order generation and matter self-assembling dates back to the thirties [1-8]. Various extremal
principles have been proposed for the self-organized régimes governed by classical linear and non-linear non-equilibrium
thermodynamic laws, with stable stationary configurations being particularly investigated.

Nevertheless an organic understanding is still not available. In 1945 Prigogine [1,2] proposed the “Theorem of Minimum
Entropy Production” which applies only to near-equilibrium stationary state. The proof offered by Prigogine is open to
serious criticism [3]. Silhavy [4] offers the opinion that the extremal principle of [near-equilibrium] thermodynamics does not
have any counterpart for far from-equilibrium steady states despite many claims in the literature.

Sawada [5], in relation to the earth's atmospheric energy transport process, postulated the principle of largest amount of
entropy increment per unit time. He cited the work in fluid mechanics by Malkus and Veronis [6] as having proven a
principle of maximum heat current, which in turn is a maximum entropy production for a given boundary condition, but this
inference is not logically ever valid.

The rate of dissipation of energy appeared for the first time in Onsager's work [7] on this subject. An extensive discussion
of the possible principles of extrema of entropy production and/or of dissipation of energy is given by Grandy [8]. He finds
difficulty in defining the rate of internal entropy production in the general case, showing that sometimes, for the prediction
of the course of a process, the extremum of the rate of dissipation of energy may be more useful than that of the rate of
entropy production.

Sawada and Suzuky [9] confirmed, both by numerical simulations and by experiments, the maximum rate of energy
dissipation in electro-convective instabilities.

Nowadays, the debate about the principle of maximum free energy dissipation (MFED) and the Prigogine one’s is still
going on.

An alternative approach to the far from equilibrium evolution can be obtained in term of Langevin equations that in some
cases describe the underlying dynamics at a continuous coarse-grained scale. The Langevin equation can be derived by
using different techniques, such as the Poisson transformation [10] and the Fock space formalism [11]. Occasionally, exact
formulations exist for non-linear reaction kinetics and others few problems. Alternatively, a Langevin equation can be
assumed on a phenomenological point of view where it is decided a priori what is pertinent to the approximated dynamics.
In this context it is really difficult to have a rigorous Langevin description.

The way out is to derive satisfactory Langevin equations from a microscopic model.

In the present work, by using the stochastic quantum hydrodynamic analogy (SQHA) [12-15] as the microscopic model, the
classical non-equilibrium kinetics has been derived for the macro-scale limit.

The SQHA, where the structureless molecules are described by a pseudo-Gaussian wave function, allows deriving the far-
from-equilibrium phase-space evolutionary criterion for classical gas and fluid phases in term of maximum dissipation of
an energy-based function.

THE SQHA EQUATION OF MOTION

The quantum hydrodynamic analogy (QHA) equations are based on the fact that the Schrédinger equation,

5(
: : Aty . I :
applied to a wave function = expr ! , is equivalent to the motion of a fluid owing the particle
Wiat) = Aqit) expl h 1
2 2 * _VaS(at)
density N(q ) = A%(q,t) = ¥ | with avelocity = ————= governed by the equations [12-14]
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where V p=| =5 ,Vq =| — |, H is the Hamiltonian of the system and un is the quantum pseudo-potential
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that reads
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For the purpose of this paper, it is useful to observe that equations (1-3) can be derived by the following phase-space
equations [15]

at/O(q,p,t) +V'(P(q,p,t)(XH +Xqu))=0 (5)
where V = (i ,ij and where
oq; opj
3n
Nt = III Pa.pnd” P (6)
XH :(VpH,—VqH) (1)
Xqu :(O,—Vqun ) (8)
where the phase space distribution
Papy = NgtP(P—VgS) ©
where
t Pep
S = [dt(——"=—V(q) —Vau ). 10
tf (S V@) ~Vau) 10)
0

is a Wigner-like distribution since it obeys to the property

| |2:Td3”p 11
v Aa,pt) - ¢

—0
The Madelung approach, as well as the Schrédinger one, are non-local and are not able to give rise to local limit.

When fluctuations are added to the QHA equation of motion, the resulting stochastic-QHA (SQHA) dynamics shows that is
possible to obtain a local dynamics on large scale, preserving the quantum behavior on a microscopic one. In a preceding
paper [15] the author has shown that in presence of vanishing small stochastic Gaussian noise, the QHA motion equation

(at first order of approximation in the noise amplitude ® ) reads

OtP(gpt) =~V + (Ppty(Xp +Xau(n) N +77(q1,0)0(P—~VgS). (13)
with

Papy) =g, (P=VgS), (14)

where ® is a measure of the vacuum noise amplitude (VNA) and

kO A
<T(qy £) Ay +At+r) >= EFEXP[—(/I—)Z 16(7 )05 (16)
c C

is the VNA variance, where the quantum correlation length ﬂc reads[15]
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t
Apst = -V { j | *dt}, (19)
to
where
* =Vau(n) ~Vau(no) (20)

where N is obtained from the zero order of approximation equation (1).

The phase space distribution form (9) imposing the condition M{ = P = VqS warrants the wave particle equivalence in

the quantum limit.[15].
QUANTUM NON-LOCALITY LENGTH /Iq

In addition to the noise correlation function (12), to obtain the local form of equations (11-18) we need to evaluate the

range of interaction of the quantum force pqu = —Vqun in (15).

As shown in reference [15] the relevance of the quantum potential force at large distance can be evaluated by the
convergence of the integral

0
[1a7VqVgu Idg <0 1)
0

So that the quantum potential range of interaction can be obtained as the mean weighted distance

© _dv
Jla™ =l

/lq =2-0 . (22)

av
-1, Wau
oI gg =)

For the interaction of particle pairs (e.g., mono-dimensional case, real gas or a chain of neighbors interacting atoms)
expression (22) is quite manageable and leads to very good experimental confirmations [16].

Macroscopic local limiting dynamics

Given AL the physical length of the system, the macroscopic local dynamics is achieved for those problems that satisfy
the condition

Acu Aq <<AL.
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From the condition /1q << AL it follows that [15]

lim -V.,V =0 (23)
Q1 dg o0 aVqu(ng)

and the SPDE of motion acquires the form [15]

OtP@qpt) =~V (P@apt) X1 ) +1(qt,0)0(P—VgS) (24)
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where & is a small fluctuation of momentum and

Pa =—VqV(q) (29)

Being also /Ic << AL, I* represents a small energy fluctuation due to the quantum potential [15].

THE KINETIC EQUATION FOR CLASSICAL GAS AND FLUID PHASES

In appendix A the properties of the large-scale coarse-grained quantum mechanical distribution (9) are analyzed and
shown to acquire the statistical character.

As derived in appendix B, for a gas or mean-field fluid phases, we can describe our system by a single particle SQHA

distribution P1) from which we can extract the statistical single particle distribution p S that obeys to the equation.

lim  p° <x, >=—VD(i)pS (30)
AL>> A, ,Aq

Equation (30) is basically the Fokker-Plank form of the Maxwell equation. The difference with the Boltzmann kinetic
equation is that (30) does not give any information about the form of the (phase space) diffusion coefficient D .

In order to obtain from (30) a closed kinetic equation, the standard approach is to introduce additional information about
the diffusion coefficient. The local equilibrium approximation is usually achieved by the semi-empirical assumption of
linear relation between flows and fluxes.

Here we use (30) since it holds even far from equilibrium and is more general than the Boltzmann kinetic equation (able to
give the explicit form of the linear coefficients between flows and fluxes but just near local equilibrium).
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The mean phase space molecular volume of WFM

In order to grasp additional information from (30) we observe that (for gasses and meanfield fluids) the SQHA approach
shows two competitive dynamics: (a) the enlargements of the molecular DF (given by (B.2- A.?)) between two consecutive
collisions, (b) The diffusion of the molecules, in term of their mean position, as a consequence of the molecular collisions
(that cause the WFM collapse [16]).

As consequence of free expansions and collapses, the pseudo-Gaussian molecular DF in the phase space cell ACY will occupy
the mean volume < AV, > that we pose

lim <AV, >= h3 exp[ —¢1] (31)
AL>> 1. ,4q

where < AV, > reads:

1
243,13 1o
Z ( J.p(i)(x(i)'<x(i)>) d~qd~p)?
ieAQ AQ(q.p)
<AV, >= : i (32)
> [ayd’adp
1eAQAQ (g p)
3443
Jp(i) X)d~qd”~p
AQ
fp(i)d qd~p
AQ(q.p)
i) | . N
where X(i) = p(_) . Given that the mean WFM volume (WFMV) per molecule < AVm > has to be a fraction “[1” of the
I
phase space volume available per molecule we can pose
Q
<AV, >= ozﬁ (34)
ANg

where AN ¢ is the number of molecules in ACY.

In the case of stationary states, of classical phases (i.e., lc and iq << mean inter-particle distance) we can assume that

«a is proportional to the diffusive enlargement (a) of the WFM with (SQHA) diffusion coefficient D(@) =24k®, and

proportional to the time between two consecutive collisions (that generates the collapse of the molecular wave function
[?]). Since the time between two consecutive collisions is inversely proportional to the phase space (molecular) diffusion

coefficient D, we can formally write

*

D
_yPw© _D°
D D

a (35)

*
where for brevity it has beenposed D = o' D(@) . As shown in appendix C, the absolute value of the constant &' leads

to the re-definition (by a constant) of the free energy at thermodynamic equilibrium. Therefore, defining the constant of the
free energy at thermodynamic equilibrium determines o' .

Moreover, by using the definition of ps
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s_AMNo (36)
AQ
and by using (30), from (34), for stationary states it follows that
. 3 D* S_l
lim <AV >=hexp[-¢] =—p (37)
AL>> A AL D
lim p°= h_3D—exp[¢] (38)
AL>> A AL D
lim  <x, >=-D{V¢+VIn[ D*]} (39)
AL>> A, ,ﬂq

Given that at thermodynamic equilibrium (in absence of external fields) there is the transnational invariance in the phase
space, it follows that V@ = 0, as well as D* = constant and hence V In[ D*] =0.

The same result holds if the vacuum fluctuations and the thermal ones are decoupled. In this case, we could assume
® =constant independently by the thermodynamic conditions and hence V In[ D*] = Qeven out of equilibrium.

In the general case we have a system out of the thermodynamic equilibrium where the vacuum fluctuations and the
thermal ones are coupled each other.

The fact that the coupling between matter and vacuum exists is proven by the fact that if we try to reach the zero
temperature T, by step of equilibrium, the asymptotical ending state with the T=0 is a non-fluctuating (quantum) state of the

system that in the SQHA model can be achieved if and only if ® =0 in absence of vacuum fluctuations: if we diminish
the thermal energy fluctuation (by step of equilibrium) we will also lower the vacuum ones. It is matter of fact that the open
quantum phenomena are elicited by the temperature lowering.

In the case of sufficiently weak radiative coupling we can write
VIN[D*] = A.Vg+B.VgVg+O(Ve) (40)

In the case of structureless punt-like particles, classically interacting (i.e., the classical gas phase) with central-symmetric
potential, the direction of variation of D* must be aligned with V ¢ leading to A= Adjjand B =0 and, hence, to

VIn[ D¥] = AVg+O(Vg3 ) =(A+O(Vg2 )V (41)
from where it follows that
lim  <x, >=-DVg(1+A+O(Vg?)) 42)
AL>> A AL

that introduced into the FPE (B.24-B.25) leads to the kinetic equation

0p° +Ve p* <X >=V p’DVY(L+ A+O(V?)) “3)
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FAR FROM EQUILIBRIUM RELAXATION AND MAXIMUM STOCHASTIC FREE
ENERGY DISSIPATION IN STATIONARY STATES

Even if the ¢ -function is well defined far from equilibrium, the kinetic equations (43,C.1) without the initial and boundary

condition of an assigned problem is just a symbolic equation. Nevertheless, the existence of the ¢ -function allows the
definition of a formal criterion of evolution.

By writing the irreversible phase space velocity field as follows

lim  <x  >=-DVg(1l+ A+O(V¢52 ) (46)
AL>>A¢ ,4q

an evolutionary principle along the relaxation pathway can be formulated in terms of dissipation of the ¢ -function (named

here normalized hydrodynamic free energy (NHFE) since at equilibrium it converges to the free energy
normalized to kT (see appendix C).

Given that, the total differential of the normalized hydrodynamic free-energy ¢ can be written as a sum of two terms, such

as:
dg _og _: o9, o : dyg dsg
——=— 4+ <X>VP=—"4< Xy >eVP+ < Xsg >eVpp=—-+—"— 47
dt ot b= TV < e VI = T “n
where we name
i o6 o
dy¢= lim {—+<xj>.Vg}i (48)
AL >>20.4q O
as "dynamic differential" and
dso= lim [<xs>.Vo]a (49)

AL>> ¢ Aq

as "stochastic differential”.

Under the range of validity of equation (46) (i.e., structureless punt-like particles, interacting by L-J central symmetric
potential that do not undergo to chemical reactions) the stochastic velocity vector evolves through a pathway that follows

the ¢ -function negative gradient so that

ds¢ :

—— is minimum with respect the choice of < Xg > (50)

ds¢ ;

and X < 0 since < Xg >is anti-parallel to V¢ .

Sometime, some authors speak in term of energy dissipation, so that in this case the criterion (50) reads

ds¢  dsg, . _ ’
- ? = ? | is maximum with respect the choice of < Xg > (51)

STABILITY AND MAXIMUM STOCHASTIC FREE ENERGY DISSIPATION IN QUASI-
ISOTHERMAL STATIONARY STATES

In order to elucidate the significance of the criterion given by (51), we analyze the spatial kinetics far and near equilibrium.
5.1 Spatial kinetic equations

By using a well known method [21] we transform the motion equation (43) into a spatial one over a finite volume V.
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Given a quantity per particle
+00 00 +00
J ] Jetve®e

Y = —%®=%0—® (52)
- +00 +00 +00

J J Ipte%e

—00 —00 —00
its spatial density:
400 +00 +00
ny= [ [ [p°Yd®p (53)
—00 —00 —00
and its first moment
o 00 400 400 .
nY_zj J Ip5Y<q>d3p (54)
—00 —00 —00

by using the motion equation (43) it is possible to obtain the spatial differential equation:
o o0 400 +00 L 3
S
oY +V.nYq- j j j P o Y+<x_, >VY}°p
—00 —00 —00

55)
+00 +00 +00

=[] jY{v.pSDv¢(1+A+0(v¢2))}d3p

—00 —00 —00
That by choosing
Y =kT¢, (56)

where T is the “mechanical” temperature defined as

<Pi ><pPj > F/
< Egin + Epot > om +<gr
T=y " =( " ). (57)

where ¥ is defined at thermodynamic equilibrium.

After some manipulations (see appendix D) for a system at thermal equilibrium (i.e., small thermal gradients) but far from
equilibrium in terms of concentrations and mechanical variables, at constant volume, we obtain

do AP yp _ d(Ecin +Ejnt )+ dTS>vol
dt dt dt dt

+00 +00 +00 (58)

=[] | jkT(¢;l)ps(d§t¢)d3p d3q+Aag +4

V —owo—0w-—w©

where AO represents the “source” term

761 | Page December 05, 2013



LJ ISSN 2321-807X

o={ [ [ [#*(V-Vg)1+A+O(V4*)d*p}, (59

and Al the out of equilibrium contribution

+00 +00 +00
A= j jp {6tAY+<xf > WV(AY )}d3p

60)

+00 400 +00
[ ] ]r {TatAS+<xf > TVAS }d3p

—00 —00 —00

(where AS = SS—Sand AY =Y —Y® where S and Y® are the (local) equilibrium entropy and free energy,
respectively)

do
—SUp ﬁan do (61)

where 0o is a vector perpendicular to the infinitesimal element of the boundary surface, and where

(62)

do oa(nY
@ A

dTS dTS  vol _%J'J‘Izzzpssslz.<é>d3pd3qZ%J'\‘[IF.i(.q d3q (63)

\Y
where
S=_kInp®. 64)
o 00 400 +00 B
sEE f f fp s®<g>d3p, (65)

where for potentials that are not function of momenta, the term F =< p >(q) can be brought out of the integral in (63)

and where Eint tand Ecin are the internal energy and the macroscopic kinetic energy of the system, respectively.

Maximum free energy dissipation in far from equilibrium quasi-isothermal systems at
constant-volume

The importance of stationary quasi-isothermal states far from equilibrium comes from the fact that living systems operate in
such a condition.

If we consider the overall system (environment plus system) sometime the energetic reservoir is able to maintain the
system (even for a long laboratory time scale) in a stationary state even the global system (system plus reservoirs) is
relaxing toward the global equilibrium.

Moreover, assuming that the system is at constant volume and the energetic reservoir is both at constant volume and
thermally isolated (without loss of generality, we can assume the energetic reservoirs are much bigger than the system
and that they work on it in a reversible manner) the decrease of reservoirs free energy is equal to the free energy
transferred to the system by means of volume forces.

Given that for stationary states in quasi-isothermal condition at constant volume (fixed wall) it holds that
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dB =0, and AEin; =0 dEcin =0 = m =0 66)
dt ’ dt Codt dt
and that
dEsup
= 67
at (67)
ddgyp 3 dEgyp B dTSsup L dTS®sup ©8)

dt  dt dt dt

where the suffix “sup” and “vol” refer to contributions coming from the boundary surface and volume of the system ,
respectively, from (58) it follows that

dTS dTAS +00 +00 +00
dtSUIO+ dtsup Ao - Al‘_m_{o[OLKT(gﬁ 2 P s¢)0| pdiq  (e9)

Moreover, by the quasi-isothermal condition we can infer that the local thermal equilibrium exists even if the local domains

AQqS are far from mechanical chemical equilibrium and hence and that

AO EO, (70)
AS =S°-S=0, (72)
AY =YS-Y¥ =0 (71 72)

and hence that Al =~ 0. So that (72) reads

+00 +00 +00

SUD N (¢ 1) ¢ 43
:—m{j [ [kt po(=5 ) p}d 73)
—00 —00 —00
! . dEres " -
Moreover, assuming that the reservoir (free) energy Eres transferred to the system, — ————, is then dissipated by the
dTS
system in heat — SO (reversibly transferred to the environment (defined positive outgoing) through the surface at
constant temperature so that
dTs dQ dTAS
2P — T and ) (74)
dt dt dt
for the energy conservation it follows that
dE res __ dTSsources __ dTSSUp __ dQSUp (75)
dt dt dt dt
and, finally, that
dEres SUD e (¢-1) s¢
et jﬂ{_{o jw {OkT P (=5)d%prd%q @)

that for a stationary state far from equilibrium is maximum with respect the variations of < Xg >

763 | Page December 05, 2013



LJ ISSN 2321-807X

Therefore, for a classical phase of molecules undergoing elastic collisions and without chemical reactions at quasi-
isothermal condition, the system finds the stationary condition by maximizing its free energy dissipation.

Under the same conditions of validity of equation (76), Sawada [9] has shown and experimentally measured in the electro-
convective instability that when the steady state configuration is achieved the system reaches the maximum of free energy.

S
cannot be controlled or known

Moreover, for stationary states far from equilibrium where the energy dissipation

(76) simply reads

dTSSup TdSsup +00 490 +%0 . S¢ 2
= =- 77
dt  dt fﬂ{HIk p*(—2=)d%p}d3q (77)
V —00 —00 —00
TdSSup
that represents the principle of “maximum heat transfer” (i.e., —dt ) given by of Malkus and Veronis [6] for fluid

dynamics and showed holding in describing the atmosphere turbulence.

Finally, it is worth mentioning that a basic difference exists between the present enunciation and the Sawada and the
Malkus and Veronis ones. Here, the analytical calculations show that (76) is not of general validity but it holds only in the
case of quasi-isothermal conditions for an ordinary real gas (with its fluid phase) made of structureless molecules (e.g.,
classical rigid-spheres) sustaining elastic collisions and not undergoing to chemical reactions.

Actually, from the general form (69)

dTSgyp +dTAssup _Ao_Al:_MTTTkT(¢—1)pS(d§t¢)d3p IR o

dt dt

¢

V —o0—00—

i dTS

maximum with respect the variation of < Xg >, we can see that the condition of maximum heat transfer % is not
t
dTAS g
as general as the right side of (78) since both the terms Ao, Al and T are not every time null. As far as it

dEres dTSSUD

concerns for the free energy dissipation we even have * — at

Minimum entropy production in stationary states at local-equilibrium

By introducing (101) in (73) we obtain

+00 +00 +00

_m{J‘ I IkT(¢¢l) 5( S¢)d3p}d 2 Ssoclnturces o

—00 —00 —00
that, since T is not function of time (in stationary states) leads to

+00 400 400

AN T TR = S -

—00 —00 —00

if we displace the system from equilibrium in a stationary condition by imposing an external constraint, we have V¢ #0.
Moreover, given that in a near-equilibrium state the variation of V¢ happens on a distance much larger than the local

statistical system, hence, we can consider V ¢ a locally constant field.

Making reference to the locally constant field V¢ , we can design V¢// as the component along this direction and

V(ﬁl the component perpendicular to it.
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If we are in a stationary condition at local equilibrium, the fixed external constraint maintains V¢// # 0 constant, while

V@, canfluctuate around zero suchas V@ =04 Vgt where Vgt represents the statistical fluctuations.

Thence, being D definite positive, and being V¢// fix, from the SFED it follows that
d
|?¢=DV¢.V¢>O (81)

is minimum with respect the fluctuations of the system around V¢J_ =0. Thence, for states at local equilibrium (80)
represents the Prigogine’s principle of minimum entropy production.

DISCUSSION AND CONCLUSIONS

One important objection to the present work can come by asserting that equation (41) is equivalent to the introduction of
the local equilibrium condition.

If the local equilibrium exists, then V¢is small and (41) holds, but vice versa if the radiative coupling is null (i.e.,

© =constant and independent by V @), then the condition V In[ D*] =0 would apply whatever large is V¢ and the

system far from equilibrium. Therefore, the hypothesis of weak radiative coupling allows that the approximation (41) can be
retained even if the local equilibrium condition is not achieved.

The hydrodynamic free energy ¢ and the hydrodynamic distribution function pSare well-defined in the far from

equilibrium states. On this condition is hence possible to define a criterion that holds far from equilibrium. Once the
evolution dynamics is defined by equations (37,41) then the principle of maximal dissipation (of the stochastic part of the
hydrodynamic free energy) in far from equilibrium stationary states comes.

This principle is not in contradiction with the preceding principles due to: 1) Prigogine, 2) Sawada and 3) Malkus and
Veronis, but agrees with them clarifying their controversial relationships. The present model shows that in the case of a
real gas or Marcovian fluids, with no chemical reactions at quasi-isothermal conditions, the principle disembogues into the
maximum free energy dissipation one, given by Sawada, or into the principle of maximum heat transfer given by Malkus
and Veronis. Contemporarily, for stationary states near-equilibrium, the theory shows that the principle leads to the
Prigogine’s principle of minimum entropy production.

The SQHA theory shows that the minimum entropy production and the maximum statistical free energy dissipation are two
different principia (two extremal criteria defined respect two different variations) but both descend by a unique coherent
approach.

The proposed principle clearly shows that the energy (through dissipation) is the physical tool that can lead to the
appearance of order. Far from equilibrium, any system, in order to dissipate as faster as possible its statistical free energy,
follows a pathway where ordered configurations may exist as demonstrated by Sawada in the electro-convective
experiments.
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APPENDIX A

From dynamics to statistics: the classic-stochastic and the quantum-deterministic aspects of
the SQHA probability distribution

The existence of the quantum non-locality length Zq and hence of a scale-transition between the quantum and the classic
dynamics confers to the PTF of p (namely P( Yo )) both the quantum and the statistical character.

Once the P( p)of the SPDE (13) is defined, both the quantum wave equation on “microscopic” scale and the statistical
distribution on huge-scale are defined.

When the quantum coherence length /10 goes to infinity (with respect the scale of our system or description) P(p ) tends

to the Dirac function &(p - P(quantum)) so that p tends to P(quantum) and the SQHA converges to the quantum mechanics.
In this case, the PDF p has the full quantum meaning given by (4-5) and actually is a “quantum mechanical * distribution.

On the other hand, when /1q is very small compared to the physical length AL of the problem (e.g., mean particle
distance or free molecular path), the classical stochastic dynamics (24-29) arises.

When we deal with a system of a huge number of (non-linearly interacting) particles with a finite interaction distance [41]

(i.e, I'gfor L-J potentials), each coarse-graining cell with a side AQqS >> AL >> ﬂq,ro (containing a large number of

molecules) can constitute a local system. This because in the thermodynamic limit (infinite system volume) the quantum

! } ) ’ h S
correlations involve a small fraction of molecules in a thin layer at the AQq -boundary.

Therefore, when superficial effects can be disregarded with respect to those of the bulk (i.e., thermodynamic limit) the

overall system can be ideally subdivided into a large number of quantum uncorrelated randomly distributed A.Qqs-

subsystems.

In this case it is possible to write the statistical distribution of those AQqS -copies in terms of operators applied to the

“mother distribution” P( 0 ). This is warranted by the fact that once the evolution of the SQHA probability P(p)is

defined, it also defines the evolution of the corresponding (statistical) distribution on large-scale (regardless the
establishment of the local thermodynamic equilibrium).

The coarse-grained SQHA statistical distribution
Here, we derive the statistical distribution from the SHQA dynamics distribution by subdividing the system in cells of side

s
AQq .
In order to have independent AQqs subsystems, in addition to the conditions: ([ [ DA.QqS >> AL (where AL is the

physical length on molecular scale (e.g., the mean molecular distance)) and (2) ﬂ,q << AQqS, we need that the
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molecules in AQqS interact with the particles out of it, just through the border of AQqS for a layer whose characteristic

length is much smaller than AQqS radius. This condition is satisfied for L-J intermolecular potentials where its range of

interaction Iy results 21y < AL or evenin gas 2rp <<AL.

Thence, assuming both ﬂq << AQqS and AL << A.Qqs, the particles on AQqs border are an infinitesimal fraction
of those ones contained in its volume. Hence, in the limit of infinite (sufficiently large) AQqS volume, the superficial

effects (quantum ones included) can be disregarded so that the AQquomains tend to be de-coupled and quantum

uncorrelated each other.

Under these conditions, since the AQqS -systems are constituted by a sufficiently large number of non-linearly interacting

particles and, hence, classically chaotic, they can be assumed to evolve with random initial conditions because the
correlation with their initial state decays quickly.

Therefore, when the local equilibrium is set, the AQqS -domains are random copies of each other and build up the grand

canonical ensemble.

For sake of completeness, it must be said that the condition /1q < o0 needed for obtaining the classical description allows

the domains AQqs to own a finite side.

On the contrary, in the case of perfectly harmonic solids, the quantum potential range of interaction /1q is infinite and the

local means cannot be defined. Since we require the AQqs-ceII length much larger than iq, in this case it would

comprehend the entire system and we cannot speak in term of local stochastic means but only in term of the quantum
means of the entire system.

Actually, for a real solid the intermolecular potential is of L-J type. In this case, the harmonic interaction extends itself to the
nearest molecules but not to infinity and lq is in the reality finite [16].

We can warrant the above prescriptions by restraining ourselves to the sufficiently general case, to be of interest, of finite-
range potentials that have a rapid decreasing Mayers functions [18] as for gas and van der Waals fluids or, more generally

for L-J potentials for which we have ﬂq =0,23ry < AL << AQS [16].

If ANk is the number of the groups of k-molecules in AQqS and Ankjh the number of the groups of k-molecules in the

domains AQ) j, = ((j-1)Ag<g< jAq, (h—1)Ap < p <hAp) contained in AQqs , we obtain

+o0
AN kK = Z ZAnkjh (A1)
jeaQ " h=—»

where

hAp
3k

ANy, = z j ( j [Peo(p)d*p)d™a= 2 @2

i(JlAq (J—l)Aq (hl)Ap <h1)Apk
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where V is the system volume, i(k) is the index of the i-th group of k-molecules in the entire system and Py is the projector
operator for the i(k)-th group that reads

.(k)—f f 0% (k=10 * ajeyiciyd ¥ aji)- tf -Edekpj(k)=1d3kpj(k)ii(k)dskpuk)ﬂ
(A3)
(A.3)
n!
(n—k)Ik!

It must be said that being p the quantum probability (18), it implicitly accounts for the indistinguishability of particles.

where t =3

The density of states of groups of k molecules on phase space domain AC) jh reads

Pk (a o) = —eer
j,Pn) —

J Aqu Ap3k

iag, (A4)

3kAp‘3kZ j { ] « j ja<k)(p)d3k )%

(i- 1Aq (i-1)Aq (h-1)Ap (h-1)Ap
3k 1 3k

It is worth noting that the distribution (A.4) is not generally a statistical distribution. It acquires the statistical character when
h=+<0

the A.Qqs -systems is constituted by a sufficiently large number of sub-systems A.Qqu = ZA.Q jh not—correlated
h=—o0

each other evolving with random initial conditions (this can happen in a system of non-linear classically chaotic particles

where Ag and Aq <<AQ << AQqS).

Given the energy function for a group of k molecules

Pn(i(k)) Pn(i(k
1 |

where pn( i(k)) is the momentum of the n-th molecule of the i-th group of k molecules and U k(i) is the potential energy

of the i-th group of k molecules. Therefore, the mean value in AQ jh follows

r]ikh' k k
ZnikhjEi(k) ZAqSkAjpsk Ei)AQ™ Ap’
<E, >=- =
‘ Znikhj Znikhj
I""jpskEi(k)dskq E D
AQ

(A.6)

where
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JAq hAp hAp
3k 1

2 fl [ ] fkﬂ(k)(p)Ei(k)d3kpd3kq

I (i_1 j—1 h-1 h-1
(J )Aql (J )Aqak ( )Apl ( )Ap3k

<E, > =
k ( g,p ) quak hApl hAp

2 [T 1 [Raotr™s o*

e . he he
(i l)Aql(J l)AQ3k( 1)AP1( 1)A93k

> Ang, <E, >

k
Zk:Ankhj

(A7)

<E>qpn=

Moreover, defining the operator 0° Pi(k) such as

jAq hA hAp
3k pl

qul B
0%y =AY [ [ [ [Rad™*pd¥a @
i

ind " R AN
(i 1)Aq1(1 1)Aq3k( 1)AP1( 1)AP3k

we can formally link the coarse-grained quantities to the “mother probability distribution” (1 in a synthetic manner as follows

S S
O itk (o) =P k(a,p) (A.9)

Ospi(k)(p)(Ek )= P k(q,p) <Ek > (A.10)

and, finally,

2 A <Eic > D 0%y (Eic)
k

k
<E>(q,p)= = (A11)
q.p) _ s
2. AN 220 piky)
k k
The summation over all the configurations p with probability P(p,p' )Ieads to the re-defined quantity
Pk(a,p) =J.Ospi(k)(p)P(P,/?' )do (A12)
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[ 20 piciey oy (Ex (0.5 )
k

<E>(q,p): (A.13)

S
I%O Pi(k)(p)P(p:p" )dp'

In many macroscopic problems we can approximate the PTF P( p ) as a 5-peaked function such as P(p)=8(0 - p) so
that (A.12-13) leads to (A.9,A.11).

The local equilibrium limit

As far as it concerns the above distribution (A.12) as well as the mean energy (A21), it is worth noticing that no hypothesis
on thermodynamic equilibrium has been introduced to obtain them so far.

If the characteristic length over which the thermodynamic gradients generate appreciable variations is much bigger than

the system dimension, so that the equilibrium can be assumed, the AQS—domains in absence of external fields
(otherwise appropriate thermodynamic potentials can be defined) become (random) copies of each others giving rise to the
canonical ensemble. In force of this “equalization process” (when it happens), the coarse-grained quantity (A20-A21) can
refer to those of the canonical ensemble of the AQS—random—copies, converging to the classical expressions of the
statistics of equilibrium. By utilizing the definition of the partition function Zk

1 3K 43K
] eq
2= __[o...._J;Op kd3*qd3*p (A14)

we obtain that

limyg j ....j,oskd3 qd¥*p=N =z, 1=K I ....jpeqde qd3*p (a1
\Y
—00 —00 —0Q0 —0o0
where N :ZANk and hence that
k
; s, _ 5 -1 Ng eq
limre p°k =2 " P 'k (A16)

Vv

Ideal gas

For ideal gas (i.e., punctual particles with Iy — 0) the only relevant distribution is for k = 1 so that (A.16) reads

limrg p°1 = Z_lg,oeq : (A17)

770 | Page December 05, 2013



&J ISSN 2321-807X

Real gas

For a real gas the relevant values of k are k = 1, 2, while for condensed phases k > 1 (practically, for L-J potentials with
strong repulsive core, it can be taken values of k about those of the coordination number of the elemental cell).

Given that the interaction distance for the Hamiltonian L-J potential is of order of Iy as well as for the quantum pseudo-
potential (of order of Iy + Aq) [16], in a sufficiently rarefied gas phase (i.e., AL >> Ip + AQ), particles can be assumed

independent and the SQHA-WFM distribution can be factorized as p=Hpi and the one-particle group
i
projector Pj( 1 reads

+00 +00 —+00 —+00
Ry = [ dad%a,id %z, [ e[ d®pid®pj.id®pa, (A18)
leading to
Fiw(p)=pi (A19)
and
qul iAQ3 hAp1 hAp3k 3 ]
_ B | (EN-- [4d p)dg Y [ md®p ¢
s b G-naa, G-paa, (h=Dap - (h-Dap, i AQ
(A.20)
Ospi(l)(p) :PS(Q,P) (A.21)
s s
O pi(l)(p)(E):p (q.p) <E> (A22)

Using the definition of the projector operator H(l) , the number of particles Anljh in AQ jhcan be expressed as

JAq1 JAq3k hAp1 hAp3k

Angjh =2 [ | | [pid®p d%q (A23)

I (j-1)aq, (J-Dagy, (h-1)ap, (h-1)ap,,

with the normalization condition J:U‘ d 3q1” d 3 Poj =1V i

The summation over all the configurations p with probability P( 0,0 )leads to the re-defined quantities
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fos Pi1)( p) (B IP(p. 0" )dp

[0 piay( ) PLo:A Yo

<E>(q,p): (A.25)

APPENDIX B
The SQHA single-particle distribution

In the independent molecule description (that in the case of Lennard Jones potentials is possible when the range of
guantum potential interaction (of order of Ig[16]) is smaller than the mean intermolecular distance) between two

consecutive molecular collisions, we consider the SQHA equation (1,5) for the single molecule with the noise Mg, t)

OtP(g.pt) =~V + (Papy) X )+71(qt,0)9(P=VgS) (B1)

04,9 =V *(Ng) 8 ) +1(q, 10) (82)

<T(q, t)(q, +At+7r) >= HOap 2:;9 o(A)o(7) (B.3)
that can be re-cast in the form

on(q) =Yg *(Ngyda +N(q.0)) G

0uPap =~V *(Agpo (X +4%) (®5)

oy — p_{éN&( pO—VqS )j od

where [17]

<V N(g 1) V2 N(ggeater) >=Va Vi <N(g, 1) ON(gz+at+r) >
2kO (B.7)
=<T(qg ) N5 +it+r) = HOap /1—5(/1)5@)
C

Discretizing the spatial coordinates by a cell of side oL , with oL > /10 , for the Markov process (B.3) we can write [17]
< 5N(qa t) ’5N(q/3 FAL+T) >= n(q,t)ZD(q) 504;5(/1)5(2') . (B.8)
where D( q) is defined positive as well as n(q,t) . By comparing (B.7) with (B.8) we obtain

2kO
2an(q,t)D(q) vV, In[5(/1)] = EI (B.9)
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that after standard calculations [17] leads to

(4 }IT)_)O < §N(Qa ,t)1§N(qﬂ+ﬂ,t+z‘) >= D(@) lq |5aﬁ5(/1)5(2') (B.10)

where D(®) = 2/_1k®.

Moreover, given that the single molecule is submitted to the field of other ones A P =A Pyt +A P

where A Pmf concerns the mean field of the far away molecules and A Pl concerns the field of the colliding

molecule that comes out of the cloud and arrives at the interaction distance (for van der Waals fluids it is enough to
consider just the interaction between couples of molecules [18] being three molecular collisions unlikely) we can write the
SDE for the velocity as

P(q,t) X= P(q,t) X H + 5N(q,t,®)5( p—- VqS )+ P(q,t)A Xcoll + P(q,t)A Xmf (B.11)

where
AXcoll =(0,APgy )- (B.12)
L] 8\7 [ ]
A Xmf 2(0,—5) =(0,A Pyt )- (B.13)

where V is the mean-field potential of the cloud of molecules leading to the “mean field Hamiltonian”

H=H+V (B.14)

Moreover, given that 6N(q,t,®) and A pcoll are independent (de-coupled) owing very a different time scale (the zero

correlation time for the ® —fluctuations and the molecular collision time 7 for A pcoll ) the SDE (B.11) mediated over

the zero mean ® —fluctuations reads

<x>:<xﬁ >+ < AXcoll > (B.15)
where
. oH oH
X =(— (B.16)
o op o oq

owing the ®-driven noise 5N( qt,0) &zero-mean.
Moreover, since the molecular dynamics in a L-J gas phase is highly chaotic, it is possible to assume that molecular

collisions are not correlated and hence < A Xcoll > can be approximated as a white noise

1
< AXcoll >=D 2§(t) (B.17)

leading to the Fokker-Plank equation that written in a phase space conservation equation that reads

8tp*+V.(p*(<xﬁ>+<XS>))=0 (B.18)
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<Xy >=—(V.D+D.VIn[p*]) (B.19)
where
1 t+7 o
BEDJ 2 -2 I < AXcoll >,<Axco|| > dt (B.20)

t
Here, we derive the statistical probability density distribution p* in term of the single-particle SQHA equation of motion
instead that by the particle point density distribution (derived by the classical motion of molecules).

Given a non-linear classic system (no quantum correlations on the scale of molecular mean distance) [16] and hence

AN

ergodic, the phase space means p* = , Where ANQis the number of molecules in the phase space domain

AQ( q,p)- coincides with the time-means.

In Appendix A is detailed how the SQHA “dynamical distribution” o leads to the statistical distribution ,0s

By using the definition ps (see Appendix A) for the single molecule statistical distribution, we have
psl Anlhj
(dj.pn) =
J Aq3k Ap3k

hap, (B.21)

N M j ( j - [Ray(p)e3p)a’g

I(j—l)Aql (i-Daq, (h-1)ap  (h-1)ap_

where the operator Pﬁ(l) reads

Py = d%ayd®a 0305, [ “d®pid®pid® pay ©22)

Equation (B.22) for real gas (and Markovian van der Waals fluids), using the independent particle description with
pPE Hp( i) leads to the explicit the connection with (1*that reads
i

jAq hap

3
~3,.-3 3.1\43
Poia; o) =Ad AP [ j ( j - [R@y(p)d3p)d
! (J'*l)Aq1 (- 1)Aq (h- 1)AP (fPl)AFJ3
g (B.23)
Z pi)d aqa-p
_ ' AQq,p) :ANQ = p*
AQ AQ
Thence, (B.18-B.19) read

lim  0ip° +V.(p°(< Xo >+<x; >)=0 (B.24)

AL>> 1. ,4q
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lim  p®<x  >=-V.(Dp®) (B.25)
AL>>A; ,Aq -

The equality p* = psfollows by the absence of quantum correlation between particles and by the ergodicity, that for

systems of a huge number of particle in the SQHA model is warranted by the non-linearity that is necessary to the
establishing of the classical behavior [15-16](] [

For a (classical) gas phase made up of structureless point-like particles interacting by central symmetric potential that do
not undergo to chemical reactions (particles do not have bounded states (e.g., Lennard-Jones potential with small well,
compared do the mean energy of particles) so that molecules with internal structure are not created) (B.25) can be further
simplified by excluding the cross-correlations concerning different co-ordinates components, namely

3D, O 3l 0

Dij =Diydij =| 3D, =D 3, (8.26)

Disregarding the out of diagonal terms of the diffusion matrix Dij , (B.25) reads

lim  p° <x, >=-VDj)p° (B.27)
AL>> A, ,ﬂq

APPENDIX C

Thermodynamic equilibrium

Let' find now the equilibrium quantities p°and lim D = Dyg .
TE

In order to obtain that, we firstly observe that for structureless particles undergoing elastic collisions (e.g., no chemical
L]

reactions) in absence of external field H is conserved quantity and hence it holds Ve < X [ >= (0 (the average “< > is

done on the ®-fluctuation of each single molecule). By introducing this information in equation (43) for stationary states we

obtain
s y : S{\ s 2\ _dp®
oip° +(< X >+ <X >)eVp > =p°V.DVg(l+ A+O(Vg )):? (C.1)
o g docdie
From (C.1) it immediately follows that the thermodynamic equilibrium (i.e., T =0) is obtained forV¢ =0.
| = | B, o 0p” _ o dp®
Being the thermodynamic equilibrium the stationary state with null dissipation (i.e., W =0, T =0and
V¢ =0) by (53-54) it follows that
limrg <X, >=-DVg(1+ A+O(V¢52 ))=0 (C2)
and, being D > 0, therefore, in absence of external field (for isotropic condition) that
lim ¢ =¢ =Constant (C.3)
TE

775 | Page December 05, 2013



&J ISSN 2321-807X

where lim g indicates the establishing of local thermodynamic equilibrium.

Moreover, given from (38) that

3D
pS=h"3 ——exp[ ] )
D
it follows that
* Ss
D=h"3D exp[¢+T] (C5)
and hence
. S s
im D=Dyx =h""D exp[ ¢ +—1] (C6)
TE k
where
lim 8% =5 C7)
TE
e s®
¢ =InN[h~D ]+In[DTE]—T (C.8)
that by posing
In[ h=3 D*] =d, (C9)
reads
s®
$re —¢o =In[ D ] e (C.10)
leading to
s
Dre =explére —¢o + T] (C.11)

Finally, as well known [ ], to derive the Maxwell-Boltzmann equilibrium distribution from the Fokker —Plank one additional
information has necessarily to be introduced (i.e., the linear empirical relations between gradients and fluxes (i.e., null
fluxes for null gradients).

In the present approach, we deduce the equilibrium condition by using a similar but less stringent condition (i.e., a sort of
“equalization condition ” on the phase space WFM volume ¢) assuming that at equilibrium there is translation invariance

of ¢ and zero fluxes of it.
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Given the thermodynamic equilibrium is the stationary state with null dissipation (constant free energy) and null net fluxes

ddg,

P =0), by

of free energy at the boundary (i.e.,

(58) it follows that

dT¢ _ d(Egn + Ejnt ) + dTS%vol _

lim k

T dt dt dt
400400 400 €12

IIH J xR psSshhedp g% -0
—00 —00 —00 ¢
and that

_dT¢ . ,dE  dTSSyl

lim kK—== lim -

E dt TE( dt dt ). (€13

That, integrating (C.13) and by using (C.10), finally leads to

E S vol s
$re —CONSt = k$ I E o n[Dye ] -— (C14)
and, hence, to
TE
Dr = eXp[ ] (C.15)
and to
E e
Pre —do = T N (C.16)
where ¢TE represents the thermodynamic free energy.
Moreover, by using (C.1) the above relations lead to
D*
lim  lim S= 5% = lim h™3——exp[4]
TE AL>> ﬂ’C ,ﬂq p p TE D ¢

(€17

= lim epL4 —dolexpl— ] = expldre — o] exp[— =
TE

that is the Maxwell-Boltzmann equilibrium distribution.

Finally, it is interesting to see that the variation of the proportionality constant o in (34) brings to the change of the
equilibrium free energy by a constant. In fact, given that

P =hSaexp[gre] =hd exp[ de ] (C.18)

it follows that
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In[%] =¢—¢ (C.19)

Out of local thermodynamic equilibrium
Out of equilibrium we can set
E
p° =explg—dolexl— -]
0 =epld- mE]exp[——TE]exme ¢o]eXI0[—W (c20)
AS
=exp[ Ag] exp[ -—] ex g Texp[—CTE ] = p® exp[ — 25
pLA¢]exp[ kT] PL#e —do Texpl kT] P expl k]

Owith
Ap=¢—
¢=0¢—dre 21
AE =E - Eyg
S
A9 =—In[p—] :—A¢+A—E (C22)
k p™ KT
AE AS
- I = C.23
A B (C23
APPENDIX D
Spatial kinetic equations
By posing
Y=Y 4+ AY =E-TS+AY (D.1)
it follows that equation (55) reads
o +00 400 +00 B i
atn1+v.nm—j j J'ps{atYTE+<xﬁ > VY }d3p
+00 +00 +00 .
~ [ [ ] p*foay+<x, >.V(AY)}dp
—00 —00 —00
+00 +00 +00
= [ [ [YAV.p°DVg(1+A+0O(V4*)}dp
—00 —00 —00
(D.2)

From which we obtain that
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+00 +00 +00

atnzw.nY_é—j j jps{at|5+<>'<ﬁ >.VE}d3p
+00 400 +00 .
— [ [ ] p*toaY+<x, >.V(AY)}dp
+00 +00 +00 . +00 +00 +00
:_j j jps{atT5+<xﬁ>.VTS}d3p+j j jY{v.pSDv¢(1+A+0(v¢2))}d3p
(D.3)
that
. +00 +00 +00 dE 3 +00 +00 +00 . 3
S S
atng+v.ng—_{o_{o_£op {E}d p_—oo—J;o—J;op {O(AY + < X >«V(AY )}d°p
+00 +00 +00 . +00 +00 +00
:_j j jps{atTS+<xﬁ>.VTS}d3p+j j jY{v.pSDv¢(1+A+0(v¢2))}d3p
(D.4)

that

o 00 0 400 : f +00 00 +00 .
oY +VenYq- [ [ [ p<p>e<a>}d’p- [ [ [ p{oaY+<x >-V(AY)}d®p

+00 -+ CERuEs 3 +00 +00 +00
=—[ [ [ p*{oms+<x, >.vis}d®p+ [ [ [Y{V.p°DVg(1+A+0(V4?)}d%p
(D.5)
that

onY +VenYq-Fe

|Q e

+00 +00 +00 :

= [ [ ] p*toav+ <x, >.v(AY )X p
—O00 —00 —Q0

+00 +00 +00 400 400 +00

-—[ ] jps{atTS+<>.(ﬁ>.VTS}d3p+I [ [Y{V.p°DVga+A+O(VH* )}d°p

—00 —00 —00 —00 —00 —00

(D.6)

and that
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. . +00 +00 +00 .
oY +VenYq-Feq- [ [ [ p{oAY+<x >.V(AY )}d°p

+00+00+00 +00+00+00
=—[ [ ]»r {T8t8+<xf > TVvS M 3p- []]r {SatT+<xf >.SVT }d3p
T oO+(:(C>>+OO+OO B

+ [ [ [Y{V-p°DVH(1+A+0O(V4* )} p

D.7)

Where the force on unit volume F reads F =< p >(q)and for Hamiltonian potentials that are not function of momenta

o 00 400 400
can be brought out of the integral, and where ( = I I I p < q > d p.

—00 —00 —00

Moreover, given that for elastic molecular collisions (e.g., no chemical reactions) H (41) is conserved so that

. 238 277
V.<xﬁ = al — ot =0, (D.8)
opjoq;  0d;op;

with the help of (48,52), it follows that

8»[,03+V.,os(<xﬁ >+<X, >)=0
atps+<xﬁ >Vp® ==V.(p®<x, >) (D.9)

0 p°+ < X >VpS =V.(p°DVg(l+A+0(V4?))

we obtain that the first term of the right side reads

400 400 +o0 k
[ ] jpS{Tat5+<xﬁ >.TVS}d3p

+00 400 +00
p3{T8,S° +<x >Tvs® M p- | j jp{TatAS+<x > TVAS }d3p

i) _
= fofojwkT{atp +<x >WpSd3p- +J?O+J?O+J?Op {Tc’}tAS+<x > TVAS }d3p
IZZ IZZ jZZ I

TV.(p°DVH(1+A+O(Vg* Nd’p- [ [ [ p° {T@tAS+<x > TVAS }d3p

—00 —00 —00

(D.10)
where it has been used the relation

SS =S +AS

and hence that
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. +00 +00 30 .
oY +VenYq-Feq- [ | jps{atAYJr<xﬁ >WV(AY )}d3p

—+00 400 400
- j jp {TatAS+<x >.TVAS 3d3p
+00+00 +00 +00 400 +00
-— I Ip {SatT+<x, >.svTd3p+ | j jkT(¢ 1§V« pSDV(1+ A+O(Ve2 )d3p
_ . (D.11)
and that
6tnY+V.nY(Q—F.é+A1
+00 +00 400 +00 400 400
= I Ip S{—}d *p+ | j jkT(¢ 1V« pSDVg(1+ A+O(Vg2 )}d3p
D12

providing that

+00 00 +o0 . +00 400 +00 g
= j j jps{zatAY+<xﬁ > 2V(AY )}d3p +_j _j _j P{TONS +<x >TVAS }d3p

(D.13)
Moreover, by using (57) it follows that
oY +VonYq-F.q-A
AT d<E>,,3 pocte 2. 1=
== [ I Ptst=—"1%+ [ | [KT(g-1)1V. p*DVe(1+ A+O(V4? )}d?p
—00 —00 —00 —00 —00 —00
(D.14)
that ordered gives
* ° ;/+°O+°°+°° se,d<E>. 3
8tnX+V.nm—F.g+EI J. IpS{ }dp
—00 —00 —00 (D.15)
+00 400 +00
= [ [ [KT(p=1{V-p°DVH(1+A+O(V4* ) p+ag
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+00 +00 +00
onY +V. an F. q+ ZE. ﬂJr%j j IpSS{m<q,q >1d3p

(D.16)
+00 400 +00
= [ [ [KT(p=1{V-p°DVH(1+A+O(V4* )} p+4
where
o 00 400 00 o
ng=f _[ .|'p58<q>d3p (D.17)
<q.q >EZ<qi,qi> (D.18)
i
that finally reads
oY +V.nYq-F.q+ F.Sq
+00 400 +00 (D.19)
==[ jkT(¢ L s S¢)d P+Ag+Aq
—00 —00 —00 ¢
where
+00 +00 +00
X 2 243
Ag={ [ | [#°(V-Vg)(1+A+O(V4*))d®p} (D20)
Given that for independence of molecular velocity and acceleration we can set the variance
<q,q>=).<q;,0q;>=0 (D.21)
i
Integrating (D.19) over a volume V and using the Gauss theorem, we find:
oY d3q+ §fvenyqdo—[[[F.q-2sq)d®
Iyt— Qﬁ Yq IJI q-750)d%
(D.22)
+00 400 +00 ¢
=~ T T TwantCgde d MﬂA o[l a1 d%
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If the integration is done on the volume of the system the first term is the total time derivative of the SQHA- free energy
@ such as:

[ \J}[ o(nY d3q = (jjit) (D.23)

the second term represents that one that leaves the system due to the molecular flow through the boundary (positive
outgoing) that, it results

. dd
ﬁv.nﬂda:—% (D.24)

The third term represents the @ -variation due to the volume force of the external reservoirs due to the flux of particles
and entropy that respectively read

I_U E -ad3q § dLeyt (vol ) N dEyq _ dEcin (vol) ) dEint vol) 025
B dt dt dt dt

7 * 3. dTSPy

Y(fF.sqd3q =212 Vol D.26

i e ©29

Hence, at constant volume we obtain

+00 +00 +00

do _ dPsup _ d(Ecin +Emt) dTS vol _ (¢ 1) 5 dsd. .3 .3
dt dt dt =T J ] Jw P~ JABR B + Ay

V —o00—00—00

(D.27)
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