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Abstract 

There are two important related research areas that I propose to investigate. First, we plan to develop an efficient 
numerical integrator based on Fer expansion for solid-state NMR simulation of experiments. Second, we intend to extend 
the method to solve quantum Liouville equation and quantum Fokker-Planck equation in order to improve the 
understanding of the dynamics of quantum systems subject to dissipation due to its relation to macroscopic quantum 
phenomena. The goal of the proposed research is to study a numerical integrator based on Fer expansion (Fer integrators 
of higher orders) in the integration of the time-dependent Schrodinger equation (TDSE) which is a central problem to 
nuclear magnetic resonance in general and solid-state NMR (SSNMR) in particular. The Fer integrator will provide to 
experts in quantum mechanics, NMR spectroscopy, and spin dynamics researchers, additional means for controlling spin 
dynamics in SSNMR. The efficient diagram will be used to compare the different orders of the Fer integrators obtained. 
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1.  INTRODUCTION 

The goal of the proposed research is to study a numerical integrator based on Fer expansion (Fer integrators of higher 
orders) in the integration of the time-dependent Schrodinger equation (TDSE) which is a central problem to nuclear 
magnetic resonance in general and solid-state NMR (SSNMR) in particular. The Fer integrator will provide to experts in 
quantum mechanics, NMR spectroscopy, and spin dynamics researchers, additional means for controlling spin dynamics 
in SSNMR. The efficient diagram will be used to compare the different orders of the Fer integrators obtained. Solving the 
Schrodinger equation towards obtaining propagators is a central problem to NMR in general and solid-state NMR in 
particular. The evolution operator allows obtaining the density matrix of the spin system that has evolved from the 
equilibrium density matrix due to the RF irradiation. Simulations are based on the propagation of the density matrix and 
only closed form exist for time-independent or self-commuting Hamiltonian. Driven by demands of the experimental NMR, 
numerous computer programs including SPINACH

1
 (based on Matlab), SIMPSON

2
 (based on scripting interface, Tcl), and 

SPINEVOLUTION
3
 (based on Chebyshev polynomial expansion), have been developed over the past few decades for the 

simulation of NMR experiments. Numerical simulations of NMR experiments are often required for the development of new 
techniques and for the extraction of structural and dynamic information from the spectra.  

The applications of the Fokker-Planck equation
4 

to solid-state NMR are considered. I intend to extend the method to solve 
quantum Liouville equation

5
 and quantum Fokker-Planck equation in order to improve the understanding of the dynamics 

of quantum systems subject to dissipation due to its relation to macroscopic quantum phenomena. 

2.  Significance 

The development of efficient numerical integrator based on Fer expansion for solid-state NMR simulation of experiments is 
essential. Numerical methods for differential equations are one of the notable glories of contemporary science. Coupled 
with much algorithmic ingenuity, incorporating careful error control and powerful methods for linear algebraic 
computations, numerical methods are widely applied across science and engineering fields. One of the most important 
numerical methods is the numerical integration. It has been the focus of intense research since its development in 1915 by 
David Gibb

6
. Numerical integration forms a broad family of algorithms for computing the numerical value of a definite 

integral. Also called numerical quadrature, numerical integration can be used to delineate the numerical solution of 
differential equations

7
. There has been great interest in solving the celebrated Schrodinger equation, which is a partial 

differential equation in quantum mechanics that describes how the state of a quantum system modifies with time. Solving 
the Schrodinger equation towards obtaining propagators is a central problem to NMR in general and also solid-state NMR 
in particular

8-15
. 
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Over the last half century, several theories have been developed and introduced to NMR. Among these approaches are 
average Hamiltonian theory (AHT)

16-21 
based on Magnus expansion

21
 and Floquet theory (FLT)

22-24
 based on van Vleck 

perturbation
25,26

. These theories have been successful for designing sophisticated pulse sequences and the 
understanding of different experiences. A major setback to the greater applicability of AHT and FLT is limited to the 
stroboscopic detection scheme and to the simplification of calculations of “the points in between”, respectively. This had 
recently led us to introduce the fusion of AHT and FLT called Floquet-Magnus expansion (FME)

8
 to solid-state NMR. The 

main advantage of the FME is that the unitary character of the evolution operator is preserved at all orders of 
approximation. Even so, the drawback of the scheme (FME) is that the approach is divergent in general. Theoretical 
approaches are useful and powerful tools for more accurate and efficient spin dynamics simulation to understand 
experiments and devising new RF pulse sequence in NMR. Solid-state NMR is an important method of spectroscopy used 
to study structure, dynamic properties of solid materials, kinetics and thermodynamics of a variety of systems

27-30
.  

Another emerging theory in the field of solid-state NMR is called Fer expansion (FE)
31 

and is the purpose of this proposal. 
The Fer expansion was formulated by Fer in 1958 and later revised by Fer, Klarsfeld and Oteo, Casas, Blanes and co-
workers

32,33
. The FE approach was recently introduced to the NMR community by Madhu and Kurur in 2006 via the effect 

of Bloch-Siegert shift and heteronuclear dipolar decoupling
34,35

. While the Magnus expansion and Floquet theory are 
common in solid-state NMR field, the Fer method is a relatively new comer although the mathematical formalism has been 
known for several decades. A recent comparison among the above approaches (AHT, FLT, FME, and FE) reported by 
Takegoshi and co-workers in solid-state NMR indicated that the Fer expansion is more suitable for examination of solid-
state NMR experiments

36,37
. Furthermore, the Fer expansion presents advantages over other approaches such as a 

possibility of longer timestep
35

. For example, if the numerical model is implemented with the approximate solutions of 
Magnus, the results of the simulation will show incorrect or undesirable effects of finite pulses and ring-down mainly when 
dealing with quadrupolar nuclei (I>1/2). The question is how fast will the quadrupolar Hamiltonian evolves during the 
timestep? Current state-of-the art allows very fast spinning (>100 kHz) so that a much smaller timestep may be required to 
be in the situation where the rotation during the timestep is neglected. Standard approach adopted in the NMR community 
is to make the timestep small on which the Hamiltonian is assumed to be time-independent. 

3.  Objective 

The overall goals are: 

a) to develop Fer integrators of higher orders; 

b) to use the efficient diagram to compare the different orders of the Fer integrators obtained, for use in solid-state 
NMR; 

c) the efficiency plot is obtained by carrying out the numerical integration with different time steps, corresponding to 
different numbers of evaluations of the Hamiltonian H(t) (For each run, one compares the corresponding 
approximation with the exact solution, and plots the error as a function of the total number of matrix evaluations).  

d) to apply the efficient numerical integrator based on Fer expansion to the following important solid-state NMR 
experiments such as: spin locking, Triple Oscillating Field Technique (TOFU), three level systems, and Two-
Pulse Phase-Modulated (TPPM) decoupling. 

e) to attract new researchers into the field of spin dynamics. To achieve these goals, the integrated scientific and 
educational objectives of this proposal are: 1) the development of higher orders (10

th
, 12

th
, etc ….) Fer integrators 

methods; 2) the use of the Fer integrator with best performance to solve the TDSE in order to obtain the 
appropriated propagators. The evolution operator allows to obtain the density matrix of the spin system that has 
evolved from the equilibrium density matrix due to the application of RF irradiation. The density matrix at all time 
during the experiment is needed to have the signal as a function of the time, t. 

4.  Research Background and Technical Approach for Achieving Research Objective 

The question that arises is: how to develop an efficient Fer integrator of high order and implement it in spin dynamics 
simulation of solid-state NMR experiment? The Fer based methods, have been divided into two subfamilies, Fer and 
symmetric Fer

35
. This is based on their arguments of the exponential in terms of the successive approximations. An 

essential propriety for TDSE is that the Fer expansion retains its full order of convergence if the exact solution is 

sufficiently regular. For simplicity, we consider a constant time step, Nth / , with jht j  , ,...,2,1,0 Nj   

and we compute approximations jy to the exact values )( jtY . To obtain jy we apply the Fer expansion in each 

subinterval  jj tt ,1 , ,...,2,1,0 Nj  to the initial condition 1jy . The process involves three steps. First, the 

expansions are truncated according to the order in h we want to achieve. Second, the multivariate integrals in the 

truncated expansions are replaced by conveniently chosen approximations. Third, the exponentials of the matrices have to 
be computed. We will use the Mathematica software as an efficient tool to compute the matrix exponential or its action on 

a vector. An analysis of the Fer expansion shows that )()( 12 
k

hOhFk , ,...2,1k and so for instance, in the 
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recursive scheme of Fer expansion, 21,FF suffice to build methods up to order six in h . Next, using appropriate 

quadrature rules, one has to approximate the integrals from the recursive scheme of Fer expansion. It turns out that the 
structure allows one to approximate all the multivariate integrals up to a given order just by evaluating the time dependent 

Hamiltonian )(tH at the nodes of a univariate quadrature, and this can be done in many different ways. A procedure to 

obtain methods which can be easily adapted for different quadrature rules uses the averaged matrices. As applications, 
we will use the most efficient Fer numerical integrator to solve the TDSE to obtain the effective propagator that continually 
improves the detected NMR signal. We plan to apply the efficient numerical integrator based on Fer expansion to the 
following specific solid-state NMR experiments which are of major interest in the NMR community. The evolution operator 
allows obtaining the density matrix of the spin system that has evolved from the equilibrium density matrix due to the RF 
irradiation. Simulations are based on the propagation of the density matrix and only closed form exists for time-
independent or self-commuting Hamiltonian. We will also compare the performance of the most efficient numerical 
integrator based on Fer expansion with respect to other Lie-group solvers, namely Magnus and Cayley methods

35
. It is 

important to mention that a lot of work has been done in partial differential equation mathematical field by authors such as 
Blanes, Casas, Oteo et al. that has not yet been used in NMR field.    

5. Extension the Fer numerical integrator to solve quantum Liouville equation and 
quantum Fokker-Planck equation. 

Quantum Liouville equation4: The Liouville equation is a fundamental equation of statistical mechanics which 

provides a complete description of the system both at equilibrium and away from equilibrium. Its analog in quantum 
mechanics called quantum Liouville equation describes the time evolution of a mixed state. In quantum systems, the state 
of a system is defined in terms of a density matrix. We plan to use the Fer numerical integrator to solve the quantum 
Liouville equation with the density operator having a matrix representation in a basis set. 

Quantum Fokker-Planck equation5: The dynamics of quantum systems subject to dissipation is a topic of 

fundamental  importance which has been of major interest for nearly half a century due to its relation to macroscopic 
quantum phenomena. The quantum Fokker-Planck equation describes such systems. We propose in this proposal to 
implement the Fer numerical integrator as an efficient theoretical approach to solve quantum Fokker-Planck equation 
which governs larger systems. 

The question that arises is: how an efficient numerical integrator based on Fer expansion can be used to solve quantum 
Liouville equation and quantum Fokker-Planck equation? 

6.  Expected Outcomes 

I plan to obtain the evolution operator by studying the Fer expansion as numerical integrator (Fer integrators of higher 
orders) that solves the time dependent Schrodinger equation in NMR. The evolution operator allows obtaining the density 
matrix of the spin system that has evolved from the equilibrium density matrix due to the RF irradiation. Simulations are 
based on the propagation of the density matrix and only closed form exist for time-independent or self-commuting 
Hamiltonian. This project is unique because its long term goal is to develop an Advanced Spin Evolution program which 

will serve all aspects of solid-state NMR simulations for large spin systems. As already mentioned above, numerous 
computer programs including SPINACH (based on Matlab), SIMPSON (based on scripting interface, Tcl), and 
SPINEVOLUTION (based on Chebyshev polynomial expansion), have been developed over the past few decades for the 
simulation of NMR experiments. But, unlike the previous programs, this Advanced Spin Evolution program will rely on the 

Fer expansion as numerical integrator for the computational technique responsible for the high efficiency of multi-spin 
computations in which sense the present study is an addition to the current software and programs available in NMR 
community.  

The intention of this proposal is to help bring the current and future prospective theoretical aspects of spin dynamics to the 
attention of the NMR community and lead new interactions between NMR experts and other specialists in related fields. All 
of these points strongly support the idea that numerical integrators approaches can also be very useful and powerful tools 
in quantum spin dynamics. 
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