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Abstract

The present paper evaluates certain double integrals involving H -function of two variables [21] and Spherodial functions
[23]. These double integrals are of most general character known so far and can be suitably specialized to yield a number
of known or new integral formulae of much interest to mathematical analysis which are likely to prove quite useful to solve
some typical boundary value problems.
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1. Introduction

The ﬁ-function occurring in the paper is defined and represented by Buschman and Srivastava [3] as follows :

TTM.N —M.\N aja i A v (@5 nae | 1 % _
Hee [ ] Heo [ | Ebj’ﬂj )1,M)!(bi v(ﬂj;Bj;M+1,Q:| a 2—7“_'[0¢((§)Z§d§ (1-1)
~ [1re, ﬂé)]_[{r(l a,+,8)"
where  @(&) = 5‘1 . (1.2)
T] {ra-b+p0}" _H I(a;-af)

Which contains fractional powers of the gamma functions. Here, and throughout the paper aj(j =1..., p) and
b;(j =1...,Q) are complex parameters, c; >0(j =1,...,P), 8; 20(j =1,...,Q) (not all zero simultaneously) and
exponents A;(j=1,...,N) and B;(j=N +1,...,Q) can take on non integer values.

The following sufficient condition for the absolute convergence of the defining integral for the H -function given by
equation (1.1) have been given by (Buschman and Srivastava).

M N Q P

Q=3 ||+ > |Aa |- D |68~ D |a|>0 &)
j=1 j=1 j=M+1 j=N+1

and |arg(z))| <%72'Q (1.4)

The behavior of the H -function for small values of |Z| follows easily from a result recently given by (Rathie
[18],p.306,eq.(6.9)).

We have

ﬁ&”,g[z]:o(|z| ) y= mm{Re(%_ﬂM—)O (L5)

Ifwe take A; =1(j =1,2,...,N),B; =1(j =M +1,...,Q)in (1.1), the function ﬁ;ﬂ,bN [.] reduces to the Fox's H -

function [].

The following series representation for the ﬁ-function will be required in the sequel [see Rathie,[18] pp.305-
306,eq.(6.8)]:

ﬁ’I;AQN |: (aj‘ai;Al)lN’(aJ' ’al)N+1p :|:

(05.81), (0558

)M+1Q

iiﬁr(bj_ﬁjéh,r)lﬁ[{r(l_aj+aj§h,r)} ( 1)r (:hr

h=1r=0 j i=1
Q J B P (1.6)
[1 {F(l-bj +p6 ) TIT(a-aé, ),
j=M+1 j=N+1
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The H -function of two variables

The H -function of two variables introduced by Singh and Mandia [21] will be defined and represented in the following
manner:

ALy =A]-Aaasine

(@5.iiA), o (075K ) €5:71) 0, (0B R ), (850Ed),
(bl BjiBj )ml'(dJ S )1,m2 '(dl Oyl )mz,,l,qz ( fi.F )ng ( fi.FiiS; )m3+1‘q3

- [ [ 4G s @b ydsd an
LL
Where
m
[]r(i-a;+a,é+An)
4(&m)=—; = : (1.8)
TIr(a—ac—An)[r(L-b+p5&+8Bn)
j=n+1 j=1
f[{l“(l—cj +715)}Kj ﬁF(dj ~5i¢)
4, (&)= ,f:l " = - (1.9)
TIr(e-74) 1 {r(1-d;+s5¢)}"
]_‘]{r(l—ej +E7))" ﬁr(fj —F)
h(n)=— —= 3 (1.10)
T1r(e-Em) 1 {r(1-f,+Fpn)}"

Where Xand Y are not equal to zero (real or complex), and an empty product is interpreted as unity p,,{;,N;, mj are
non-negative integers such that O<n <p,0<m;<q;(i=123]=23). Al the
a;(1=12,....p)0; (1 =12...,0),¢;(j =12,..., p,), d;(j =1 2,...,0,),

e;(1=12,...,p,), f;(1 =12,...,0;) are complex parameters. »; > 0(j =1,2,..., p,),6; 20(j =1,2,...,q,) (not

all zero simultaneously), similarly E; >0(j =12,..., p;),F; 20(j =1,2,...,G5) (not all zero simultaneously). The

exponents K;(j=12,..,n),L;(j=m,+1...,0,),R;(]=12,...,n,),S;(j=m; +1,...,0;) can take on non-

negative values.

The contour Ljis in & -plane and runs from —icoto +ico. The poles of F(dj —5j§)(j =12,...,m,) lie to the right

and the poles of F{(l—cj +7/J.§)}Kj (j=1 2,...,n2),F(1—aj +aj§+Aj77)(j =12,..,n)to the left of the

contour. For KJ- (j =12,..., nz) not an integer, the poles of gamma functions of the numerator in (1.9) are converted to

the branch points.

The contour L, is in 77 -plane and runs from —icoto +ioo . The poles of F( f, - an)(j =12,...,m,) lie to the right

R
and the poles of F{(l—ej +Ej77)} "(j=1 2,...,n3),F(1—aj +a; &+ Ajn)(j =12,...,n) to the left of the
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contour. For Rj (j =12,..., n3) not an integer, the poles of gamma functions of the numerator in (1.10) are converted to
the branch points.

The functions defined in (1.7) is an analytic function of Xand Y, if
Py |7 G o7

U:zaj+Zyj—Zﬁj—Zaj<o (1.12)
j=1 j=1 j=1 j=1
P Ps G O3

V=3 A+>E->B->F<0 (1.12)

=t =1 =1 =t

The integral in (1.7) converges under the following set of conditions:

a=Ya -« +Z5 S Y osL +zyj S - Zﬂ S0 @iy
i1 j

j=n+1 j=m,+1 j=n,+1

A=iAj iA+ZF—ZFS +ZER—ZE ZB >0 (L14)

j=1 j=m+1 j=1 j=m,+1 j=ny+1
1 1
|arg x |< EQ;;, |arg y |< EA;r (1.15)

The behavior of the H -function of two variables for small values of | Z |follows as:

HIx, y1=0(x|*| yI), max{ x|, y [} =0 (1.16)
Where
min | Re 9, min | Re f
_ all . 1.17
@ 1<j<m, o) 'B 1<j<m, F ( )

i i

For large value of | Z|,

HIx, y]=0{ x|*,| y[ },min{| x|, y[} -0 (1.18)
Where
C. — L
a'=maxRe| K,—/— |, f'=maxRe| R, - (1.19)
1<j<n, 7/]_ 1<j<n, Ej

Provided that U <Oand V <0.
it we takeK; =1(j=12,.,n,) L, =1(j=m,+1...,0,), R, =1(j =12,..,n,),S; =1(j=m, +1,...,0,) in
(1.7), the ﬁ -function of two variables reduces to H -function of two variables due to [15].

Spheroidal function:

Spheroidal function ¥/, (C, Z) of general order & > —1is defined and investigated by Stratton [] and later by Chu and
Stratton [4] are those solutions of the differential equation:

(1— zz)z//;n (c,2)-2(a+Yzy,, (c,2)+ (bum —czzz)wan (c,2)=0 (1.20)

That remains finite at the singular points Z = +1.

The spheroidal function can be expanded in Bessel function on (—oo, oo) ([29], p. 190)
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N 3 (%an),.,.: @
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(cz) 2

With eight eigen —values Van (C) valid for ¢ > —1, whereas the prime over the summation sigh indicates that the

l//an (C’ Z) = (1'21)

summation is taken over only even or odd values of K as Nis even or odd.

A recursion relationship ([23], (9)) for determining the @, ,Sin (1.21) and the eigen-values ban (C) are obtained from the
differential equation (1.20).

Jk+ +£(cz)

If (CZ) is real and finite 7 is bounded, hence it follows by M-test that the series in (1.21) is absolutely and

(c2)" 2

uniformly convergent. Moreover it represents a continuous function for all CZ .

If C = 0and Z — oo such that CZ remains finite and the normalization is chosen to be such that

Vo ira, (9 ) =1, (1.22)

an k=01
)@
a+n+>
The function ¥/, (C, Z) reduces to ——=—— since &, (C an) —>0,k=n.
ats
(cz) 2

The following results ([5], p. 172; [9], p. 145; [13], p. 226) in the sequel will be used during the proof of our main results in
a little simplification:

w cat 55 ey
jx “ /”f Ax7+By )dxdy_ jz 7 Jf(2)dz (.29
0 70 r a+p

y+0

oe—3

min{A, B,7,5},Re(a),Re(S) >0.

pralq[cx(

@),
(01 0 ,ﬁj:snmﬂ,jdx

C_pﬁr(bj +5p)

=— = (1.24)

I1 {r(l_bi _ﬂjp)}Bj ﬁr(aj +a,p)

j=m+1 j=1

b.
Provided Re| p+B;| —- >0,j=1,2,...,m;|argC|<%Qiz',where

i

Q= iﬂj ZBﬁ Za>0

j=m+1
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2;!3 _ llﬁl’o 2’ -
v(z)=7"Hoe 5 [ﬂ j(ﬂm] (1.25)
2 L2
—M,N (aj.a5:A), (a).a;) 1—wmN (aj.a;lciAy), | (aj.a/c)
Hool| e[ vae | ZHpeo | x LN NP e >0 (126
Q (bj B )l,M ’(bi B;3B; )M+1‘Q C © (bj B /C)LM ’(bi BjleB )M+1,Q ( )

2. Main Results

We establish the following double integrals:

ﬁx“y“ﬁ{uxsyk (Ax7 +By’ )Crl ,V(AXy +By’ )62} f (Ax7 + By5)dxdy
00

e B « p
A7B % *'*'31 —0,0: my,n,+2 my,n,
:—5 Jzy f(DH poaip,+2.0,410,.0,
v 0
S, Bk
MzN (al aj Aj)lvpl (CJ 7j 1)1n2 [ ’%;'1] (17531) (C] 71)n2+1 B ( iEj RJ‘)M3 ( j J)n3+1,,3 dz
72 Bs_ Kk, i
I P18}y o (95:81)y gy (05005355 ) %*gvfgvljv(fiv':i)mv(fivFjij)mBH% 2.1)
_k S k
Where, for convenience, M =UA 7B ¢,N =—+—+ 0, and the function f is so prescribed that the integral (2.1)
y

converges.
[ [xeay (v By Y FE (A 8y ) |
00

Ha | wey* (Ax +By")" v(Ax +By”) |dxy

_2 N
A "B W ? —omm,.n,+2mqn, v ¥
= 5 Py +0,0 + p:p,+2,0,+2: 3,0y o
7/ 0-4 VW %4

. . B k. :
(a2 AJ) [1_bq‘ﬁq9'ﬂq¢'ﬁq %]’(CJ 7iiK ), . [l_fflj (l_g'g'l}(ci 7j )n2+1 o (&5 EiiRj )1,.13'(61 Ej )n3+1,p3

o, a Bs k 22)
(05318 )Lmv[l*ap*“pg?%?fv% ;4]("1 /)T HEY ,[177,75;1),( 5 g (11 Fi58 )t
a pf s k
~—+Z+o0 “+—+o s
5 s 5 Sk
Where for convenience, @ = 4 P = y ,M=uUA’B?¢

1
provided that |argW |< EQE where

Q= Zﬂ+z,6’ Za>0

j=m+1

b. _ f.
Re z+ﬁ+0'3+(74—1+0'1Lji+025j.—1 >0
y 0 ﬁj D, Fj.
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(j =1..,mi=1..m,; j'=1,...,m3);01,0'2,0'3,0'4 are all positive quantities and the conditions (1.11) to (1.15),

with X replaced by M and Y replaced by V, are satisfied.

o3

TT x*ty/1H, [uxsyk (Ax +By’)” v(AX" +By’)” }(Aﬂ +By’)
00

e B
_ABI2zW
- 1

dxdy
2" 2y5o N (c % j

4% an

202

PL+2,00: P +2,0; +1pg 03
r=0.1 an

v
C 2 —0,Lm,,n,+2:mg,ng MW 2%
VW 74

1 k
(apl,apl;Apl),[1i§[l+r+2;z—20];¢,§—i],(ei,;/j;KJ-)Ln ,(1—%,5;1], 1—?,5;1}((:1% )nzﬂvpz,(ej,E,-;Rj )an,(ej,Ej)nMp3
(

By B ]2, (81081), 1

—

43
/4

Where for convenience, @ = (

provided that Re _+£+0_3+01|—j—'+0'23,-- —L+r—=2 >0,
» 3 D, S 2
( i=1...m;j'=1..,m;r =0,l,...);C, 0,,0,,0,,0,are all positive quantities; W is not equal to zero; and the

conditions (1.11) to (1.15) with X replaced by M and Y replaced by V are satisfied.

Proof of (2.1): To prove the integral relation (2.1), we first replace Hlby its Mellin-Barnes double contour integral

from (1.7) with M, :0. On inverting the order of integration, which is justified due to absolute convergence of the
integrals involved in the process, we obtain

(27,+)2!LI¢1(§”7)U1(§)U2('7)”5V7 szmés—lymkf—l

(A By )™ f (A + ByJ)J d&dn

Now, by virtue of the familiar result (1.23) and subsequently to the condition (1.7), the right hand side of (2.1) is readily
verified.

The importance of the result (2.1) lies in the fact that many more interesting double integrals can be evaluated easily by
choosing f (Z) in convenient form as shown below.
Proof of (2.2): In order to prove the result (2.2), we first set

(@A), @), }

—m,0 p
f(z)=2"Hpa |:WZ 4 (031} (0335385 )

m+l,q

In the equation (2.1) and evaluate the resulting integral as follows:
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First express H lin the double contour integral form (1.7), interchange the order integration which is permissible due to

absolute convergence of the integrals thus involved in the process, and evaluate the Z -integral with the help of (1.24)
after using the property (1.26). On interpreting the result thus obtained by virtue of (1.7) we arrive at the right hand side of
(2.2).

Proof of (2.3): In order to prove the result (2.3), we first set
_ 503 G% C 70—%
f(2)=2%p,,| 22\/\/(4)

In the result (2.1) and evaluate the resulting integral as follows:

First express the spheroidal function in the expanded form (1.21), change the order of integration and summation which is
justified due to the uniform convergence of the series representing spheroidal functions. By expressing the Bessel function

thus involved in the form of H -function using the result (1.25), we interpret the H 1-function in the contour integral form
(1.7). Again, change the order of integration by virtue of De La Valle Poussin’s well known theorem ([2],p.504) due to
absolute convergence of the integrals thus involved. Then, evaluating the inner integral by virtue of result (1.24) and
inverting the double contour integrals by definition (1.7), we get the required result (2.3).

Zr2

Regarding the convergence of the series on the right hand side of (2.3) it would be worth mentioning that the ratio a, is
c2
T ae2
ar , and the ratio of gammas involving I (even or odd) ([6],p.47(4)), hence the series is uniformly and absolutely
convergent by M-test.

Special Cases

since the H -function of two variables and spheroidal functions emerge many higher transcendental functions and

polynomials, a large number of new and interesting results follow as special cases but we record here only a few of them,
for the lack of space.

(24
—+£+0'3,W,u,v,01,0'2
and replace 4

() In (2.2) if we put A=B,y=6=0,=1s=k=0L;=5;=1
A, B,0,hk

respectively by , we arrive at the result obtained by Gupta and Mittal ([10],p.12).

(i) In addition to (), if we set
p=0m=q=1b=10,=0, ¢ =A@=12..p), B =B, =1j=12,..4,)
obtained by Pathak ([17],p.12) by virtue of relation:

, we arrive at the result

—10

Hoa [ax‘(‘oyl)] =ea

(i) Again, if we take p=gq=p,=¢,=0,A=B=y=0=1L,=1j=1..,n,),S;=4(j=m,+1..,q,)

integral formula (2.2) would correspond to a known result due to Panda ([16],p.312, eq. (3.6)).

our

c—>0,z—>wx

(iv) If such that (CZ) remains finite, (2.3) reduces to the following new result by virtue of (1.22):

ﬁ X“y H, [uxsyk (Ax +By”)" v(AX +By’)” :|(Ax7 +By’ )"3‘?(“3
00

@ B
oy YB oW 20 —0,1m,,n, +2:my,ng -2
J [Z\N(Axy +By’) 4} dxdy = ATBIW T H pl+2,qlrpz+glv3q1+rp3,q3 {MW :
ks yoo,

20
w74
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1 k
(2 )v[lig[“”2/'*2‘9]??’%}(01 71K ), ’[1’%’%1]’(1*?5?1}(01 0 N T R OB R
F

k
(b"ﬂ'ﬂQl;B‘h )’(dj’(sj )1‘mz’(d“'5j;Lj )m2+l“12{1_%_§'§+5:1}(fj’ j)lvma'(fj":j;sj)m3+1rt13 (3.1)

Valid under the conditions as given for (2.3).

1 . . .
;UZ_E'A, B]/,5,0'2,04,Aj(J =1...p) BJ(J =1..,q), LJ(J =1...n,),

(v) In (3.1) , if we set

B

(04
—+—=+0;
Leach equal to zero; and replace 4

Sj(j = m2 +1""’q2)’ Fl’m3’q3 Sak1V! p3’n31 f

each equal to unity;
by n , we get the result obtained by Gupta and Jain ([8], p.605).
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