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Abstract-- consider two fuzzy sets A and B with same supporting points x;,X,,...... X, and the corresponding fuzzy

vectors (s, (%), 4a(Xy )seeeenttn (%)) @NA (125 (%), 45 (X,) .t (X, ) reSpectively, where each ,(x)1<i<n can vary

subject to the total fuzziness ZHA(Xi)=k and each u;(x) is known to us .In this paper, a comprehensive and
i=1

straightforward procedure is made available to find the maximum values of some existing measures of generalized fuzzy

cross entropy. Further, the continuous and piecewise convex behavior of the values so obtained is also discussed

mathematically as well as graphically. Finally, a numerical example is used to illustrate the proposed method.
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1. INTRODUCTION

n spite of the large diversity of mathematical models that are actually encountered in the domain of entropy optimization
problems, Aczel[1] and others endorsed the view that generalized measures of cross-entropy should be introduced
whenever the maximization of these measures leads to useful mathematical models in various fields. The optimization of
generalized measures fuzzy cross entropy arise very naturally in response to the need to explain the existence of a
variety of models in different contexts. As introduced by Zadeh[5].Consider a given fuzzy set A with n supporting points

(X, Xp1..ennX, ) COMresponding to the fuzzy vector (s, (X,), 4, (X, )-wvwm-24(X,)) » Where u, (x;) is the degree of membership of
the elements x, of the set A. Our purpose is find the maximum values of some well known measures of generalized fuzzy

n
cross entropy subject to the total fuzziness ZyA(xi)zk,Osksn. For this, we have considered some well known
i=1

generalized measures of fuzzy cross entropy which are given below:

Corresponding to Renyi’s [4] measure of fuzzy entropy, Kapur's[]3measure of fuzzy cross entropy is given by the following
mathematical expression:

D, (A:B) :ﬁgmg[ﬂ; ()5 “(6)+ (1= () (1= 1 (0)) % 1.0 ()

Corresponding to Havrda and Charvet [2] measure of fuzzy entropy,Kapur's[3] measure of fuzzy cross entropy is given by
the following mathematical expression:

D (A: B):ﬁ ;[yg(xi)yg—l(xi)+(17HA(xi))“(1fﬂB(xi))“*‘],a¢1,a>o .(2)

It has been proved that the maximum fuzzy cross entropy is a continuous and piecewise convex function of k. For
illustration, a numerical example is used to show that the maximum cross entropy is monotonically decreasing when it is

given that :uB(Xi) is monotonically increasing for 1<i<n. Finally, a graph for maximum fuzzy cross entropy against the
values of 0<k <n is also drawn.

2. Maximum Value of p,(A:B) :
Since D, (A: B) is a measure of generalizes fuzzy entropy, its maximum value exits.Consider the following cases:

Case | : When k is any positive integer, say k=m, then we can choose m values of #A(Xi) as unity and remaining

(n—m) values as zero. i.e., u,(%)=(111....10,0,....0).In this case, From equation (1), we have

D, (A: B) :;Ll{glog[,u;’(xi)yéa(Xi)+(1—,uA(Xi))a (l_ﬂB(Xi))HI} fi 10g|:/1: (Xi)/u:;a(xi)-'_(l_:uA(Xi))a (1_HB(Xi ))la]:|

i=m+1

. Max.D, (A: B):{ilogyB(Xi)fi log(l,uB(Xi)):i -.(3)

i=m+1

2.1 lllustration :
Suppose (X ) is monotonically decreasing i.e., #B(Xi):(%'

0] When m=0, equation (3) gives

(i) When m=1, equation (3) gives
Max.D, (A: B)=—|:logyB(Xi)+ilog(l—,uB(Xi))} ~ log(n +1)

(i) When m=2, equation (3) gives

MaX.Da(A: B) = —{logyB(Xl)+logyB (Xz)+zn3:log(l—yB(Xi))} =log2+ |Og(n +l)
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(iv) When m=3, equation (3) gives
Max.D, (A: B):—{log,uB(xl)HogyB(xz)+zn:log(1—y3(xi))} =log2+log3+log(n+1)
i=3

(v) When m=4, equation (3) gives
Max.D, (A:B)=log2+log3+log4+log(n+1)

(vi) When m=n, equation (3) gives
n 1 1 1 1
MaX.Da(A: B)z—Zlog,uB(Xi) =—|log=+log=+log=+.....+log—— | =log|n+1
= 2 3 4 n+1

The graph of Max.Da(A: B) against the values 0<k <n is shown in the following figure 1:
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Figure 1: Maximum values of D,(A:B) against the values 0<k <n

From figure 1, we conclude that Max.D,(A:B) is monotonically increasing when () is monotonically decreasing.
Also, the Max.D, (A:B) is a piecewise convex function of k.
Case ll : When k=m+¢&, where m is any non-negative integer and ¢ is a positive fraction. We put m values of /uA(Xi) as

unity, (m+1)" values as ¢ and remaining (n—m—1) values as zeroi.e., g,(%)=(11L.....1&,0,0,..0).

In this case, Using equation (1), we have

3 tog] 4 (% ) (%) + (1t (4)) (1t (%)) | o 4 () () (1 2 (%00)) (1 (%0)) ]
D,(A:B)=—

N & 3% tog] 1 (1) () (1 sy (0 (1- 1 (%)) ]

i=m+2

MaxD, (A:B) =—glogu5(xi)+al_ o[ €744 (%) + (18 (1t (%0)) —_:izlog(l—us(xi ) (4)

2.2 lllustration :
Suppose ,uB(xi) is monotonically decreasing, so we take
11 1 1 1 1 1 1 j

X )=| 2o ) ) ) )
#a(X) [2 347 M+l m+2 m+3 ' m+4" n+l
Using, equation (1), we have

a-1
Max.D, (A:B)=log2+log3+log4+..... +Iog(m+1)+|ogm+3+logm+4+ ...... +Iogn—+1+ 1 Iog{§“(m+2)“1+(1—§)“(m+2j }
+

m+2 m+3 n a-1 m+1
.(5)
=log(n+1)im+¢(&), where
4(E)= al_ log (& (mer 1)+ (1-)°)
..(6)
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2.3 Convexity of ¢(¢) :
Take h(&)=&“(m+1)"" +(1-&)". Differentiating it w.r.t. &, we get
W(&)=a(& (m+1)" (1) )i (&) =(a? —a)(&"*(m+1)" "+ (1-¢)"7)

0] If «>1, then h"(£)>0=h(¢&) is a convex function of &= logh(&) is a convex function of £ = %Iogh(@)
o—

is a convex function of & for each o >1.
(i) If O<a<1, then h"(&)<0=h(&) is a concave function of &= logh(¢) is a concave function of

E= illogh((:) is a convex function of ¢ for each O<a <1
o —

Thus, ¢(¢&) is a convex function of & for each « . So, its minimum value exists. For minimum, we put
a &7'(m+1) —(1-¢)""
a-1 & (m+1)" +(1-&)"

= E(m+2)-1=0 = §:m12

;?415(5) =0, which gives =0 | Using equation (6)

. . 1 3 -
Therefore, the minimum value of ¢(§) exists at §=—2. Hence, from equation (8), the minimum value of
m+

Max.D, (A:B) is:

Min.Max.D, (A: B) = log[m(n +1)+¢(—2J:|og|m(n+1)+ alllog[(m +1)‘H +( m+1JaJ

1
m+ (m+2)" (m+2

L Iog(n+1)m(m+l) =log (n+l)L+12 log(n+1)+log m S8
m+2 m+2 m+2

For different values of m, the different values of Min.Max.D, (A: B) is shown in the following table 1

Value of M Minimum value of

Min.Max.D, (A:B)

=0
m Iog(nJrzl)Ll

=1
m Iog(n +31)|g

log

(n+1)[3
4

(n+1)4

lo
g5

=n-1
m=n IOg(nJrl)m
n+1

m=n o (n+1)n+1

n+2

Table 1 : Minimum values of Max.D,(A:B) against the values 0<m<n.

From tablel, we can plot the graph of Min.Max.Da(A: B) against the values of 0<m<n as shown in the following figure 2
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Figure : 2 Minimum value of Max.Day(A: B) against the values 0<m<n

From figure 2, we conclude that when () is monotonically decreasing, Max.D,(A:B) is monotonically increasing.

Also Min.Max.D”(A:B) is piecewise convex function of k.

3. Maximum Value of p“(A:B):

Consider the following cases:

Case | : When k is any positive integer, say k =m, then, we can choose m values of ,uA(Xi) as unity and remaining n—m
values as zeroi.e., u,(%)=(111....10,0.,.....0)

In this case,from equation (2), we have
D*(A:B)= %[iﬂi‘ (%) g (%) + (1 — (X ))a (1 — 15(% ))lia i iz:él[le(jilﬂzx- ;221 — 5 (%, ))HZ T lﬂ

n

x> (A:8) =25/ S () 1)+ 3 (- (x) )|

=1 i=m+1

(7
3.1 Illlustration :

Suppose (X ) is monotonically decreasing i.e., s (x;) =(%%% ...... Llj
n+

0] When m=0, equation (7) gives

e T e R O R R

(i) When m=1, equation (7) gives

R (o RS SN CI IR

(i) When m=2, equation (7) gives

MaX.D”(A: B) :all{(,ué“(Xi)—l)+(yé“(xz)—1)+ .n [(l_ﬂB(Xi))lia _1}}

a-1 a-1 a-1
_ b gy gen +(ﬁj +(§ Tt n—ﬂ) -n
a-1 3 4 n

(iv) When m=3, equation (7) gives

a-1 a-1 a-1
Max.D” (A:B) :i1 20t 3o gt +[§j +(§j +o J{(nﬂj —nH
o— n
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(v) When m=n, equation (7) gives

Max.D*(A: B)=L1[2‘H +3 44+ (n+1)" —n]

The graph of Max.D” (A: B) against the values 0<k <n is shown in the following figure 3:

——

Figure 3: Maximum value of D* (A: B) against the values 0<k <n

From figure 3, we conclude that Max.D“(A:B) is monotonically increasing when (X ) is monotonically decreasing.
Also, the Max.D”(A:B) is a piecewise convex function of k.

Case Il. When k=m+¢&, where m is any non-negative integer and ¢ is a positive fraction. We put m values of ,(x;)
as unity, (m +1)lh value as ¢ and remaining (n—m-1) values as zero i.e.,
4y (%)=(111.....1,£,0,0,......0) . Using equation (2), we have

1 i[ﬂ: (Xi),u»]a?a (X|)+(1_HA(X| ))a (1_,“B (Xi))1 3 _1}+/‘: (Xm+1)/‘;a (Xm+1)+(1_1uA(Xm+1))a (1_/15 (Xm+1))lia =i

2 [NZ(X')ﬂé‘ia(x')Jr(l*”A(Xi))a (1- 5 (%)) 71}

i=m+2

(1 (6) = 1)+ £ () (11 o () =1+ 3 (1=t (%)) —lﬂ @)

i=m+2

M=

Max.D” (A:B) :Ll{
a1

Il
N

3.2 lllustration :

. | . ! 111 i 1 1 \
Suppose x.) is monotonically decreasing i.e.; u,(x)=| =,=,=,.....——, , e |, from equation (2), we
PP #a (%) ¥ g #a (%) (2 34" " m+1l'm+2 m+3 n+1j q 2
have
a-1 a-1 a-1
Max.D“(A:B):L(2H+3“"+ ...... +(m+1)“’1)+ L (m+3j +[m+4j Fo +[n_+1) -n
a-1 a—-1|\m+2 m+3 n

+¢(&), where ¢(&) :ﬁ[éa (m+2)" +(1-&)" (m r ZJMJ

m+1
3.3 Convexity of ¢(&) :

It can be easily proved that the function ¢(§) is a convex function of £ for each value of « .Hence the minimum value

. o 1
exits and it exits at £ =———. Further,
m+ 2

a-1 a-1 a-1
Min.Max.D“(A:B):L 2743 A L (m 1) '+(m+3) +(m+4) o, +[n—+1j -n +L .(9)
a-1 m+2 m+3 n a—1
0] When m=0, equation (9) gives
. 1 3N (a4 n+1)""
MinMax.D“(A:B)=——|1+| — +| = S +| — -n+1| = , sa
(nse)- e (4] (2 (). 52y
(i) When m=1, equation (9) gives
. 1 4\ () n+1)""
MinMax.D*(A:B)=——|2°"+| = | +|=| +...+|—| -n+1| = , sa
(A:B)=2 1{ (J @ [ n j } (). say
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When m=2, equation (9) gives

1 5" (6)" n+1)""
Min.Max.D”’(A:B):1|:2“'+3“‘+(4j +(fj Fo +(—j —n+l} =0,(a), say

o— 5

(iv) When m =3, equation (9) gives

a-1 a-1 a-1
Min.Max.D“(A:B)—ll{2"'+3“‘ + 4% +(gj +(%) o +(n—+lj —n+l} = gg(a’), say
a n

(v) When m=n, equation (9) gives

Min.Max.D* (A: B) :%[2“ +3 44 (n+1)" —n+1} =g,(a),say
o

The graph of Min.Max.D* (A: B) against the values of 0<m<n is shown in the following figure 4:

2y

Min Max.D(A:B)

(o)

1 2 3] n m

Figure 4 : Minimum value of Max.D“(A:B) against the values 0<k <n

From figure 4, we conclude that Max.D”(A:B) is monotonically increasing when (X ) is monotonically decreasing.
Also Max.D“(A: B) is a piecewise convex function of k.
Conclusion : it has been proved that the maximum generalized fuzzy cross entropy is a continuous and piecewise

convex function of k. Also, the maximum generalized fuzzy cross entropy is monotonically decreasing when it is given that
s (%) is monotonically increasing.,
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