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Abstract

The Stability of MHD compressible streaming fluid cylinder of radius Ro endowed with surface tension and pervaded

by axial magnetic field has been developed. The stability criterion is established in general form. The model is capillary
unstable only in the axisymmetric mode m=0, the electromagnetic forces acting interior and exterior the fluid cylinder are
stabilizing and the MHD stability is destabilizing for small wave length. In the latter case the instability shrinks with
increasing the magnetic intensity. However the compressibility has a stabilizing tendency.
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1. Introduction

The stability of a liquid column has been studied by Plateau and Savart (1873). Rayliegh (1945) derived the dispersion
relation. Donnelly and Glaberson (1966) p(542) examined the type of perturbation on the boundary of the capillary
instability of liquid jet. The analytical studies have been performed by Rayleigh (1945).

Such works have been exended by Chandrasekhar (1981) see also Radwan and Elazab (1990-2008) and Azwz (2008),
(2010) and (2011).The present work is totally different those studied before since the velocity here is not solenoidal any

more (i.e. V.U # 0) and also that the density of the fluid is not uniform.

2. Formulation of the problem

We consider a streaming (velocity U ) liquid cylinder of density o (of radius Ro) endowed with surface tension and

pervaded by axial magnetic field for all modes of perturbation. The fluid is assumed to be compressible, inviscid and
perfectly conducting. The fluid of density o is pervaded by the magnetic field.

Hy = (0.0,H,) .

The surrounding tenoues medium around the cylinder is assumed to be pervaded by the magnetic field
vac

HZ* = (0,0,aH,) “

Under the present circumstances, the fundamental equations are given as follows.

ou ©)
jo( g (UL = —Vp Ju(V AHJAH
) )i @
E+V(pl_'l)_o (5)
p=Cp'
V.H=0 ©)
7
B _vaunH)
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In the vacuum region, the basic equations are
V.ﬂvac -0 ®)
VAH"™ =0 9)

p. =T(V.n,) (10)
n = YE(Lp.zit) (1)
= |VF(r,o.z;1)|
F(r,p,z;t) =0 (12)
u, =(0,0,U) (13)

Here U and P are the fluid velocity vector and kinetic pressure, ﬂ is the magnetic field intensity. Equation (3) is the
magnetodynamic vector equation of motion including the magnetodynamic (Lorentz) force /J(V /\ﬂ) /\ﬂ and the

gradient pressure force Vp. Equation (4) is the continuity equation for compressible fluid. Equation (5) is the state
equation. Equation (6) and (7) are the equations of the magnetic field in the liquid region. Equation (8) and (9) are the
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equations of vaccum region. Equation (10) gives the pressure due to the capillary force. Equation (11) is the unit normal
vector N to the fluid - liquid interface and equation (12) is the equation of the boundary surface.

3. Unperturbed State

The unperturbed stationary state is studied upon considering the basic equations system (1) - (7). Equation (1) reduces to

T o identify this constant of integration we have to apply the balance of the pressure across the boundary surface
atlr = RO . Taking into account equation (10) in the initial state gives.

VII, =0, (13
I, = p, +§(ﬂo-ﬂo) (14)
from which
(15)

P, +§ HZ2 = const.

T (26)

Consequently, the unperturbed pressure distribution is finally given by

2
R 2

0

P, (a® -1) 17)

Where the first term in the right side of equation (17) represent the capillary force contribution while the second term is
due to the electromagnetic force influence inside and outside the fluid cylinder. In the unperturbed state the pressure

P, must be positive and so using equation (17), we find

2T

a> 1l-———
HH R,

(18)

4. Perturbation analysis

Due to a small perturbation of the initial state, every variable quantity Q(I’,(o,z,t) may be expressed in the
axisymmetric mode, as

Q(r,p,2,t) =Q,(r) +&(t)Q(r, 9, 2) +..... (19)

Where the subscript 0 as usual characterizes the initial quantities while those with index unity are their increments. By

substituting the expansion given in equation (19) into equations (3)-(10), the relevant perturbation equations in the fluid jet
are

By an appeal to the expansion (2.13) for (2.1) - (2.7), the linearized perturbation equations are being

(20)
Ny V), ~H (H,9)H, =V,
ot p
2
LL14V.(p.u)=0 21
p (0,4,) (21)
Where
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Hl = & + A (ﬂﬂ)l
p 2p

P, = azpl 22)
(23)
M (H, V), - @, H,
VH, =0 (24)
While in the vacuum region
V.H* =0 (25)
VAH? =0 (26)
And along the fluid vacuum interface given by
82 62 (27)
b=~ GRG0

Where { is the elevation of the perturbed interface given by
¢ =¢g,ep(i(kz) + ot) (28)

2
Where O is the growth rate of instability, k is the longitudinal wave number and a is the
speed of sound.

From the point of view of the space- time dependence, every small increment Ql(r, @, Z;t) could be expressed as:

Q.(r, ¢, z;t) = £,Q (r)ep[ot +i(kz)] (29)

By the use of the expansion (29), the linearized equations (20)-(27) are simplified and solved.
Under the present circumstances the non-singular solution is given by

p.a’(V.u,) = —op, (30)

QZ iQZ (31)
o+—2)u, =-VII,+—2-p,e
(4= 2, ==VIL + 255 e,

o}

(32)
oH, =ikH,u, + OH‘; pe,
Poa
Q2 = /UHozkz 3)
oop
(34)
I, = &_'_i(ﬂoﬂl)
Po Po
H kzaz (35)
le = g (O-+ )pl
p,ac o
2 2
I, = plcj with £ =1+ ’UH {G+ka} (36)
Po Po a’c o
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Substituting from equation (31) into (30), we get

10( oL
—7I1, =0 37
r 8r( or j 7t 37)
With
7 =n’+p (38)
o’ ikU
n? =k? o and f% = o (c®+Q%) (39)

By using the expansion (37), taking into account the dependence (26), the solution of (37) is given in terms of Bessel
functions of first kind of order zero

IT, = Al (i) exp(ikz + ot) (40)

where Io(yr) is the modified Bessel function of the first kind of order zero while A is an arbitrary constant to be

determent The perturbed magnetic field in the region surrounding the fluid cylinder is obtained by solving the relevant
perturbation equations (25) and (26). Equation (25) means that the perturbed magnetic field in the region surrounding the

fluid can be derived from a scalar function ‘¥';, say

H* =V¥, (41)
By combining equations (25) and (41), we get

V¥, =0 42)
Using the expansion (29) the solution of (41) is given in terms of Bessel functions

Y, = BK, (kr)exp[ikz + ot] (43)
and consequently

H* = BV[K,_ (kr)exp[ikz + ot] (44)

Where K/ (kr) is the modified Bessel function of the second kind of order zero and B is the unspecified constant. Finally,

T 2
=——(1-k*R,)¢ (45)

5. Boundary conditions
The solution of the above equations in the perturbed state must satisfy the following boundary conditions:
(1) The normal component of the velocity must be compatible with the velocity of the fluid particles across the boundary
dr
E .
—(O' +Q ) (46)
Ao

(2) The normal component of the magnetic field ﬂnamely Hr must be continues across the perturbed boundary at

r=R

0

surface atl =R, i.e. Uy, =

_ig,H o

’ 47
Ko (x) )

3425 | Page Januaryl6, 2014



[\ ISSN 2277-3061

Therefore, the perturbed magnetic field external the fluid cylinder is given by
vac igoHoa .
H, =—=—-VI[K, (kr)exp (ot +ikz)] (48)
Ko (X)
(3) The normal component of the stresses due to the kinetic pressure of the fluid and the magnetic pressure of the

electromagnetic forces acting inside and outside the fluid column must be discontinues by the curvature pressure. This
may be written as

P+ < g(ﬂ-ﬂ)l >= Py (49)

After lengthy calculations, we finally arrive to
. ’ .
(O'+|kU)2 - _ T - (1_X2) ylo(y) + lLlHOZ (—XZ +a2Xy Io(y)Ko(X)] (50)
PoR; L(Y) PR I, (Y) K, (%)
6. General discussions

Equation (50) is the capillary dispersion relation of fluid cylinder acting upon electromagnetic and capillary forces with
uniform magnetic fields.

If we impose H_, = 0, equation (50) reduces to

(o +ikU)? :—ﬁ(l— xz)% (51)

As the fluid is incompressible so a—> o0 and in such case Y = X, therefore equation (50) degenerates to

(o+ikUYE = - (1= x2) Mo(¥) | £, (_xzmzleg(x)Ko(x)] 14

3 2 '
PoR; LX) PR L, (XK, (%)
If we impose H0 =0, U=0 equation (52) reduces to that derived by Rayleigh (1945)

o2 =1 T : 1-x?) X1, (X)
PR, 1, (X)

(53)

7. Hydrodynamic Instability

If the model under consideration is acting upon the capillary force only and other forces are neglected the dispersion
relation for this case is given by (51). The discussions of this relation showed that the model is capillary stable in the
symmetric mode x>1 and unstable if x<1 where x=1 is marginally stability state.

8. Magnetodynamic Stability

In the absence of the capillary force and the fluid cylinder only subjected to the electromagnetic forces interior and exterior
the fluid, the dispersion relation

(o+ikUY’ =ﬂ°z("‘2 +“W%j -

0" 0
The electromagnetic forces acting interior and exterior the fluid cylinder are stabilizing effect due to the fact that the
applicable magnetic fields are axial and uniform.

Therefore, the model is purely stable under the influence of the electromagnetic force.

9. MHD Stability

In the case which the fluid cylinder is acting upon the capillary and electromagnetic forces , the model is unstable for small
region while stable otherwise in the case of effect of capillary force while instability shrinks with increasing magnetic
intensity and it may suppress the destabilizing character of the capillary force.
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10. Numerical discussions

In order to verify the results obtained analytically concerning the acting different forces effects on the present
model, it is found very important to discuss the dispersion relation (50) numerically. In order to do that we have to rewrite
this dispersion relation in non-dimensional form, so we may insert such relation in the computer for making the numerical

computation. Based on the input data, one has to check whether the values of GZ/U/,DRS) are positive or other wise. If

the data are positive, then we have data for unstable regions. As values O'Z/O'/pRj) are negative we put o = i are
the values of the oscillation frequency concerning the stable domains. In the transition from the negative values to positive

values we have to path with the values of & =0 which means marginal stability states. The points at which the transition
from stability regions to those of instability called the critical points.

The dispersion relation (50) has been formulated in the dimensionless form upon using the quantity

1
(T/ pR2)*? which has a unit of time as . and that the quantity °/(HZ / pR?) says H has a unit of the intensity

of magnetic field. Consequently, equation (2.33) takes the form

2

o +ikU)? xL; H, | KL, —L
(T/ ; =~ ) (ke =i,
( pRo) 0 y_s X,y G 0 y—S X,y

(55)

The numerical calculations have been performed by inserting the dispersion relation (2.41) in the computer and computed.
Taking into K§(X) = —K; (X) . The calculations have been carried out for all short and long wave lengths as 0 < x < 4.0

for several values of (H,/H ) =0, 0.2 and 0.8.
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